CS 34| - Ngorf‘chms , SPring 202 Un'.vers"txa of Wokerloo
[ecture UL Dﬂnam\c Prog(am\m'm&

We  introduce  the <techmque of dﬂnam;c P“’Kmmm"f through  Seme  well-known  examples.

Tntroduction

On o high leve| ., we con solie & P(obkm b‘é\ dkﬁnamic programming f thece e vecwrrence  Yelation  with
only o Small numbec  of  subproblems  Cie. potammu% rY\cml:[)

This s & ganu&( and. Power—h( fcuhm%m, ond. also Swple o use once we learnt £ well

To Ulusteate  the idea using @ h"ﬁ exomple , Consider tha  problem ot Computing  the Tibonaca  Sequence
T = Fla-1) + Fla) o Ty =F) =1\

The function s defmed (chrgt\/ug with the base Cotes  given.

Tt is then natucal to  Compate it using  (ecucsion. but F  we trace the (ecursion  tree

we Yind out that & IS h“g‘l' DP(n)

Tf we Seolve the vecurrence  reloton  (MATH 231).  then Fns) /\ Fin-a)
we Tind out  the vcuntime of  this o\lgo(‘(thm 1S @(L(ﬂgr\) Tn) /\T’("‘g) F(hf/\?(“"f)

o e}
Observe that the recursion {ree s h\gktﬁ (edundant | *Hn—%)/\“?wu)\b\)

Ty Fls)
szma Subgroblems oare  Computed ovec ond  over q&Q}A

“There  are on\\é n Sa«b?roblemz Wh\é do we waste $o  vuch time.

There are  twe approaches  to Solue the problem QH‘(ciznﬂﬂ.

Top -Down !:&emorisaﬁgn
As 1n BFS /DTS, e use an arrq% wisitedTi]  To enasuce that we DW\L& compute <ach Subproblem ot maost

once, and we wse an array  angwerlil fo Store the valwe TG for Luture  (ookup.

Uisited [ = Talse ?or S1éhn
main ?(Og(om

T .
T /- tecursive function
W visited W) = frue , 0 Ceturn answer U1
of t=( or 1=, yretwn L
onswer 0) = Flo-1) + FG-2) .
visited Ll = true .

(eturn anSwec Til.
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Time Complaxity Fach subproblem 1S only computed onca . whew wited 1] = false .

When T3S Computed, it looks up two values. Co, the total time Qemp(ex‘\bé s 0.
A(tﬁ(r\a‘fl\/l(j, we Can  think of it as dn‘mg a g faph Search  on  a  directed acyclic gm?h/
Lith oa\hé novertices  and  2(n-0) edges O\bo—q\)o_go_r__o_ﬁgmﬁo
n h~\ n~1 3 2 1

Bottom-Up Computation
TFor Fibenace: STQ%UUICQ,‘ there 15 QA Qt(m’txh*'ﬁrward Q(go(’tt%m v Selve the PrObUer\ n Oln) Ttime.
T = Fe)=|

{is( 23 <1 ¢ n do

T = FL-0+ FG-

Tt is cleas thot this <Solves the Frub[em in 0N odditions

<Natg that the voaluwes Qrow SL\(?DY\QN{KO\H% in M, Se we Cannct assume that each oddifion Can be dene in OL) time.)

Dqt\amic Pfov(amm]r\L
U R) R

So, basially . this Tc  the framewsck  of  dynamic pregrammunp . to Stove the intermediate valuet so +hat

we dor\/t need. to  Compute ot again .

