cS 34 - m&oritkms , SPr‘}nS 202l , Un}vefs;tn of Waterioo
Lecture 8 - C:rreed.j Algoﬁthm.\

We gtart our S‘wd\\é of gveedg a\go(vthm us\ng Sz%eow(mj \lr&vb?ems as  @xamples .

Tutecval Schedu(ir\% [kTat]
Input = 0 intecvals Cspf) 0 Dol oo Esm“ﬂi\
OLAJ(PUI: A moxtimum  Sel O‘g d\x\)o'mﬁ intervals.

Tor exomple | “n — — ., tha HXHLE%@K ntervals —Eorm A moximum et bjl

S—

d?g‘}o‘mk akorvals.  There  ave multiple mPti‘mo\l Solutions in  this Qxam?le;

Tor  this P(o‘o(l.mj we  Can Tma&i“g that  we have a foom, Ond there  owe people  Who like to bosk
Qur  Ceom  Ondl ﬂ\&a tell wus  the time  Intecval  that ﬂ\@(ux need the (oom . ond our Objective s

to choose G moimum  Subset o{— activities with ne +time conflicts

CTQY\@(O‘L\% SPQakmg, g(ead% algovlﬂmx Wwock bé} &ASMS Simple  ond [of local  rules to make decisions

and Commit on  them An Gnqlugg IS to make maximum  prefit  In Short  term.

Thete  are multiple  natural greedy stlategies for  this pCoblem including

~ =arliest Stocking  ftime ( cheose ~+he intervol  with min g )
Qaclhiest {(ms‘mnj time ( chosse  the intervol  with m}n F} )
T Shertest interval ( chowse  €he Inferval  with \m‘\“r\ -8 )
T Winimum (’,Orqchﬁ& (Qhoosa the Interval  that O\uzclags with the  minmum  number of  other intecvals)

Tt tuCns Ehat onkz\ one of  thece Strategies would  work .

Eacliest S\Lmﬁhi time 1S the eociest to find Countergxameples, becauce the interval with earliest

S{'(M’mng time cownld be very [Mj’ 2g. _— — - — — — _
Tt is  not d}ﬁiml{ to  find Qom\tz(zmmvies Tor  <horfest  intervals Q.
Tt s a bit harder to {‘md\ Counter axamples \Co( mintmum  Cond licts R R'K' —— —

There are no counterexamples  for  earliest finixinmg time .
The intaition s that we leque  Mmaximum Spose For futuce intervals.

But how cowld we a(iuz that  this  will O\me:\s gi\/g an Dpﬁmal Wlution  ( that 4hece afe  nNeo
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Solutiong do‘mg betm()?

A\g\bﬁ%\qw\
- Cort the intervals g0 that ’Fl < -Fl L TC" . Curcent  solution S= ‘5#
~ Tocr (<€isn do

foTetecval v TS ET has no Conflicts  with other intecvale i S, add 1 to S

< Return S.

Cofrect ness

The idea s +to orgue that Gm% Qovﬁmab Solution would do no wWeorge hg using the Tnterval with

ear liest “?‘ln'\&‘mn% time

Let [gxl‘,ja\\\l < [ gh;&}ﬂ .o < E §~\K} WC}K} be the Colution

(eturned b% the gfudt& o\(gorif%m-

Let [93\,-&\3 <{gix‘{3>3“”<[3jz*’€iﬂ be an optimal Solution  with Lzk

Since %}\s{j\ < 3'\\1,_ ( the ficst EY\Q%qal&ﬂ is  because \\\;\ andk Ts the  intecval  with  Qarliest

%(r\\S%w\S time, ond the Soecend Mrz%uahts ¢ because [gj,,fﬁ,} ond. TSQ,—E}J are diglo‘m't)/

So Ygi,JWC?\T < {Sgkf&\l <

< [gjlz’ﬁ“)z} (RSN | on O’?t\f‘/\uk Solution.

