¢S 24( - N&or?tkms , ering 202 . Universitn of Waterloo
lecture § ¢ Huffmon Cading

We  study & well- Known SQZOLj olgorethm  that  gqives an optimal  prefix  code.

Com gr esson

Suppose o text  hac  2b lektes  alblco,., 2.
A tandacd, way to  Vepresent tne latfers \,Lg‘mg bits s+ wge Ytagilgwi §  bits For cach letter,

\O:OODD\ c= ooolo, ... , 2=110lo.

) ’

Q\g. Q= 000D
@D, we  uSe J;‘\\/a bits  to Yipmszﬁ coch lettec.

Ta gznam\, we Coamet do mueh better \\f Qach lettec  Gppears e%wﬂ(% t\kﬂj

What i we <Seon  the text once  and notice +that  the leftecs oppear  with quite  differest

N

w v W
c 3% , d 1'7,,/ e (2%, ete

\\

fre%aenuesz ‘b&‘ ta” appeors W o the time , b 27
Con  wa hope o do  batfer \aa \As‘m% Vafvoble — LGSH\ Qf\wdmﬁ Scheme 2.
The ideq 1is +o uce —QLW:L( bits «{30( more \Crn%uav\t lethers , and moce bits fer less ‘fm%uant lettecs,

Qo thot +he &\Aefaga humber of bite wsed iS ‘quﬂ.(

Peefix C od.'mcg

When  we  wse 'F‘\\auk» Kzngw bit str'mgs to  (eprasent the lexterc, 0 s easy +o  decoda

gag)) it we use five bits 4o enwode  the 26 lettes,  we just meed  to (ead five bits at o time.

to dewde one  letter ot o time.

Tt s nol ag clear how %o dacode £ we wse vo\r\q‘o(zniug% emoong,

gmﬂ, Suppose we  encode the fwe letters as =0l . b=ool, ¢=o0ll , d= 110, e= 10 . Then,

W\ ”

when  we read « Qom_?(szsgzo\ +axt such og o0lolllo & could be decoded as bee

“ ">

but £ Could also be decoded os boad .

To awoid O\m‘o\gu\%% in &Q(ocﬁgmx Soowe Wl Conckruct ]E(erx codes So thoat mno encoded S‘Umg

RSN Pm%m of onether encoded S’cﬂn&

Tn +he above &xample . the o\mbigudt% arises  because  the SJ\‘\’\Y\X umszntmj Yo s a prefix
o\c the S&(‘(r\g \’QP(JLgeh%'w\g Ve L oe. a=ol\ ond, c=oil
Now | Suppote  we  wse Q.  pre fix  wode {:or the {‘»\/1 letters  , o= U b=0bo c=o0ol d=o0] 2=|0

Then. we encode the text “cabed” u&mg the S‘f(ih‘o) ool l boo loOI .

When the decoder rveads the gt(‘mg oolitooo ool . & will fead Acom left o (Zglx\t and
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w\ambkgkousig decode the text “cabed”
Th  Shott . P(z{lx Co(}Uﬂj allows {Zo( qui and Qﬂ:flclqwnf Encodmg and dzgodmg.
DQCDd'm(j Tree
Tt s useful Ko vepresent o prefix code as o binacy  tree
Tn the 2romple oaboua . the prefix code can  be  (epresented by the +ree <>hmt
To decedr, we stact from the (oot fead o bit moue  fo  the Y.K
CO((zs\yoV\d'mg bronch, wntil we (each a leaf, then we (=fum  the

o/ \L & €
(etXer ossovcigted to €he quf, ond SO boack teo the (oot and (QPQQ&; b/\
<

