CS 24( - Mgor?thms , SPrinS 2021 . University of  Waterloo
Lecture 1S : Bipa(\’ﬁe Hu\'c\n\r\i

We Sh,gddi the ngmzf\ﬁr\j POLJd\ ngn(\’c}\m \Ca( the b[{lﬂft\t{l_ matchmj ?(Obl?,m_

Introduction
The bipartite ma\tchmg problem 1S an impoctart problem  bothh in J(‘n@ﬂé and in o practice
Tn thew Twes lectures,  we will S}ﬁud% efficient  allorithms  for So(umg bi pactite W\atcmn& and Tt¢ “o\ua(”we\ulam
Mmihimum  ve(tex coVec , andh S Goma ‘mhzrqst‘mg and  nea~trivial  applluitions of-  +hese problems.
We will  (eaen a  new wd\m%u_ callzd.  ~ the augmamni posth 7 mathed  to Sole the blpart{ta wmtchinjz P(obl@m,
This s an lw\guftant fuh:ﬂgﬁma that  wndeclies many a[garithms for CombY natoec il ogﬁm\go&ten P(obl@ms,
including  the  netuwork Tlw problem that Youw Can  leacn from Co 361,

More g@\aml\x, the &mgménﬁr\j path mathod Coan b2 undecsteod  as  one way of %o(umg Combinate rial Dpﬁmijkﬁm

P(obkmms mir\g the general framework  of  linear programming - We wont qet this foc 5 see [PPV].

Problem
Toput = A U{PQ(TI#L SMPH G(: (XY5E ) .

Output - A mowimum Caro&lnat‘m(ﬁ% Subset  of edges  that  are vertex d\is}o‘mt

X Y % Y
o. O
\\V\\)vff Z 0 Z owtput the highlighted Zd&?as
o d

\(

o " pecfect” matc%\nj

A Qubset of Qiges MeE s called a mﬂchmg f nges in M ofe povwise vectex dishoint |
or in Other words. no two edges in M share o vectex.

Gwven o mqtc\r\?ng Mk |, we Say o vectex  y IS matched W U T8 an endpsint of  some @iﬁa eeM
otherwice. we gaa v oS _unmatched  or  free .

We are  intecested  in {mdmﬁ A _moximum mQtCMng .o Modtdmn& with  the maximum numbec of edges.

A mat ching is  Called @ pecfect mq’ccb{mg i euery  vertex n o the qaph s matched
Ob\f\ouskﬂ . Q Fu\cut mmch‘mj ts  the  best that we can %u@{ ?0( for  €he  wmaximum Yvwd(d@hﬁ Fro%[zm,
As shown ™ the cbove 2xomple ,  not ol \’)Tpa(t’\te g(aw\s have o perfect matc%mg .

We Wil see o nice tho\g’tu?smﬁoh o% g{mp%s thot dont  hove a Plif{'w;t ma‘cdn‘\ng
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P\gg(ica‘t’\ot\s

Thee  are many inferecting ond. nen-tavial applications of  bipartite matehing , as we will gee latec.

Here we First e o Standard and.  useful application. which alse  Quplaing WV\ZS the btgmm rr\ohtd\‘mg

prob&m iS  Gometimes  cCalled  the ms‘xgnmar\t Probkm
We are Siucm a Jebs . and people ] mochings
Tach  pecson [ mochine 15 enly  copable of domg & Subset of  Jobs

Our task s to o«i&?gh all the jab& to PmF(a[chmy\zg, without o\sé}gn‘mg more  than eae &ob tv o Fus{m /mac‘nmz

:\DL)& qu?LL/ machng
EO

We can  model this as «a bt?mtﬁa Matcm“g ?robtzm

o

We coreate  one Vertey j[m each 1ob, and one  vertex fur 2ach \n(sm/mac%ma

s o 060 ©
o

oo

We add an odfe betwesn o job vectex § ond o pefson  vertex p it
pasen b S Capa‘cla o% ‘*"\‘“K &ab l Ro, the %m@% is ‘OT?Q{M%Q
Bj Constyiwction. a VY\Q{QH]YX Corfesponds to an O&S‘\\gv\w\aﬂt o{ jabs to ‘PZDPM et. no one is (Us}xwwd\ wore than oﬂtjoh

Let 1T1 be the number of JobS. Then the assignment problem is possible iff thee 15 a matchmg of \T 1 edges.