From the tep-down approach , 1t Sheuld  be clear that f we weite o Yeucsion  with

m\% ?oujm;mm[[g

many Smbqroblzm; with  odditional pb[(:)nummt time ?rocasi‘mi , then the Prob(zm Can Yo Solved Tn Fblﬂnamiq\ +ime
Tn this viawpoint, (kzs?sgmni an efhictent (}\L&ﬂamlc Peogcamming algori€thm  amounts <o Cominp up with @ nice recursion,
This 7 Similac to  what we have dene 1n otesxgmg divide.  and conguer D\(guﬂthms, Coming wp with a (ight Yecucsion.
We will see  that many ntegesting and Ceemingly df{rcatt P(Db[lr\'\S hove a nice (ecucrence  Yelation

O? Coucse , it ‘(Q%u\f@& Come Skills ond proctices to Wite o nice recusion to  Selve the \)rob(zm,

ond this s what we will focus on in the many  @amples  to Hollow

Tn proctica, the bettom -up imFtQmen&oﬁ‘mn s Prdumd\ as 1€ i< pon-vecursive  ond kASuoLuké\ more  2{fiient

Thn some coases, it wil ba asy to translete o fop—dDMA Selution iato & bsﬁcm—uF Solution
Tn Some Casel, however . it fequires  clear thinking o find  ov correck ocdecing to  Compute the Subpeoblems.
especially  when +he Cecurrence velation IS Complicated . although in principle  we just need a topolvgical ord@(mg,

OUr  monn {ocms will be to Come up  with the Cght  vewrrence , as that would odramh& Em?% an officient Qtio(lt%m_

We will alse  mention the bojc’(onmuP implementodions  OC much  as  posSible
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wt'n_qrhtwl Interval Sched.u.lin;‘L (kT 6.1
Toput nntervals  Lso i, Uods). o Lsa 4 with weghts Wy, Wy € R

Qutput : o subwet S of c{isxomt intecvals  that  moximiges ESW\«

This 15« gzne(mleQt'iolr\ of  the interval sc\nzduhv\{ P(o\o(zm in Lo¥ | when Wizl U,
We Can thimk of the Intervals are tequests to  book ou¢  room from time s, To T . and
the i-th request s w,\{m& To Py Wi dellars W othe reguest s accepted

Then, our ob}edm/a s to fmaximize our inCome , while mwms thot there are no cnlicts For the mcuzpted\ fequnests.
Untike *the gpma[ case  when wi=l 9, -there are no Knewn Suzdb& akgonﬁm; fov this prmb(rzm

Exhaustive Seacch

To come up with o Qood Yecufsion f-o( this  problam . we start ‘0% funning - an exhaustive  Search o\lgm’lthm

oy

ond  See why i wasteful  ond how to ‘\MP(O\J«L . ! E

Tiwst . we moke a decision on  interval 1, @ithec chooge 1t oc not.

K{ We Chooce  ntecval T, +hen we Cannol  choose Tnterual 2, ond we need to wmake a decticion on  interval 2
T4 we do not choese Interval 1, then we need v vnake & dedsion  On  Intecval 2
Poing  this (lwrs'vvz\ta , w2 have G YeCursion Tree as  Shown

P
This v on quammﬁm[ time On(go(lt%rh, but obsexue o (ot of (Qd(ﬂ\daﬂcj 'Fﬁ/ ¢

£1,9) / \m @hvﬁ
AN

For axample , o the blonches o{ 1,20 omd $%73

-

the sublrees ufud\,\i these ?m&‘mk So\utions Ore muﬂ% the Same.
Same ,\ = Q
This is because +tv dRtrmine how +o exfend these Pmtial Qolutions, Qetension
what \’Qaﬂ% motter  is the last intecval of  the currenf portial Solutien, \

2 &.8. 14
but net &ﬂg—Hﬁy\g on ~the lQﬁ _ aince &MB wort intecoct  with &n%fh?ni on the right 2

Qo, we just need teo kug tiack of <the \\\’)Dmr\darr&” ot the Qolution

Soame exfengion

Tn thic problem, the bounotars is @‘\m?% the (agt  Jatecval.

This Suggests that there chowld  be 00 (eusion with or\l% 1 \)aramfmr‘.

