CS P - ‘Mgoﬁthms ) SPﬁng 2021 . Univexs'\‘ka o{— W aterloo
Lectue (2 - Dnnam}c Pro&mmm]vss I

We  will use O{ﬂham'\g Vrog((}mm‘m& o okas“\gn efficent ql&odthms fo( basic  sefuence and Sﬁ{]ng Froblam;.

[ongest TIncreasing  Subsequence Lopy 6.1)
3 3

Griven  n Numbe(s Qe iy 0 O gubgq%uzmg is a saubset of these numbecs token T order  of  the fo(m

SSTRReY

iy o Ohig where L Si2ihe «. <y en, oand o Subs@%uzncz 1S inuqumﬁ i+ a;, <ay, < < Qi

- On

Thpul = 0 numbes 0. &y

O\myu\t . an »r\crmsmg §mbsrz%uancz of maximum \QY\SJ‘H’\

Tor zxam{:\z, iwq“ S‘,l,ﬁ,B,g,g,Cf,Sé/T (YQLDSY\‘N&Q Jt]mj).} , the (Df\gzst mc(ms‘mj Subsq%mer\na_ s 14,567

Ek& now . 1t Should be (Q(D\t‘ll/(ztl St(d‘g‘l\‘[{waQ(DL to  Solue thig Pfob(em us',r\g OL&T\O\'M'\C Pfag(ammmg,

gubgro\aums Colet L) be the length ofy o [m\gzs{ m(rms‘mg gu\osa%uenu S’w(&mg at  q; ounal, onta

us'mj the numbecs  in Oy, G Co, thete are ontg N Subproblems .
_Final onswer: Aftec  we Compute LCO, LG, ., LAY, the final answer s Moy 1 LUDY
RSN
Recurrence  relation *  Given we stort ot a; . we ’t(% all PDSS'\‘O\L Numbges a; with 71 ond 2} >a;

ond  Form  an m((mg‘mg Su‘os&%uzv\cz S‘Cartmx 'g(om Q; bi\ wacatuqﬁr\g with & (ongest MC(JZ&;mS

Smhgt%uancl S‘tw&;ni ot {AJ' /\(AA—M—&

a: < \ T< o< < \
More ?(acde( . LGy = | + moax g L(A) \ ay > Q; z) » b(’t\mql Soluwtion
3 H<idn J gtm%’mg at &y

Note that the Smbsegﬁuancu '?brmmk must  be inc(zas\ng

The corractness Can  be proved biﬁ daction ~ ie. if LG, o, L) are oorrect . then LGY is also  Correct.

%e‘tﬁomfug ]ME(Emev\tG\ﬁm\

L) = g orgisn //initialization
foc 1 Prom w downto 1 do
for 5 Leom T+l to n de

)&: Q3 > - ond LQ:})* [ > LG

then upd&d{ LG € LLP 4\

For exomple | S'xver\ 3,8,7,2,6,%, 102,14 ,19

the L-values are (‘f,%/%,z’f/% » 5; 2,0,
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Time QnmPLuItLéY' Tt <hould be cleor that 1t s bounded b«é oln ).

the details,

PYinting a Longest Yr\j(mg?r\)p Smbsa%uenu We leave £ 0% an exeftise to wlite out

Owe wrx& to do W is to keep tlack of the next numbec QQ@- PNEY\YG]ZS ) when  we ugdate LLD € Lep + 1,

We can  also d\-l(l(k“:\ trae  bak a (ongut mc(mgmj Su&)SQqS(wncL msmg the L -volues n o) time

without \m&?r\i extra.  Stor ape-

Longest poth in DAG" An altenative woy fo thnmk about this problem s to find o longest path v o DAG.

Griven N numbafs O, ., On . W& Cfeate O &;(&\7\0 o{— n vectices . gach Qa((zSKmr\mng to o numbec

There s o directed Qd\SL feom 7 T = 3o and a; > a; .