Augmucting Poth Method

We Stwii o hew algeri%hm\‘c approach to Solue the brpa(%‘\’m mc\tchmg F(ﬁ?bhm

A notural  first approach is te %o g(udj © Whenever there 1 On edge we B with poth endpoints Loon
then we ada the an w  to  eur Pmﬁa[ solution  Qnd ﬂszt until  there Gfe no Such ed\fu

This may  not Tred o maximum matehing o the J%ottow\g exomple  Showes

o )
% ‘\n\) wt § 3\' Zuig Rolution g DP(\ mal  Solution

How do we know what odges Qe in  an ogt‘xmm\ §omt{or\?
Actually . we don't know of an asy woy to tel whether on 2dee belongs  To Some moximum matching o not
This s unlike in the Shoctect poth p(ablm oC in the minimun < panning e P(Ob[am/ where  we  can

prove that o Chortest edge  or o minimum  weight edfe Can alwngs be axtended o an optimal Solution.
Tnstead of- mak?r\g o g(udﬂ decision  and Commit to tt. the wnew approach is to find

efficient ways  to tmpoue  the Current Selution it s not optimal.

o, the txugmewk’mg path methed. Can be understosd as o _local geavch (x[;iur?t@xm

BB the wmb, in Coase %ow wondes , thete are no  Known Ohjhamtg Py’o%ramm'vr\g Q(guﬁ’d\ms {or b?pwtlt@ mafa‘r\mf
Definition Q(\m\qm&n{mi Pa&h)
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™

M,

A poth Vi us,e, Vag IS an ougmeting  poth of o ymotchig M e
@ V, and N, are  Ares [ womatched V‘o\v v,
> 3 M?Tm\f\ r\g O\V 2
u b
® Vaio Vai § M ¥ o1<1< k& Ougaesting v, y VLD<
Pa&k of- v 4 j> Vg
v 3 Ve
@ Vaivawm €M Y 1€ kel v, "
£ we have found  an Qugmenting  path . we Can uce it to impreve the matching sige b\j one,
bg Mmcv\hﬁ the edxfu Vaz Vatg Jd 141 € k- (the euen ld\f&s) {(om the VY\QtCHan M and
and o\d\d;mi the edges  Nas Ny; Y 1sTi<k e odd 2dges) o the mafcb\‘m& M
Nots that an 2dge with both endppints ”fru, i a0 dugmenting - Pokh of length one.
Consider the \Co((ommf Kxam{;le.
\ o ¢ ! 6 € | <
2 6 Initlal  Solution 2 I8 \mwoue& Solution 2 ( optimal  Solution
3 5 3 S X 7
¢ ©8 4 © 8 4 g
> >
{ 0\0 ¢ | o <
2 s b am&mﬂ.nﬁ‘m& ?qtl,\ 2%§0L am&me«{\(\g FQ\“V\
Jo ’\o ! V,6.2,9 3(“/\5;j 4}/7,1/17,\)8)1}5
({ 2} © 8 20 s 50 LTD 8
replae  (3,0) Teplace O6), L, 3D
by (L0, (2,9) by (26), @40, &1 0,8
PINMPS %urprts\n\?hy 1t turns out  that \Cw‘ndmg an - augmenting path s all one peed 4o do
Progasttior\ M s o moximum ma{c\n‘w\g I\C ond, On% \\{— thele 3¢ no CLULKYT\QV\{\YX ?odln Of M~
Proof @ This ditection s gasy . We have bo“sicm[j dene Tt .
The Qor\tm?osz‘twe is s l—{ thece. 1s  on O\Mgﬁ\ir\ﬁv\g Foﬁch a’ﬁ M, then M IS net o MAmum mataw\r\j:
Llet M= M - {\/11 Vaie) \ (sus K‘IS + {V)'\,\Uui k L<ts K]J ,owhere Vi U, (S an &mgmnnkmj ?o&‘n
Then IR = Iulx L
Note that H) 3sostill a Yhmfc\n]ni Since  VJ; and V,p Were Tree in M and now  have d\xg(u onL
while  Use oo Vo il has On(g one  incidont mgz in M’ ij;t thot their Po\r‘ihu is d\angu\)
So. M is o \a(ge( vnatch‘mj than M, and thas ™M < ast moagmum
@ The eothec divection is nomtcwial ond i€ oy important for the Correctnese of the quurltlw.