Better Recurfence

To Toaalitate the glgorlthm okescr'\?t‘\on . We uSe O good orrkmm§ of +the Intecvals and yfz—com?ucte useful infocmation.
We Sort the iatervals b(:& Sftﬂth\g Time  So that S, S, S . S8,
Tor cach interval 1, we wse nevtfi] to dencte the Smoallest J such that ‘\1>  ond { ; < Si .

9. the Tirst interval on the right of interval 1 that s aof oumqw?nf with intecval 3
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T{ no Such intervale  exist, next T1) s defined o¢ nal | (QF(zggy\t‘mg the end-

\ S ]
Tna this Jlxam?[q_l 2

10

next T =S, next(23=6 . nek131 =4 , next 19 =12, 2kc

s

— o5y ¥
Since we Sort the intervals bué nor\»d&uwsm% s&wfmjz time,  for on nterval T, nextlid hes the peoperty that

nkecvals S\\,, , nwtix]%‘[) OW([QV With ieterval 3 while the interuals ir\utiﬂ,. ,Y\Yj oce o\\gio\mf {rom inteyval 1.

Now , We o&fe (@Qd@i to write QA (ecufsion  \With m\l% one  Pafawmetec (esmﬁmj in on% N %mbp‘rDblzmS !

et oPL (1) "= moximum  Tncome  thot  we Can acn ms\r\g the ntzevals  in 31,4l n7] sn{i\

Then o?ti&ﬁ s the optimal value that we woeuld like to tompdate .

To Compute opLCL), thew are only Two options Tor the Solutions

@ The Qelutlons <+thokt choose Tatecval 4
Tor thece Solutions . We 2oka W, dollacs bt\ Qhoos'zr\g intecval 1.
But then we Connot choote the intervols in S 2, ,‘Y\‘thti'bl?] ince these intecvols overlap with intecval 4
Qo to find the optimal volue of d\sos\ng intecvol 1, we need to fmd an optimal woy to choose {rom iv\utiﬂ,u,h%
Thecefore, the optimal value foc  colufions Chosing irttecval 1 is Wy ¢ opt Coext T11)

(2 The golutions that dont Choose interval 4 -

Then. b% definition of opt (D). the optimal value %or olutions pot choosing intecval A 70 opt(a)

Comb‘m\ng the fwo cases , we get  that  opt (D= mox y\ W+ ogt(hwttf]\ . oﬁbﬁ?}

This fecurcence felodion Ts true For every .oand So we howe the {lc(Lowtni ReUrSive o\\goflt‘nm o Solue the Fmb\zm‘

m (top- down weighted 1ntecual scheo&utmg]

[ Qo¢t +the iatecvals ‘o% non- &Qcmqsmf stacting Time Qo that ¢ < <,e 8,
2. QOmPu;tL next U] ’Eo( VS$i1€n . Cet  visited £ = {:o\(m Lo Leisn.

E Return opt (1)

opt () Y/ Cecuisive  Junction
Woi=ndy L veturn O / bose case
'\% visited 1) = trwe . veftwn  answec Ti) -
anSwe ¢ Lid = WMax Y\ w; * oPt(r\axt(\lv , oytKnO]],

visited T1) = tcue |

Cetucm onswee TV .
Correckness The Cotteckness  of  the Q(So(it\qm Ao (low s Trom the avplanation  of the recwrrence (elation obove
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af¥ey Con be LOMPL&&O\ N O(r\(ogn) time . (\mh%%)

Time cwgumé cht‘mj ond the nacti]

Aftec thot , the top- down memeri3otion Implewments the Y(eeucsten in 0ln) time , na

there  oare brﬂ\é n mbpm\;ums ondk  cach QuJa\)rabUZm oh\\é needs 4o look wp two values.

