csS 341 - Ngorithms , SPrinS 20210 . Univus&g of  Waterlo
Lecture T : ODicected Graphs
We gtw}\\é difected SVQEP\S and.  what BFS[{PFS can do in  diftected gm?hs

A h(gkl\g\rﬁ\‘ is o \’Uﬂ clevar a\gor\thm to Ed\zn‘c"\fnﬂ all St”“ﬂ\‘g Connected Qom{;onenﬁ in  linear time.

Directed Geophs

Tn o directed gm?\m each m&a has &  direction . i/

When  we qu\, w is o divected edge . e mean  the 2dpe s Yu“mtmj 'Frum w Yo U
and  «  1¢  called the tail oand v i< called +he heod of  the edge

Given o vertew v, 'mo&zz&(ui danctes tha numbec a{ divected  edges with v as  the head and
we call them the ?r\@m\ng ed\ges to V. @rm‘\lwk%, omtd\szgus denotes  the number of  directed

L algrs with v as the Tail and we coll them The outgbih& deu °’§ V.

Directed gm?\ns are  useful  in h\odz\\ni Asymmeteic  felations Qe.g. web  page  links. one-way cteeets . ete).

We oafe  ntecested i SCudying the Qovmectiv?t% \)(oqevt{u o—? o directed g(ﬁ\?h-

N
D/>D\§c_)c\>at

We Sy t is (eachable Trom ¢ i there ig o directed potn from ¢ to t.

A directed gm[ﬁ\ s called St{onz}lvt\] Connected ‘\{ fcr e\/u% Po&( of  vecties um/e\/, w (< (eachable

>0
(7/?\‘

from U and Vv is feachable rom  w. strongly  Connecked ofﬁ/ﬁ nst strongly  conne cted
1 ~o

A subset SV s called gtmmg\\é tonnected 14 for evey  paiv of vertices wveS | w is feachable

from v and Vv s feachable from  w.

A subset eV i called o Sing\é conne(ted CnmPangni if S i a mwx?mo\llé St{oh&\% Connected.  subset |

) 0 by Stfqng[é
¥ S s gtmnﬂh& comnected  but  S4v TS not St(Or\%l\é Connected for any vé g, ,/H»f ) Comnecied
> ,2%

Cbmfm\mts

A divected Qraph is  a  dicected acyelie  graph (vagd W there are no  dicected cycles in it

Note that o difected auﬁd‘\c zmp‘r\ o unlike ite o undifected  countarpart | could haue many 2dges
undlwwect ed. © —/é: éz olrected
\D\:/a oe &““L Reeph éhy =5 aeyelic gmgl«\

We ofe intecested  in d\angn'mﬁ qlgu(it%ms to Rnswec  the {cuumng basic %u&shon&
1 T @ piven irap}\ gt(m\i% connected 2
2. Te a Qiven gm?h difected ac&c(lc

2. Find al Sk(ong\ﬁ connected  Components of o given dicected  graph

As in undirected graphe . Tt Wil Tum out  that thete are OCA+m) - time c\lgoviﬂws to  <olve
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these ?(oblzm&, but t}\a% ate  not  ac msu& ns the algmrthms for  undirected gm\ﬂ\s

Geoph Re.lpresentat\‘ons

RS 4

Both D\O(S(‘ACQY\CA matfix  Qnd ad{lo\cencﬂ litt Can be  defined Tor dicected g\'a?“- 10(’_/\70;/96
Tn the adlp\tehcd motcix B, if '\j 'S e dhrected ed\KL, then A;X: 1 3 othaawisg A;A:D 1224
1 To1 oo
2l o000
Tn +the o\d\locena& st . Wi is on ed\gq . then 7y 35 on s linked st . %»\ ‘Ozil
As  n undivecdted g(m\:‘ns, we Wl onlt& use ad‘}“““@ hst  In this pact of  the course s
2 |5

as Oh\\& this allows us *o C}\zs?gv\ O(vrntm)-time Q\go(\t\f\mS Z';‘E—;

&Qachah\g‘.‘t%

Before g%m&\ng the aboue Questions.  we Licsyt S%u\d\g& O Simpler  Quastion ot c%ecbnx (eaembnr%g_
Given o dicected %(av\q and @ Vet ¢, both PFC and BFS can be used to Lind  all  vertices

Yeachable £com ¢ in Olnem) time

Beth BFS ond DFS  are defsned os  in foc undicected Rlaphs. fxcept that we av\\é 2xploce owt-neighbocs.