Tho coﬂtrmPosItWQ <

et MY be

it M s net o moximum motching,  then  thece IS an Qugmenting - poin of

M.

A maimum W\&tamr\& o Thea H* > MY b% our  0sSumption

We will focus OI\B on  the ngu in MUH* ( %he gmw\ mo»z§ have other rdges but we dont need tham) .

We claim  that thete must  be  an ngmeﬂﬁng

Cince  beth M and M9< O(e match‘m&g,
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Co. the Connected Component s in MoMT ore either a path or a Q%dz

Call  the Lo(gu in M blue Ldm\m\ —)) and. the ng@s n M* Cede (okrmm M)

RYAVANI VANV LVAVARR -
© ® & G

Common  2dges poths with vere
Yed suigu

The wnien MoMY lesks  like this %

Qmﬂ\s with mefe

[
blwe Q.rk&)u cgpes

Note that Vf there exists o comPonzﬂ{ ot type ® MUM*, then  wao have {ound an mgmm,\g Pactk of

M becowle the twe zndPo\nts st the \mtlf\ ofe %QL n M onol the Qd&u in the \Doﬁch Qafe a(tumﬁn&_

gD) L remanms  to u(gxm thot o CDMPD‘!\QV\.t

of i&px @ mwut ovist. which Qulkoms \C(om the O\,QQULM?{]DA that

IMEU> ML, o5 n ol ofhec Types The numbec of blue edgec T¢ ot least ac mony 0 the numba( of caol odgas.

To conclude, W M TS not maximum, then theee  must evist  an augmenting poth of ™ a

\} Vi
The Proposition Sm%iuﬂ the ?o((owr\g local Semrch &\gurl‘chm flor {intkmg G MoXImum W\m‘mh\n&

Algocithn ( bipactite matcthB
M= ¢ / <Stoct ’\:(Br\n on szﬂa wmcmnX

While  €hete ¢ an mqgmenting ?o&h P:\/U\J,,,,\ll\( o{ M do

H < M/ SL\/L]V'LT«l \ [S\Sk‘lg +):\)1i,1u'lik \ékék%

Retucn M.

Corroctness {okLoms fﬁnm the proposition, which says that 1§ thee s o aug menting path. then the Y‘nﬁtch‘m:{ IS moaximum-

Time ang(w\tg? Lot Tl be fhe time Lomp(umé o Lind o omgrwntimi LN of M Tt avsts,

oC feport <hat no Such poaths  exist . m @ §reph with N vectices and m 2dges.
Evey time wa hove found an aupmanting poth, We Can use it to  Tncresse the mafching i3z by one
Cince.  the )’nqtdx]mg Sige is ot mest n/l, +ther ofe okt west nfl tecstions in the While babT
Therafore . the time u,mykur%a of the a(gon{m is D( mvTQr\,mﬂ

Tn the next tection. we will Show thot on

ngmm&mj path  can  be Tound in Olm=n) time,

and thus  the bipactite YY\OSVCU\\!\JS ?(a\oklm can be %plved in OCnm) time

Fastec algefithm : Thee is o Toste amgmnkug poth algscithm by  Edmonds and karp.

which  Selves the b\ya(ﬂtn mzﬂl‘n'mi p(obbam ™ Oﬁmﬁﬁ time

F]f\ti'\ng Au&ma«ting Paths
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The b‘\pwﬁﬁ@ graph  Structure  allows us to design o Simgple qlgof}&hm to dind on O menting ?&H\.

Tirst we nwd to find

a free vertex V) on the left

\o\
\/1
v
I\E there s oo mugbxbar U, of U, which 1s unmatched, then we are done L4 v
v 4
T
because we  have  found. o &ugmmﬁnj pocth of length one Y Pege” 2dge VL) 0y,

Otherwise, Vs & woakched, and to axtend it to an &mgmzv\ﬂr\g poth , we hoave no choice  hut to follow

the w\a‘cchmg edge of v,  to Q back *to the left , call the ma{ch\r\ﬁ edge Vs, V3.