FASAS

a

i oot
As  another example | 0=0_ b=loo, c=lol, d=llo . 2=l , then the ffee is :
o/ 1
This 1s wseful when the %fziguanci of o s very high N >\1
/%N
Tt Chouwld he clear that Lach prefix code. has o \o\r\m’a tree VszsenTaﬂm\' ’
b ¢ d e
ond. each bmar% tren \fQ_FrzSghfo&}ov\ Corresponds to I8 (U\M%uzﬁ ?(QQW Code
Ob‘)ect'\ve,
guwnw we afe Qiven the frequencies of the five letters. Sa\a Wco(—ohg \C\D:%:{o\*—?gto@f.
Thon . the owerage  length of o lettec ( in the Qecond @xample) s 0.8 xL f o.0¢ x2 +opSx32
N ~—— N~
T 06T %2 & o0C%xd = 1\4 1 \{\{ 3 bits
: Lor ol £oc VY
Tn the tree Tepresentation, +the Lo_wgﬂr\ o{ oan enceded stﬁr\j X9 2qual to <the depth Of
the CWMS\)WAOLM& Ltwqc . and  +the b‘oxectt\/& bacomes j/—g;'df&p'kh,r&?ﬁ_
Optimal  Prefix  Code
n
Tnput © 0 S\:\w\\ao\g with \qu%mzncxes WO\)~»»)WOn Go thot ?;%Fi.
OL&?\Q: X E\r\wg “tcee T with N leaves  thot VV\TV\\WMTSQE \E‘ qCT‘d\RK;Jt\r\TU\).
This  problem oloesnt  look  so eesy as  the  output  gpace s quite Complicafed , as there are
.Qx\mr\qnt‘m“ﬂ 'P{H)Yl% &)DSS\b\L b‘mo«% Tlees .
Tt is alse net clear howw the mgomhm con  makx o decigion X(azddﬁ
let’s fist think  obout  how  an optimal  solution  Showld (eok  like
We Sma 1N b'mmr\g tiee s :\(u[ ‘«f Quun internal  wode has  tws children.
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We stact  with o Simple observation . .

wu
ol
® TD
_Observation  The bnr\mgX tree  of  an optimal Solution 1$ Full . / -/L\,
L ARV
Proof T£ there 1s an internal  node  with onlg one child , Tthen we can dwuﬂ& Connect 1ts chilol

o its povent and  decrease the depth of come leques . %dﬁng o bettec Solufien

Co(o[(grgé Thete afe ot (eask +£wo [eaves o‘ﬁ MY Imum o(thh that afe gnbhngs Qhrxv‘mg the Same ?mer\f).
v

P(oa& Look at a (eaf of  maximym det\n. ‘L{ Wt has no Sl\g(\r\g. then +<he +ree s not {u(l m/. a

Suppose e know  the shape of  an  optimal b’yhang tree (which we dont  Know Ux&ﬁ

Then 1€ 7o not difficutt 4o Aiquee eut hew to assign gﬂmbakg to the leaves.

We should  assign Symbols  with Tighest  frequencies  to  the leaves with  Smallest  odepth ,  ond
Gssipn  Symbols  Lith (owest  Frequencies  to  the leoaves with lar gest depth

Otherwise . 1f  one gﬂmbok of  higher \Cm%ulnua is  of a largec depth  than  onether S“m‘oo\ of

lowec f*re%umj, then we could @xchonpe  the two Sim\m\s ond  deccease  the objective valwe

This O(c]r\omgt @rqumeat  leads to  the ‘?ouow‘mg obseruation

Observation There is an optimal  Solution  3n  which  the Hwo S%Mboks with  lowesk {(z%usmuzs afe
assigned  fo leaves of  maximum odopth,  Ond Tucthecmore they are Siblings
M @% the Qo(nua(ﬂ, thece are  two leaves of  maximum depth  thot are idahqgs
B% the  exchange argument . We Can Qssign them with the Symbels  uith lowest frz%uanues
without inc(zqsw\g the objective value € Just erxchange with the Sy mbols there )

So, the new Sdution s Stdll optimal and  gatisfles the propertiec  as  =tafed. g

Huffmans Al gorithm

Ty far . we have  deduced vacy Uittle  Information  obout the optimal Solutions
We just know that there ore two leaves of  moximum depth that are glbl’mgg , Gnd we Can
assign two ymbole with lowest frequeactes  there.
But we till dont know how the tree Qhoutd [ook  like (‘lf‘ Mot mum  depth . minimum de\;t\ﬂ,etcﬁ,

’
and. we  also dont know  how fo use the J’V\(e%uz\f\g\as ‘o moake decisions .