Then, an 'w\C(Q,usmg %ubca%tunm Qo\’(li\)ondd t a directed ?ath in  this  dicected acgcm Xm\;k, and. vice vecSa

R a Lnnge:t path in  the ?rqpfﬁ ngu ws a Lm\ges’c '[Y\Q(QC\.S'H\KS Subse_%uzncn

Tor example, given 3,0% T, 2 6, %, 2,149 the geagh s

In &anaml the (on&ut \)aﬂ‘ \wab(cm (n DAG Con Yo Solved b5

d\ﬂhum:c, ’prbgrwm:ng Qﬁmav\tls, and it 5 o useful  eXerase  to work euk  the detalls

A  TFaster (ﬂgof\ﬂuﬂ for Longext Iv\uzas‘mg Subsmém.:\m_ (Hardec . wagpe DP‘('\O!"D\[>
There 1= o cleveg a(gor'\tm to  Selve the Pruhtzm in OLn(ug n)  timg
The obSecuation 1S that we dm'( need  to  Qtore all the me?rob\ﬂm& Qs Some smbgrebm\s e

NN

dominated ” by other S ubproblems

Tor  each tength k. we Wil Dn(j steve the \\stt” position fo Start an increasing QM}:SQ%MVLL@_ of  lemth k.

Then, it Wil  twin  out thot these  best Pogi{tov\s Soﬁ?i%g & nonetene \)rogzr%tﬁ , and This ollows us
+o  use b'maug Search  tv  update these  wvalwes  in OCLa&M time when we Consider o new element

This s o h’wglr\ level S‘ummmi ond  npow we disausS  the detals.

Best  subproblems

Suppese  twe  have al(zada Cymputed. LO), L), o, L) and now  we woat  to Compuke.  LLOY -

For o qiven langth k. consder the indices 1<ty <y g0 that LGy = LGY) = = L) = k.
Whot 15 the best Subproblem to keep For future  Computotions of (DL LL-D, . LOD?

the s‘mﬁ;n& posttiong

Since we ate  getendin thee  ncceasing  Subseguences  wsmy  elements I\,\ /'lls
\ ; ’

Vo G50 o0y ofe not impertant.
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What ¢ im?mtm‘t s the Cfu{f\nﬁ valwe .

‘1% LGD=LGL) =k ond a;, > o then +he %me(ob\am L(1,)  deminates  the SMB?rob(zm L(i,) ., because

Ou’\gg>

'\nc(mg}nj g‘,\ng%unm msmj numbecs  tn S;Q‘,,.,,o\}] that Can be  oxtended \cg an Rnummg cub segquence of \anﬂ\ k

S“(Jﬂ“ﬂ ot Qi Can alse be  evtended ba an mc(msmj §UL]DSQQGLLQr\cL o§ [Qng{]ﬂ k %fwk‘mg at Q-
Thet s, Qmong the m((ms'mj Subsequences o{ (anfﬂ k. the one with \o\rjuf Star‘ch\& value s gosiest to be axtended-

Thecefore . we  define pos gl = O max { a, 1 Lﬁpik 5 )

when LD i< the Current
3

Subproblem to be Computed

Ir\tvélt\w\:j, ?DSEH 7¢ the bact Pusljc\ovx to

stactan increasing Sm&:sagﬁwuz of length k  ofter the Curtent index

’v<a<_r\

Lot m= max XL(‘Q% be the lZY\fth of o Lowgut ncreasing  SubSequence  We have Computed.  So {ar,

Bﬂ the (Qqsbnmj above. whea wWwe Compute L)L we just need o Coansicler L(?OS[{}).L(FDS(?;BS'-; , L(Fos(m\B,

oS the other QMBPFOHQW\S ore  dominated bﬂ thete  Subproblems.