Thus  we have +the *?ot(om\vT claim | Show‘mj that £ 1S ne worse b\j d\oas\hj Cs 40

Claym Theve exists an o?%‘\mal colution  Wwith (@1){\1 chesen

We will wse this Q(%umamt ir\dutt‘tua(& to prove the '&:ol\o\u\ng (emma

Lemma igl}, Xa}lj . [Sh.{h}/ [g\‘K,WCTK] { S\SH\ ,‘F‘j“\] [gjg/{*];\] IS o OP‘F\W\Q( Lo(ution with %;Ki Ji)k

Ir\{o(mml(n&, the lemma Sm\gs that the grmm& Solution a\wmis A\S&m\\s ahead ”.

Before  we prove  the lemma, let's see how 1t Tmplies that the &(Zldus Selution Ts  optimal

gf’x\l\mSQ) b\i Controdickion. that the g(ezdgué Solution IS not opt‘w\m( oole 9>k

Since ’F“K §$JK < Sikﬂ , we e that the intetval EgJ\m’W%m] has  no ouumpF‘mK with

+he grudus Rolution- Ond 1t Showld Thoave been odded to the g(ud% Solution \Oﬁ +the erd“i

o\tgsﬁ&‘am, o contradiction that the grud% o\kgumthm: onhg {fmo\g k ohs]n,ﬁc intecvols

Proct o lemm The bose Ccoase  holds  becaute of  the Previows claim,

ASsume the claim Is  tvue ‘%b( (A and wWe  afe to Plove the inductive  Steyp.

Since [21\,\0\‘] w Usi p) [Sjm,{jm? [Sji,ﬂg] s an  optimal  golwtion by

the  induckion V\j?uﬁ‘r\qs‘xg Wity \QTCS WCJ‘Q . we have \C S{:}C\ og  the  interval
+

leqy
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EQSHI'WC}H‘] hag mo ouqr\qwmg with [%U{A/.../
Chooses  the next  Intecyal  with Racliest —&:\msh]mg time

AS ¥‘\C+\S%knf\ !

E g{\’gi\'l T [ g‘cﬂz’?f“l} Yg)\o&’

7[31*13 E gjz/ %Jlj s

is Check that the K(udﬁ O\lgoﬁt\r\m

It QOLSLLJ) ‘o

T‘WV\G_ cComp le\v%\g

s £

ond  the

%(aed\j a[ga(ithm

b\,& (qplmcmE ‘:SSCH,\C]C‘H] ith [g“u\"?‘luj _ the (leﬁni Solution

and

feasible optimal . g

Can be TYY\?\EMIZV\’QUL in OKr\[egr\wJﬁmz

Tntecval Co\or\ng

s 43 0 U ), o, D i)

Trpat ¢ n imtetvals
Output use  thz  minmum  humbee of wolors o Color  the  intervols go thot each intecwsl
gztg pne  Color ond Ttwe O\;Q(ko\w‘mj intervals ga# tTwo different  Colore.
| | \
et ( the numbecs are the tolors )
————— 2
We can Tw\ag‘mq this 1< the ?rn‘o@m of LAS‘ME the  mimimum  nuebec  of  vooms  Ccolorg ) o
schadale  all  the ockivities ( Tnkacvols).
One  natucol %(eqd\g o\\SmIﬁ‘nm is to  wSe  tho P(ev\om a\goviﬁm ‘o choose oy moximum  Subset
o disjowt  Intecvols  and use onhé one  Color  for  them and  Tepeat
Tind o Counterexample  Foc  this a\jm}fhm\
Thote. TS onsther ij(ud% a\gor‘\t\am That  wall  work
A\gm(’t%m ( interval Co\o(}r\izjs
= Sort  the ntecvals by Qlacting fime So that R ¢ Sy <. &8
=~ For V1 €£1< n do
use the Mumwimam  oavaileble  color ¢y o color  Ethe  intecvual .
(1e. uwte the winimum nuwmber o  color +the interyal So  that “t o doesnt confiiet
Wwith the colocs of  the intervals  that ore eru\&j Colorad >
! N & *
gq*1 3 — a
S\LPPDSQ tha O\L&bVZJt\'\”\ uses kK colors -