Huffman Ligured out that +wis little information is already enouph  to design an efficient akgur'rthm.
The idea is to “veduce the Pro\oLQm Si3e bﬂ one Eﬂ \d&vﬁ\{%mg /Com\a\v\'v\r\f +wo glﬁm‘ou(& with

[ Owest {(@%u@nc\zs nte one. knowiy\i that t‘n&a Con be ossumed to be Sib(iv\gs O‘% moximum dz\)t%
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How +the tree <Qhould (ook Lke will  ‘pecome awaraﬁ when  the  peoblem $i3e becomes  small enough , and

+hen  we Con  Conskruct boack o b;ggu ‘e \C(bm o Smoller tYvee one %{Q&; ot a 4imae.

A\go(lt‘nm (Hm‘g’{‘mon Codv_y
Tnpu o st S of  n gymbels L with Treguencies f_ o,

Qmﬁpm’( £ 0 Dpt‘\ma\ b‘\ﬁonfﬁ toee T . wth  [eaves associoted to ggmba(s in <.

Boacse cose gt Isl=2 . encode one Qjmbo( wsing O and  another  Lymbol u&?ng 1 ] v.noti
ond. Yeturn the +cee . S\/ \Sz
Trduckion step: et Yo ond 3 be twe gymbols with \owest —Q(z%uncie:‘ denoted bgs §“A ond T,
1. Delete S\ﬁmboki Y omd 2 feom € Add o new %ijba\ W Wwith \Crfz%uzn% ‘\\(u‘x L,
2 Rolue £his new Pco\atem ( with n-4 itﬁm\oo\sﬁ fums'vvz(j and. get an optimol  tree T
3. Th T, look at the lead-  ossecioted  with w, add twe leaves To & (%o that W bLeomes an

intecnal node ), ond  osceciate \3 and g with the two new \caues

The scheme is summarized as  Aollows.

new
redcad F\fo\okzm S\Jm\f(

n-1 S\AM\VD\S : q)\o,@/@,.”./@
Tafu o - Ty

or\gTha\ problem

n g\ym‘og\s; b, ®Q Y

\Ca\z{bz«&y?,;..ﬂ?y £

DPQ\\W\D\\ Solution \U’ solue &(QLU"(S.N[\LA 3 s
‘Eo{ the
mlg?mx( K)(cblwﬂ

O?ﬁmal <o lution

%u( the

{ oduced ?rob(xzm

EX&MQ(Q& ; let's do oma axamgkes 1o  be ?am\(mr with Hu%&mo\nls O\L&mvr&hm,
@ 'P‘V”” g\am\oO\S ak.c e, with %At 0.2 ”ﬁ): o2 'FQZ 0.4 £ o= 008 {11 0.0l
= redue to Lour Skjw\bctg Coa,lb, e (de) itk —Eo\: 0.5 L= 0 WEL: 0.4 Wc(o( & o.

2 (edue to three %&:&mbo[g N (\gl(d,d}, d with \CA: 03 F (B,U\,z)\)io‘g WEQ = 0.4
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= Yedue o Awo Qﬂm‘oots : (aﬁb,ﬁdnfﬁﬂ . C wWith {CA,(L,L&@\} = 0.6 %C:o_ék

Constyuckt +rees

ok :mt o’ cont
YN e N s YN s TN
< (o, Gt /\ c O/\l c O/\%

(bo(dr)) /\&Mﬁ o \3«/\1 i
ok'/\'&

@ Tive Sﬂmbo\s saLk.cde L Wik '%Ai N ”F;,l 024 jﬁct 026 ’Fd"’ 02 {L: o>
= reduce ‘o Louc eymbols - boo,d,(0,e)  with '%\G:bl‘{' fo=oab {»oktoﬁ, Loy = 0.3
D <eduw *o thee symbols o @, (Bd), (ae) Wweh  fesoab Lo, gy=o4t F gm0