Bottom - up mplementotion TL s Simple n ghie pm\:(zm
opt nt)=0
?U( 1 ‘E( om n dowste 1 do

opt (1 = mox /g Wi+ o?t(rmctm]) . O?t('ﬁ\)l]

Quite %u({)ﬁs‘w\g\g, this has the <Samae time thﬂzﬁh« os  the K(&a% Q\&Wﬁ&‘(\m\
That S,  Somehow we Can Tmp\emwt on  exhaustive Qeacch cdgonthm oS zﬁcc‘(ev«t as  the grzzd% algof‘xthm‘,
We Con  Cee W}\\ﬁ dﬂl’\o\m\c progamming 1S Qengrol  ond ?owu\ﬂmk . because it is very Sy sftematic

(<o that we mohtg net need  problem  gpecific 'mslght) ond et we  Qet very Competitive odgo(‘\ﬂnmx.

Exercise © WGte o progiam to ’P(\nt out  an Dp{‘xma\ Qolution  Cie. which intecvals to chooswe ).

Qubset -Sum and  Knapsack Problem  LKT64]

We consider  two <Celated ond  useful probleme.

Qubset ~ Sum

Input  n positive Tategers 4, 050, 0 Ond  an ?rﬁzgu K .
Outpul: o gubset S ¢Tnl  uath %S a. = K . of feport  that no Such ubset Rvists
Tor example, Given 1,3 (0,12,1% . is thee o Subset with Qum 7] R Yeg. %5,10, l“f]] . Sum 292 No

be  modified to ask for o Subset 0 wikk S;Es a, & k byt mmx‘;mxges 3 o,

This Pfob\am can
Jes

This is %he wvergion in TKT] and s leg%ﬂ% mole  general , but once wae olve  our Q%wu%g vergon

1t <hould be clear how +to <olue the T(\Q%{,Jz[lhg versioa  as toell.

_Knapsack

Tapat s M TtemS. each of weghl Wi and volue v; , and a positive ‘mTQgQ( W

Output a gubset STl with > wi< W thet J'Y\mdm}se& YRV (Lrom chtmrth\&)

eg Tes

We can think of W as the wg‘ryv\f +hot  the Knopsock con hold

Then. +he Wub\@m acks us to \C\mk o maximum  value  subset that we Can Jgit ‘n the kha?gack.
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(\Lkuno\ﬁugk\s, we can  think mc W as the total time that we have, and our ob’xutium ¢ to

choose o Subset of yobg that can be fimshed on time wihile mzutrv\lg‘mi ouc  income

khaYSo\ck S mole Smera[ thon  QubSet-sum as +there are Two Pammztug Yo censidec | Lyt again

it Wil not be difficult once  we volued  Subset-Sum. Ro, let’s  Stost wuth  Subset-sum.

EQ;M((QV\CQ

To come up  with the (elurrenta, we gtart  with the exhoustive Search olgo{tt%m qcur the Subset-Sum P(ob\em,
We will  Consider  all possibilitres .

Stovt with  the ficst numbey o, Then. either we Choose T of wot

- T4 we chose Q,, +then wWe need b choote o Subset fcom SCL- ,hg So that the Qum is k-q

= Othewwise, if we dont choose o, then we need & cheose o Subset fcom h..,n% o that the <um s k.

A nawe ‘[mpumuﬁmﬂm\ Wil Consider all Qubgets | omdl  this %’\wu Gn Qkpor\mﬁal time algoﬁt

The observation it. we dont (zmll% need o ku? Track of which qubtef we have Choten Go far) 6§ (mfg as

ti’\Q\é houe +the Some Sum .

This Suggeste fthat we can lwzt Keep Trace of the (pmtmﬂ Sum  In o the  Yeowion . which  allpwes WS

to veduce +he Search gpate S'zgn?{icmﬂn.

The Sm‘g?robkzms thot we will Consider  ofe  2ubsum{i, L) for 1sien and  Lek

whese  QubSumti, L] retums true § and oy if  thece s o Subset in f?bu,ha with  sum L
Then  the octg‘mo\\ P(ob\m that  we woewld Uke +to Solue s Cubgum UA, KT .
The ftecusrence (elotion S cubsum (L, 1) = (subsum Uitl,L-a:] ©OR  Subsum it L] D
The formec  case cortesponds o Choosmj Q, ,  while the lotter case  Cotesponds 4o not chobgmj O

If athec Case retume  true, then (eturn true.  Otherwice. when beth yveturn Polse.  ceturn folce.