Tor Qxamglz, Qiven tha Sequance 1;[,(3, 4,%,<,32

,owhon we Compule LD we have L(R)=L($) =2, LI&)=3,

and  L(B)=L(M=0@)=1 ., then wn QW% kau% \wiiﬂi 6 with 0g=% . pos[a]= 3 with 6,26 \)osﬁﬂ:cf with o= 1

Hor\otor\\c‘\{%

Once we Ontg kza(; the  best meproblu\( , Wwe hove the {o((ow\ng important  monotone P(c\?zrtﬂ,

Claim 0\[?03[(]} > oj{ms[ﬂ] 7.z Qipns[mﬂ where M= mox XLQ&SB and LV s the Cufreat Sub’PrO\z(Em

ISR

( Tntwtion: A (m\g)z( Subm%uzr\u Should be  move olfficult to be extended L e, its S‘to\(t\ng valug s Smo\[(g‘('>

{00 guwom, blﬁ Conttadiction, that Tthere axists } such that O\E\eustjlx z QIPOS [’y\\ﬂ,

et an optimal mcr@\s‘mj Subsz%uenct o% (engtb\ J be O‘P‘<O‘F1<

<QP:§ Where ?[:?osﬂsl

“Then O‘P>< < Q\;J, s Oan ‘mc(mg’mf Subzgq@umuz o& UL“{H‘ 3«1 with a()1>q?l = QY_PDS{S]—) z q[})osl}—(ﬂ/

cbnt(o«dtct%ng that Posfj—lj f¢ the best anzﬂon to tart an 'mcram‘mg Smbga%umcz of Ler\gtlr\ ‘rt_ 1

Uggqting the bect Subpcoblems using blr\o\r\:l search

Qmpgosq we have found the best Subproblem s

\msﬂvﬂ, posiv\n»ﬂ, . ,pog[ﬂ ofter P(ocassmjp the Numbers O, L 054

Now , we Process  the number o; , and would ke to update the best Subg(ob(m\s Wcor %Mum computations.

We conSidef three Coses.

(. When a; < ol posiml]

Thic ¢ the good cate. 08 we Can extend  the longest increosing ﬂubszz%muce So fac bfj one
bg aoLdng o, In {eont of the "\Mfeag‘\r\f Subgequence of [engt% m %’C&rﬂng ot  postm]

So, we Coan  1nClease m ‘o% 1, ond <et

Pu%iv‘ﬂ = 1.

(2)  Whaen oxiposffﬂ < a, < QEPDSQ%]}

Stace Qi > a{pcsgl3, we Cannst  wse a:; to fo(m an '\r\ums‘mg Subsoquence.  of  [ength \S-H
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But we con use a; 4o fom on incleasing - subsequence of lenpth | - by aridmf o, in front of
the 'mcrwsing SmbSe%uM?_ of lengeh  §-\ Storting ot \msflﬂﬂ.
Furthermore, this mcmmc‘\ng Subsequence of length 7 i better Than the one §’t0«rt7n§ ot FoSiﬂ, as apa[chijﬂ_
Co, in this case, we update postﬂf}_
) When Q[PDSEQ’} < a;.
Tn this case, we Camnst wse &; 1o  extend W\ﬂ Inc(zaﬁvni Smbse%uumm because Tt fs [Q(&Q_\' thon al(

the S%m’t\mi values . but  we Can use &£ o uPo’\atL PQSEA'AE.

Note that aince ol posﬁmﬂ < QEPDSEM'D] <. .. < q[pasi\ﬂ ., WR Can uSe b]r\a(vj Qeacch to {’;mx

the gmallest ) go that QfFDSESﬂ 2 0j , and then we updote bi the aboue Yales

TFast A(gorithm

m={ . pxslJ=n . // base case.
fw i from n-t downte 1 do
'\\C a; < ol Pc&imﬂ _ +then set m & m+l  and \)nsfm]:? / [unge( mummf Subsa%unm

elte  wse bmtmé Search to find the Smalest ) so that aiPosﬁjﬂ < a; , then set Fosﬁsl:\.

(eturn m .

( The final O\[gbﬂthm i< very Simple, but may not  be Q&S3 to  Come up with )

Time Cmm?LayT%j O(h(ng ny .