D {eduwe to 4wo fjm‘cots : (C,(o\,@}}(\;,oo with ‘E(c - @):DLgé ‘F(b}o\):o‘%‘f

Congtruct trees

A /\ o AN s N
R A RA Y AT N

C (o\lg) C (q ) b C /\1 [
o]
[N [

Corre_ctr\u.s ?foo{-

The mectt natucal woy to amuﬁz o feculsive o&go(?’dﬁm s +to wse  nduction

Wwe will wwe the Some JFZ(M}V\OLOEQ(S os  descibad in fhe  alorithm.
Cleasly, the output of the base case when thee afe only fwo Symbas is optimal

Denote  —the ObSQLt\\JQ volue  of the solution  Yeturned \Oﬂ Hafﬁmm’s Q\go(“\t\nm bta Lol ()
By induction. we hawe  Computed Quwumé an optimal binocy  tree T for the n-l symbols,

with Yy and 3 replated by W o, and ng:&iﬂag /
T T
Let  Oby (1) be the objective yalue of

Whot is  +the relationship betwaen Sl nd  and Obs QTS . &

v g 3
Wa usk odd  twe leauves To [ ‘o 'Qorw\ T

—)

Recall that the Obl\o_ct\uz (s

§M>

%\ . &QFH\TU) )

Euer% othee leaf has the Same Contiibution to The objective Value of T omd T .

So. just focus on  the Chenpe ot dQ\QtiV\% W and  then mm;,\g Y and, 3 back.
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Then_ sol(n) = obs (T') - {_\” . dgvthT,Lm) + %‘2&( cxzpr,(m\ t \) ~+ %i {d\zvu\,‘f (W) + L}

Ob;) &T\ + '(% Y + %—2_ 5 Since J%vu = ’%% -+ &:1 ‘Glé ow( Construckion

Nexl, we would ke *o orque that Ony optimal  Solution  must  howve obizd\\/z volwe ot least
Ob‘JLT/]+¥3+¥g L ande this would imply that the Solwtien Ceturned bué Hoffmons ngoriﬁkm s optimol

let T bz an optimal Solution oy the orkg\nq{ P(o\;um,

Bkﬁ the lemma Using the exchange acQument . we Qan asswme  thet Y ool 3 ore leowec 0\C
maximem  depth T and fucthermore  they ace Siblings T T*j

We  define T* 45 obtaned from  TF by delebing y and 3
and  define ﬂ?mf%u(\*?% whece W is the Parwt of Y and 3

o 943 fuwstyf-

By the Some Caleulation obove . OBILT Y= Oy LT )+ fy gy

Now  obsetue  that T*l i< o Selution ko <the (wduced \No[o(zm ot g(gz n-\

B\a the induwction h%?o&\mzs?s . T/ IS on  optimal golution €o the Ceduced \pro‘obzm , oandl  hente
£ must hold  that  06]CT) € O] LT,

Putting togethar, we have — ObJLT™) = Ob} ﬁ*’n&iﬁti 2 0%} (T) sy v gy = 0 CTY = Cel(n),

Ffo\;\n\g that T s an  optimal golution

Tmp lementotion

Ta 2vary Ttecation, We wneed +o —F\v\d\ two S%mboks With  lowest 'gﬁz%wzr\ueg, delete  them  and

add o new SBMBD( Wwith  the —gfz%anca as  thae <um

Y S’((Q‘LXM{@(\NQ((L im\)kzmev&oﬁﬂo“ Loket B) time +o ‘?‘LY\(L two SL:SW\BDKS with  lbwect ~F(1%uzncle;

We con wse o heap o do  these operations m O(kagn) tine.
Recall that o  heap Supports  the  operotions of  insect  and  extiacts mn in D[(ugh) time
L, each  itelotion Can  be ?mP\o_ma.\tLd\ N OCr\(ogn\ time , txgtu M‘\%EQLLLA 'xngert‘m& all

n {(Q%uznc\u n the haaF i O(mLng\B me

‘T(ﬂew_%o{l . tha totoal e Qum?\zx‘&% i< 9] (V\kbx Y\} .

Reference - kT 4 81
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