Alge(?tkm Ctop-down Subsek - Sum)
TFrom the fecurence (elation 4o a  correct o-igo(\\t\'wv\, we qust need o be coceful  obwet +the bose coses
Subsum (LD / tewuswe  function
Wo(L=0) (eturn  True,
i Cisn or L<o ) vetum fale

Vi (U\MMS ouk U% numbecs , ofc ?aﬁ‘\od Sum oo [Q(j&

feXurn C SubsumCisl, L-a) o' Subsum Cist, L) \) .

Correctness  Follows  From  the vewrvence  velokion 2xploimed  above
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ime comglzxitg : Thece  are 'to‘tfkﬂud nk  Subproblems

, 0 chewee  for

TFoch subproblem  Can be Golved b% (uok‘mg ap twe values.

USIY\& JcDP—d\owh r‘fuzmarisojﬁon . the fime c,vm{;\zx‘\t\a i 0lnkD

Ps eudo - ?uhshom‘\ql +ime

Note +that the time C,mwp(@c‘\’méS

Whon Kk s Small, +his 35 fost.

But kK  wuwld be 2xponentiol in N

thic ¢ Quen  slowee  than  the naive

We Call  this '%%?L o% fime QDmPlemift& Pgamdofpohﬁwom\m.

This  1¢ Probo\bba

1 mplemenfations

Bottowm-up Computativn

We use o 2D-oroy Cubtum ITmITKY o stere

Wo con Compute these values in feveise  ofdec from o to 1

Subsum TILLY = folse  for al 1Si¢n and 0$LS K

gubsum TndTon) = subzum (nT(6) = true

subsum (1100) = true  for
Ffor 7 Feom o downte 1 de
Toe L from 1 to K do

W ocubsum TirQIUY = true - hen ublum TUITLY = trwe

i 0 L-o20 oand subtum Uit (J{L-a:) = frue ) . then

Spoce —Effictent  Tmp lementodtion

With €W bottom - up [mP\Qmu\Jco\{Iom, we See that we dent need o use

When e ore QDMFM\L.\\V\& Subsum T3]

So, e Can  throw Gwoy the valueS  gubsum U 21423 1]

Top-Down  us  Bettom-Up

The  bettom-up Tmplementogiong dor need  (eeursions ,  ond olso  Jeads to

But the run-time Ig O\kma&& Qkadk& nk , <to

unavoldable . as wa will See that the SubSet-Sum V{ob\@m is

the wolues s{» all

oll \si1<n / the YES cose when the

and  k cheices for L

s OWnk) , which dlepends on K

Cos n-bit number can be acg bzg o 1“), in which Case

axhoustive <oarch  (Cand also uses much mere on{cz}.

NP- Complete

Su\ayrobums

[/ kel ot ion

N the YES Case For the SRe 1 problem lhece we only have  @n

fmgﬁ is 2o -

gubgum AT L) = Lowe.

o nxk mm&

in the outer fec-loop. we just wee the volues of Cubgum A1) X7 .

and OM?S use o xk ooy . o significant Soving

a %pQCQ_oZH\\Cl?J\JC a(gori‘c‘nm.