Txercise Wreite the Code +o F(W\T o} Lcngut \Y\c(zmglni §uhsa%u@n@«

Longest  Common SubSeguence Lcirs 152]
Thput Two %t(‘mgg Q). On ond  b....bw > Whae eoch o, \DJ s o %Lﬁwﬂog\\
Output - The lorgest  k Swch that  thee ewist 1, <1, < <ig and i<, c ey st Q\L:blﬁg foe V<€l <k

One szxamtzka s thoat we ave S)‘w\/zv\ Fwo DA Se%ufmu,g ond.  Wonl To \"du-ﬁ?é common  Struckuve,

S = AAACCCGTGAGTTATTCGTTCTAGAA

JACC ' = ACCTAGTACTTTE
Sy = CACCCCTAAGGTACCTTTGGTTC

Note  that the (m\?asf gub@@%[,&nu, Pfobmm (L) s dpectal  case of —the [angzst Common mese%uznag P(obwm Lesy.

Ceduce to g)g'lj/'llé)(‘f/l'l/\(*‘d?
2,9, 026,412,148 (for L1 D (for 1c8)
2,2,4,6,70, 2.9, 1> ,1¢%

Since the setond sequence Ts  Sorted , it fc{ug the Rolution o{ LeS to be an inc(msmj gmbgg%%n@
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Recus fence

Let  CLi)) b the length of a {Dr\gesf Commen SuBSE%Man of ai...an and b .bm
Then the answe that we are Lookmg Foc s ClLL).
The base cases are  Clntl3) =0 L (sysm . and C(l,mrd=0 Y 1<isn

To Compute C(n}), there. afe +three cages dagzv\d‘mﬁ on  whether a3 Qnd bl are used of not

@ (Usa bokh a; ond EJ‘) 1{ o\»\:bJ . then we can put g and b In the bljxnnln\g of & Common

gu‘osmﬁqemz/ +thew the v’zma?mni Su&;?(ab(@m s to fma a lcvxgu‘c Common Su}sse%uncy_ '&laf Qig - 0n and by\”,&,

So, let Sol, = 1+ C(Hl,‘ﬁi} HC Q{’"bl . otherwise  Sely =0

@ (Net we av) Then we find a longast Commo ™ Subgequence +for Rid( . ~, On Ond bi,..,\jm,

Lo, let Sol, = CCLI+1. ).
@ (Not wuce bj) Than  we find  a longest  Common Subcequence ‘FW Oi...,0n Ond by b
go, [Qt QOLg: C,(\,j+\)

Thew . we take +the best out of these  theee ?asgihflzﬁes‘ That i< . CQ\,S\) = Ynax -X Selq, Sol, SOLaz).

Corcectness Al selutiong ’Fc( CU,&) '{OLH into ot leact one of the aboue three Cases.

We Com then prove  Corfectnese bg induction .

Tima  Complanty There  ave n-m Sub{;(obkams. Eoch %ub@(oblzm looks  up  three Values-
Q

Ui'\r\& top-down YY\QMa(‘LSoLﬁDr\, the  total tiwme Comg(zx\%g s O(mm).

Tvocing out Solution We can either (acord Some powent ” infocmation when ngm‘m& QU,D.
J
We Qan also  ompute it dt(udué using CC\,P Onlﬂ . b‘j ((L(,u(sluzhg qoing fo o subproblem

that ji\/as the macmum Value Ffor CC‘\,‘X\

Bottom - up implement ation

c (i, mad=0 ¥ 21<4i<n > CU\H,S]tO Y 1‘»35M- [/ base Cases
Foc 7 Afrom o downte 1 o
Toc 7 from  m downto 1 do
T oay=by L Set L€ T+ CO 3+0), ele Sel ¢ 0.

COLD = max { Sl QCHLIY L a0 b

Edit  Distance {ppPv £.37)

Tnput Two %t(‘mgs Qs -, On  0nd bo.sbwm . whete  2och Ql/\JJ i o fymbol.
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ubput - 'Ty’w_ M mum k o that VSIS Con dlo kK

add / delety / [,l’\QV\KQ, opeations to  Transform

Qy. .., Qp into b, .., bm.