To prove the  (ofrectness of  the a(ga(?t\nm,

to  eoler the Antecvalc \)LS‘\Y\K ot most  k-i colers
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How do  we Q(&MQ thot %
A nice ond g}mgkz oy s to fhow that when the o\lgovtthm wsks Kk colers,  there exists o
_ &
+ime T Such  that it s Contouned in k ntervals. T ﬁ b ntecvale |
Sintce  these kK  intecuals  are  pairwise O\/Qr\aﬂ)\r\g. we  need ot [east kK colore j\md Lo
color Ehem ande f\’\ﬁ(&%o(k O (k- \) »anof\hg d\DQ_Shlt enist
Prook  of cofYectne s gu\gposz the a\gor'\t\nm uses  k  colers .
Lot intecval & be  the Ficst  nterval to use  colec k.
This implies  that intecual L OVQ(\QPS with Intecvals with  Celors A, k-1
Call twewm UsifuN. o L g?k.r{\(ﬂ'
RS we 3ottt the nfTecvals  wikh ‘\v\uqzxs‘mg ofder of %Tmﬁr\g Fme , we haw S;jsgk Lor
off L1si< k-1
Rince  all these intecvals Owerlop with [91,{21, we  olse have gki’g;j 9 i€j<\<~l
:‘ L
Therefore , Jp Tv . time  Contoined  in k  interuals. :
QIF\‘ e
TThis implies  that  thee s no k- Qbkofﬁ\g' a ?‘ e
Tind o Loun&a(z\(am?\z %‘rmw‘w\)j hat uslni an o\r‘c‘\ﬁ(muKx ord\gr\r\& of tha Intervals  Wouldh not  Work
Min'\ml%ir\% Total Coml‘ple.tion Time
Xmgu\t n yebs - eadh rz%u‘wing p(oczss‘mg time P;
Om’\?uft An OV(XM’\V\S of the \0\15 to rg"mis\\ $o  as +to minimige the  Total Completion  Time
QTH@ QomPlUﬁon time of o ]g\o S defined as  the time when 3t s {m;shad)
For ’xoample . 91ven '{:Our Jo\;s wWith p(ocessmg +time s 3,4, 6.7 ond ﬁ( we  process the ]o\ag n
this order . then the  Completivn Times ave 2,7,132,20 , ond the +total Comp letion tTime 15 43
Tt s very  intwitive  that  we should  procest the Jobs n '\nuzas‘mi ocder of Pprocesting  time
(Imq&u\z W ade  An O SWperwmar ket nthn —Qou( Customecs wWith 3,4,6,7 \fmms.j
But how do we O(KUJL that thare ofe  no bettec golutions ?
Hete we wie an “b(chanjw, Q(gumr\znt// Yo Show  that the grm«a So lution (B9 u?ﬁmq(
(Rga\r\) we ’\w\o\f‘mz that  Wwe hoave 1 item  but «+he customer  in ’F(o»\“v of ws has (o Ttems. )

{00 ot Correctness
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Consider o Solution  which s not  Sorted blé non- decceasing  processing fima
This implies that thee is  an \\Thuersibh ?am” the i-th Job and the 7-th Job  with
1<y but Pi> P - T = P | pe
\) 3 kil
This  implies that  thee awists ve ko< wiEh Pe 7 Pu -
%U Sweapping  the  Jobs  kand kel we will prove that the total Completion fTime is smoller
Note that oll the <ompletion times, except FTor K oand k=l , are Unchowng ed. - CSwap)
Let C  be the Completion time of :)Ob k-1.
Before Swo\pp}ng) the Completion times of Job ¥ and kil are C+4 pe ond CApe+ Py
(ngmwdﬂ, and  the total of these +wo ‘Sobs are 2C % 2P¢ + Peyy
Afte« Swopping the total of  these two Jobs  afe 2CH 2Py + P
Sine by, <Dy, s clear that  the Solutlon aftec Swopping  Ts bettec
2w, cmg briar(»\g which Ts  hot  Sorted bié hmn»okgumsmg P(ogg;g‘xnﬁ Himes s not optimal .o

The exchange  odqument s quite nice  ond  useful
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