DTS A\go('\ﬁhm

wat : A dicected gm?% Qw = (U, 8) ondk & Vectexy <.
Outpul - Al Vertices  Yeochable ’Qr om S
1 Main program l visitedly) = Talse Yuel . time = | . Vigited Tsd = true 2% plore €$)
eyP\arq ) /[ Tewussive ‘?unct\onﬂ QKFLO\'&
Stovt Lud = time . Time &« time %+ L

\Co( eoch out-neithbor v of w
v visited (Ul = folse
visited [v] = true axplore (V).

Tinish T«d = Time fime & Lime + 1.

The time mm?\n‘&% 1c Olndm) , and o vertex T de (eacheble from ¢ T aad only i visited T) = true

When we  look ot ol vertiees  Teachable  £rom €. the SubweT form o directed et

with  no ou&gdm& Qd\gu ( but cowld hove '\ncewlng e&gh lato —the Subﬁlf\.

We leave @S ewecclses  in U\u\amg these cloimg The pran{x ofe  the gome as in  undivedted grn?%s,
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We can duz'f\ng BYS  for

diveeted 8¢ aphs

onalo gnuxl\ﬁ s

bLi\ D“\\i\ prlu(ing OMtf\'\z\g‘r\bnrs‘

An ‘rmfuv%w‘% Pm\mz(hé\ a—g RF S 1S that Tt computes +thae Chortest path olistances "F(Dn\ & to  oll
other wvectices. We \eave it as an 1um‘tan& axecise to  check twig claim
BE
AS i Tor  wndirected g(avhs, when o wvectex v 1S {zir&k visited WL Yemembecr (ts pacent oS
the vertex w  when v oo1s firet visited foom
The edges (\;,Fo\m\t{ﬂ) form a tree, ond both BFS tfees ond DFS trees  are defined in this oy
BTS  frees
‘8\3 Sekkmg distTv] = d:stfpwu@tﬂl* 1. we Corvx\?uda_ ol chorrest poth distonces ’g\'cm S.
Tn  undicected K(O\?hs, Lor all  non-tree edges  wv AdiskTvl- 1 = diagtfuw) < dastlvl+ 1 .
T ditected g(m?hs thete cowldh  be  mon-tree edges uv with lage difference  between distlw) ond olystly).
N} 1/
but Tn this Ccase t orausk be AistTuld > dastv) o ﬂuzxg must  be backward Q&\ggsv
S
\ /\\
/o S o wndivect ed divrected
2 ;&\; \31 BFS tee J/\ \/ BFS tfee
VY \/\
3 3
_DFS  Trres
Tn  undicected gm?hg‘ all  non-tyer edges are bock edges ( Ree LobD
Tn  dicected gro\?hs, Some  mMon-~ tree ec}\gu ace S Qs edkgul' and - %o(wm(d\ zo\gzg”
jol
/\ undivected DL/ \/o dicecteds
O
DTS tree / PTS e
\ !\: bock R \(:/ ‘/OL \é 6¥b<wa({k
PAN &) E edge \ / l adge
o} o]
S &—% 4
~ N
QY05 mizs
Structuied in Kicected K(Nﬂ\s ore mote  Comjylicated.
S"Erong\ta Connected G-(ﬂ?hL
We ore (ka\g Yo conswher  the st p(oblkm o’g‘ ChQCkmi whethee o divectec K(m(ﬁ\ s QT(WS% Connected .
TFrom the definkion. we need  to  check QW) \?o&m cnd tee T there v o difected Pmﬂ\ between tham.
T undivedted gfq\a\«s, s ang\n to pick an Q(\a\&(w\é Vertex S, and  Check whether  all  Vedces
Ofe  (eachoble &rom N S we Just  check \’Qudno\?nzl{*ha %OY on) pairs
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what  wowld b & Corfespondi np “sucanet 7 ondition to  check in difected gra?h X
BEVEINTS sy to  find @xarples  for which ;Jmst Chl(k?h& \'ecL:\\o\‘u{l:{—\,A q[( som S s not Qmuih,
Q\(\Zlking (&achu\oiki*\g %rom {\m\A Vertex  would  werk, but t wewld take (n{n+ m\> timg , 4oo Slow .

The ’%olkom‘mg observotion allws us to  feduce  the numbec of  poirs Yo chak to  On)

Observotion CI stoongly  conmected i and only f every vertex v TS veachable from S
ond € is  feachable fYom 2uacy  verfew v, whece 8 s on orbit(axy vectex.
P(o:;& D) s towial by the  definiKien of o S&rm\g\b Cownected 9 aph.