Toc example . 7 the two input Strings (re INoWY  and  SUNNY L the ?m(temmg are  twoe WaYs

S — N O W Y - 8 N O W — ¥
S U N N — Y S UN — — N Y
Cost: 3 Jost: b

Tn  the st (Amﬂ. we match S add U, mateh N QKW\S[ 0 t N S delete W and match \/

This toakes +three odd /delete / chamga  opecations  to  tYonsform ANowY o SONNT.

The Sewmnd b\mﬁ (equives Tive o\d&/da[ztz(chmgz opefations  to transform SnowWY o Sunn Y.

We call the wminimum number  of  Opefations  to tmnS{urm one Sfmng to  another Stﬁw& the

[N

odit  distonce” betwgen the  ftwo Stcings

Tt s o uceful meesure o{" the sam:mm% o\ﬁ twe stxings 2 in o wefd processer .

Recucrence
The TYecurrence i Similar to that in LCS .

Let D («,1) be the edit distance of the §t¥'rng§ ai, - ,Qn ond by, bm.

The answer that we want 15 D(1.1).
The base Cate s DCntl_me) = o .

To  Compate DL\,D . theee  are Four possible  operations  to perfocm

aba

(add) We add by to the Current et > \...(;\

Sﬂm& > when ]§m~ R&,

Then  we matdh one wmore symbel of  the tacget St('t“j ond.  move  on.

Mote  precisely. I jsm. o SoLg = 14 DLL D) 5 oelse Solgte
. . L _..albc
( Delete) We delete a; from $the Curfent %T(mg L when 1S n 2. "‘13\1} = _*O\JL‘E
Then We  move  One Q\jmbo[ {:O(um(oL in  the curcent Qtﬁn&.
More p(uisdg, it ién_ Sol, = 1 DCi+Ly) 5 else  Sol, =eo .
(Chm\gtj We Q‘r\m\ge, a; to BJ . when 1€ n and ﬁsﬁm
abe o~ albe
Then

we WeuUgz owne QL:SMBBL —Eorwmd\ n both @trmgs; 29 -~-\(J\q& = Td Q‘%

More precisely olsn and yem. Sely = U D UKL jE0 0 2lse Soly=s .

( Mateh) 1{» i< and \Jém ond. oq:bj, then (w2 wnatch omedl  Moue  One gt:&iv\beL ’Fbrb\mrd 'n  both %(ln&;.

More qusz&i, I& (€ and yEm and u;:bj/ %oLa{: DQIH,‘ﬁ(}; Qlse  Solg= o

]

?\(\Ql(\j, we Set DU,S) = min X‘ Sol,, SelL, ., Solg, Qqurzx \ ab < be

aaC / Tnoalac
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Corractnass Follows f{bm the base Case and an  in ductive arqument . TIn the Inductive %tzf’ os  drscussed. above

we haue constdeced all  the possibilities to  transform  one Str‘\ng to  another gtrng.

Time. complexity Thete are mn Subproblems | eoch fequiring @ Constant numbec of  operatiens

USN\S top-doton memorisﬁ‘\or\, the time C_DMP(EK‘\{ﬂ is Olnm).

Bottom-Up  implementotion  Qnd (durmng o Solution Similac 4o that in LCS . Leave os an '\m?u(fo«\t 2XQ( s

ijpb\ szarchm§ Once again, we would. ke o ?o‘\n‘t out that dx&nmm“c P(og(&mm'\n& Con be t%mght of as
Fmd\ng o (S‘m:vta,st) path Lrom  the Sta(tin& Stote 1o the Tqrget Qtote. in the State graph.

This cownection (< e2uen moe ‘t(oms?a(tlr\‘t when we ace ULS‘H\& the gstote table o troe ol 6 Solwtion .

o
=]
=
-
Z
=]
=2
=
=

:

T

OO0 OO0
DTN IS IN TN TNT
SN

[DPV &3]

/ =
o7
%
2%
vavs
o

L

U

11
/12;1
2%

"

%
éﬂl
/-
B
i

5%

9%,
%77
L

&
&
&
&
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