“Thea , we (epent the olbova %.tzp:

othetwise we  Solbw the mqtch\ﬁg Mgt Vg Vg to Ro back 4o the \lft

Toeo :  Observe  thot Query time  we Qe to the right . either we ove done oc we follow o W\D‘JCCWYK
edge  Thot tokes ws back ko the left . bacause of the bipartite K(O\F\(\ struckuce
The Tmpoctomt Wdea is te  encede the Color  information on the ngas bt\ difekions | Swch that

Lach wamatched  2dge  points From the left to Cight  and coch matched edge points from Yight to left

e \ 3 '@ o \e e "
2 —>
3 6 2 6 s s 6 > R \>\b b
! 1 3 1 30 -\- 6 7 ;:1@'7
8 4 ES 4@ ? i@ 8
—
¢ CTM Ougmenting  Path difected. path
-
of Min & " Gy
G}"l\/o,r\ Q

=
bipactite oph G =( LYEY and o matching MEE , we Construet o directed graph T

on the Same verter Set and the Same utga et while the ditection of Qary suiga in M is feom
X to Y and the divedion

of 2vary edpe Tn E-M 3 Leom Y to X

Py
Pa% Construction. we have the ?otkow\mi Cofrespondence  between augmenting poths ™ G and dicected Pqﬂ\s n C’{M

>
Clowm  Thew 1s on augmenting path of M in G=(YSE) T and OMK - there is o dicected path 3n (’:fM

frem o fcoe [ unmatched vectex n X (on the left) 1o a free [unmatched \Vertex i Y (on the ﬁght)

The cloim allbws ws to reduce  the preblem  of {’rmkmg On  Ougmenting  path o M in &G 4o

N 1 -
(@&U\Q}J‘Uhs p(ob(lm in &M . ’Fb\f which e ¥mow how to Selue lo% EFS/DPQ

A dicect  Implemestodion s to  stact o BES/DFS

on 2ach free vectex on the left  oand

Check 3 1t o raacdh o free vecker on the Clght , but this Coude toke DCaln+m) time
Thee is o Simple trick To golue  this e multiple -source mutiykwsmk” problem o Olntm) time

We  Just add. o Super-Seucce  vectex

on the left , with clicected edges th the dree vectices on the left

omde we add 6 Super-$wk  Vertex  on the gt with dicedted 2dges %(Dm the free vertices on the Cight
\
e .o > ! - a’
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ool wa odd o %q}mu@mk Vertox

on the t"\]hb/ with dicecked zd\g@s ’%(DY‘!\ the fTree vertices on the Cight

T \ S
> 6 S e\\
2 3 ﬁ.
& 3 S 7% g o ¢
- =
G o

%/
93 construction, we reduce the Ou\&gmant\r\g pocth Prabum in C"( to  the S-t \(de\cxb\”ﬁhg Pﬁ:\;[lm in CTM‘

—>
Claim There is o difected path from o free vetex on the left  to o free vertue on the (ight in Gy

e
£ ond only L thee IS o ditedted gath from s and t in Gy

-,
Coroum% Thece 18 an mmgmznt‘\ng path of M o G T oand only U there s o odfuted path from ¢ to T ia Gy

M C augmentih& Pm&h}

Input o bipactite qroph G=(XYE) . andk o mm‘cdf\‘m& M

Output ©  on Ougmenting  path P of M in G, or report that no such pathe exist

[ Construt the diceded gmw\ C?M 0s  described  obove.

2. Use BES/DES tv determine if there axists o directed pecth P n g; Trom ¢ 4 t

5 yes, cetuen P C \cbrgzﬁ the ditectioas and olso (emeye the 2dge from s aad the LA&IL ‘ot ).

I/

Tt no. (etwen T No

TimeComplasity ¢ Tt Should be clear that 1t 1S O(m+n).

Remork = Tn actuol implementation , we Can work dwu’ctﬁ on the dicected g(m?h and Tt S 42;:43 To updote,
’ s N
S0 that we dont need to comstruct Gy in gach Tteratien. We leave The details to the  reader
Puzzle Ch&t(ange ~

Can you Selue  the mMavimum W\o:tch'\r\& Frob\am in ggnzmt Qmowb{Pmt{%LB gfu?mg
(to through the  bipactite m@tc(r\mg Nguit\nm ond. Se  which ctep breaks .
Bdmonds . o former CRO professey . designed o Fomous M blossom O\\go‘(]t\ﬂm to Solue  moximum m‘cch‘mg-

Tutte , another former  CED ?(bﬁzigor, also  done  important work in the nombt\;mﬂtm YY\O&dW\& WP(D‘Q\&LW\.
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