) Tor Oy Py Cbm\o\\h\‘hj’ & poth frem w to S ank o path frowm ¢ to v . we obtan o

v

g
w —__ 0
Po\"f\'\ Lrom  w te vV, so QT s Qﬁ(owgﬂﬂ Conpnected. o T a

We  know  how to cCheck  whether  oll  vertlces are  feachoble from & in OCnsm) tiwme \mé BFL oc DTS
Howo do we check whether & Is  veadhable from all  vectvces Qﬁ:cruﬂg?

Thee 1s a Simple  trick te de it bf& (euers‘mg the dicection  of he edges.

Cloim Griven G . we reverse the dicection of all  the edpes to  obtain CTR

R
Thece s o ditected path from v o to s in & T{L there is o directed path from § te v in G

R
So, § s reachable Trom oll vectices in (r IS evecy vertex 5 (Qachoable from I in G
With twis Cloim, We Can  check  Whethee & T teachoble  frowm evedy Vertew in & b\:) oko'mj one BES[DES

n Cx@ '?Tom S.

To SUMMATIRe . Wwe howe the —%okkm‘mi o\lga«‘\t‘mm.

f\lga(‘\%m ( Sf(ong Cov\nadw;ﬂﬁ D

1. Check whather  oll vertices in G are (2adhable ‘Evo‘m N bA one RFS| DES.
2. Reverse the divection n% all  the ed\ges in &G +to obtoin @r?

E Chetk  whethee  oll vectices 3n G are  (eachable Arom s by ome RFS| DES

4 Irg both \Azs, (etucn S%vow\g\% Conne ctad 7, othecwise Yeturn ™ ot Sffzmj\\a Conne (ted }/

The  corfectnese af ‘the O\IEOﬂthw\ —FDHQWS from  the obstervotiom omd  the claim  above.

The  time COW\?[Q\G%\A is O(n+md time

R . .
We leave 1t as  a  Slmgle exercite  to  consteuct G In linear time

Dicected Acyclic G cophs

Directed C\Lﬂb“c Kragz\ws GYe  ditected SMFM Without dicected c\ﬁdax
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T\'\&A are wseful  in mode\‘m& Oke?b'\rlenma elofiong

(eﬁ Course ?ru{%msﬁzs_ suiﬁwa(& TnS‘hAl\QT?oﬂ)

Tn guch Situations, 1t wounld be wieful to {md Oin oroﬁm’mﬁ of the vertiees o That all the ld\&es g0 \Carward\

This 1s cCalled o topdopica)l oxdecing of the vectices
< 3

(q,&. omn o(d\u‘m& tTo toke the Lowses),

_E\MM A difectad E(a\ﬁn s Oeyelic T ond on\la W thate TS @ —\0’90\0&‘&\ ord\gr‘w\i of the wvectices
{00

<> Sinte  all the ditected Qd@u o {ocwa(o\, there ace no  difected Cye

%) We whl peove That any chicected O\Ldﬁk‘xl g\'a?k has G vertex Vo of ‘mdheg(m 2000 .

v
ond.  we considec  G-v. oi@

Than, we con Put v ooas the fust vertex in the oco\zdmi

Since G—v i< also o\%c\k) thece s

o topological o(r}\w‘mg ol Gr-v bu\x inducion m
o1
>
on the numbec of  vectices . and we afe done hmugm oerm\g
4 Gy
Tt (ewmains to ovgue  that euely Airected acnong g(a\zh hae o wvertex of  zer 'mokeg(exz
gwpyosz \0\6 Contyadiction €hat zu@(\é vectex  hag indagiee ot l2ast ong
“Then, we stoack %(am on o(b\t{ma vertex W, ownd 30 to on Ih—nzigh\mr W, o& ®
(/L
ond then ]° to  on ’m«\nzig‘nbo( Ur o5 W, . andl Se on u;(\ f X
Q
Tt s o\(wav\\s ?oss‘\\:\z Since 2vecy vertex  hos ?v\rdzg\’ei at least one «® \‘L/j

\&

}? Some Wn-neighol  (epeals. thew e LHnd a dicedted Qkﬁd&, o exntiadiction

Buf it must  fepext afb sowme ?o‘mt, Since the grg?‘ﬁ s fimite - g

There  are  af  least two Qoed.  appronches o @:m&\ o topolopical oCo\er?r\i sf & directed acyclic Rfaph Jz{fﬁcmnﬂj.

f\wvgunk 1 ( Sketehd Tust Lollow  the F(oczdwz In the above ?(oo{.

That 1. kesp %mdrng o vectix of indegree zeco

in  the (emoﬁm?n& %rm?l.\ ond put it in
the baﬂinmnﬁ of the ocrie(iv\g;

We teave Tt as a  problem {or Yo  to implement  this o\\gor:thm n OCn4+m) time.