Compute. oll  the Subproblems-

When  thew € o Qolution.  the Top-down  Gippreoch may  (un Toster , as 1t may be able to Find
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o Selution b% %mku\r\g onLL{) o Few Subproblems

Tyom  +this pacspechve Tt Y‘I\Oﬂ moke @ oL\%uemL bj So\u‘\‘ng subsum Cixt_ L-a2) ‘azjgwe gmbgumﬁiﬂtL,L\).hA)\nﬂ))

TFO\C\A¥ o Selution

By %uvmmg a  poth of “teue” From Subtum (L,KD) . we can find o subset of sum K
- LX’E %M\OSMMQI,K“O\D:ﬁ\’uQ L than put  a, in our Solution ond Yewrse

— otheuwise.  dont put Oy in the selwtion , and folbw a Stoue” opath From  gubsum (3, KD

Dynamic P(og(txmm‘u\i ond_ Creaph Seacch

D\Snamg progmmmmg (educes the <earch Spoace to  pelynemial size  We Con deow o gw\ﬂn'

Boch wvectax s a Stﬂop(o\a\{m, and +the edges ore addaed &ccmo\‘m& tov  thae Yelurrence  Celotion

That < . thee s a dicedt ng[ from (LY %o G+LL) and from (L) to (T4l L-03) W L-aizoe

Thew tha P(ab\zm RS a%mvma% +to dlt@.(\vx\h?v\& whethee  thece ¢ o dicected poth "erevvx the S%m&h\&
stote. (1L, K) 4o o “tae” Vhaw state”  Ceq (1,6) for qome 1)

The \Amu\X the top-down W\Gmw‘\iaﬂm o&gorlﬂw‘ wovks s bqg‘\co\\hﬂ e\m‘m\i oo DES  on  this

“zm@mmm %(Q\)h /’, b% ‘(chgiv\g ond mmrkrn& me@ro‘o\lmg visited, .

Knapsack  ( Sketch)

we outling how to Slue the  Knapoack Probkzrv\ ., Wwhich s quite  gimilar to Qb\u‘m& Subcet-sum .

4 -
Trom now on. we wonl ghart from the  fxhaustive Qeacch  again

Ficst  Approack

We wse A gimiloc  Yewerence oC 1n Sublet -Sum
The Subprebleme afe  Knapsack (1, ,U) . which s true £ and orxku6 L thee is o Subcer
in Sl,m,v.,v\lj Wwith tetol wzlgv\t W oande  toetal value V-

With +wis 20<table . You should be oble feo weite o Yewusfente as  QubSet-Sum o <olue the ?(ob\m,

Bettor  feturtence
Tt 5s possible to just wse 2 pofometers  as in Subset-sum
Note that <Qome %ubg(obums domingte other gubproblem¢ 2. W K(\o\pSmKQL\;\)‘\MO:%m&) then  we
can ignere the Subproblem knapsaclke (W)
So, the deo. s to OM% howe 3m\>\;(o‘o\zmg \<r\m\>gmk (LW and \<u? teode DJY the mox value oachievablz.
Define  Knapsack (1,W) as the moximum value that we Con earn using Tkems o £, .,nh with Total waight < W

More \)(ac‘\sa%/ (et knogsack Q‘\,\Aﬂ:éﬂf; ° ?&g v; \ ?@S Wy < \,\)zl
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e~y R

More PMQ“LS’ (et knopsack Q\,w):gca; N Sdé? Vs \ ?es Wy ¢ \J\ﬂl
=4l

Then, the Yewurence  velodion 18 Kaapguck CLw) = mox X v+ knagsack (Tx1, \»\%w'\\ . \(m?gm,(g(“\ﬂ,\uﬁg.
The fist case cor(esponds  {o (L]ﬂaos\ng Wtem 1, thuc Roning Vi ond the moaximum  velue of

wsing  tems From il 4o when the Copucity left in the Knopsack s \0-w;
The Second. case Coffesponds  to not U\Ws\y\& Ttem 1
With  this  (Qurcence  (elatton , b 1< hot olifficult to  compleke tho ulzodthm ond. the O\thi;ss‘L& os in Subset-Qum
Tust merd to be Caceful in the bose cawrs : when W<e, (2tuwin —oo 3 when 1>n . fetun O

We leave the details +4v  the veader. Go twmg\f\ the subset-Sum  geckion ageim i% hecmmj

The +Hime Complacity  is OlnW) .
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