Approach 2 This s porhaps less  intwitive . Ul +he tdeas Wil be uweful in the next gsection  a¢ well
The tdea ts to ods a DFS on the whele grc\‘;k (iz. start o DFES on an acbitiory  vertex ,  but S

Mot ol vertices afe vigsited . ctoct oo DFL on on uawsited vertex . and so on, until o all verfices

ore

Vistte d Just Bke what we weuld do in \me}\‘mj all Connecked Components s{ on  Undirected grm?\n}.
Note thet +this DFS  con be done  in (M\m o(d\eﬁ‘vxﬂ of  Verticaes In pw&iw\c\“ we dent  neeh o

Stac® ot oo vertex  ef  indegree 2zeco nwe de we mneed ony information about o topological o(rkzz(?v\g.

Tn the %bk\’om‘mg proef -

we  use thot the porenthesis proyecty of STW‘:M\K and fm‘\sh‘\hj time  holds
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~§or directed g(m?\'\s as  well Please check

Lemma TP G o directed  acyelic, then Foc any - dicected edge v, Finish LY ¢ fanishTu) Lor any DFL.
Prooi We considec Twoe Crses-

V\o<“\
Case 1+  WoactTul < Stact Tuld. Ny

%y

Since the graph 35 acyclic, wo s net (eachable from v
Se. W Connmet b2 &  descendant of V.
B‘S the  pPacenthesis  propecty - the Antecvals  Ustort vl finish (vT]  and [gta(ttu],{!m‘,s\iuﬂ must be disjoint.

The Or\\\g possibitity left  is stactiv) < Lintsh Tv] < 2tot Tu) < Aimish T F(bv\nj the emma In this Case

Case 2= stoct Tul < Stoct WV -
Then, Since v is unuisited when s Stoarted ond  wy is an zdge v will be o descendant of w
n the DFS Tiee This is the ame as thz Q(gumm& used in  the back zd\&z ?\'o?ut\i in Lob

B% the  pacenthesis Y(o?u%\j, we have  ract L) € stact ) < Finishtv) < fimish Cud . g
US‘H\S the lemma . we have the “FD\LO\»J'\Q& Simple  aljocithm for uﬂm‘mﬁng e To?obgica( Mder}v\&,

Aloocithm QTO\mKogim\ Ocdecing [  Dicectod Acuclic  Grraphs )

l, Run DFS on  the Whele g\’w?\r\»
2 Out?n the crd\ar‘mi with Okeuam‘mj {mtswv\S Time.

3 Check T% it & a Jto?s\agmb\\ Ofohu‘mg. K—F nol . Cetum O wst o\cﬂgkm”\

Cotrettness  * The (emma proves  that i the QCaph IS acyllRe. then al\ Ldges o ﬁ(wmd\ in  this Dvd\zdv\i

On the other hond . if the groph  Ts not mbﬂt\‘m, then there & no toyutuﬁica\ omu‘\n& blg “the ?(opos‘\t?m\.

Time Qamgk@xa%g © The a\go(it\nm com  be implemented in DCntm) time.

Note that we denl need ~to do Qoring for +he Qecona SYep .

Tusk Put o vertex in o uene when 1t 35 Hfinished, \:n add\‘w\j one  ling  n the <¢ode.

g"tror\g\lé Connected Com?onents (sce)

\j‘hm\\:&/ we  consider  the wore  difflewlt  problem of %mk;ng all strongly convected  Components.

e will  Combine and  extend the Previous Theod  +o  obtonn an O(n+m) +ime Q{Xemt%m.
Tarst | [ets ge& o good idea about how 6 eneral  difected g(m;k losks  \ike.

Obsecuation:  TTwo  gtrongly Connected compenents  QCe  Vertex disioint X{— two  Stromgly <onnected Components
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Obcecuntion = Two gt(m‘gla Connected Qow?menf; 0Ce  Vectey dx?s‘jo'mt K{— two Stw’or\g\n connact ed Cum?m\u\ts

Cy and C, <hare a wvettex , thea C,uly is ol %t(enﬂla conmected Cw\t(wﬁtﬁhj W\g\x‘\mgufa o{— C,, Cy

(a) (b}

?‘\cth "f (om

e G (o
¥ . — py .
/
v 1 / \/ LDrv 247)
G -1 P 4 —
. \I 1,

Tn  +the pietufe.  when Jz\/g(\é gt(unﬂk% Connected Component s comteacted inte o smS\{ Vecfex ,
then the (Q&\AH‘\Y\E dicected 3m\>\n i< (?\CLAQ\(C-
This  1s True in Sa“uo\k We leave +he ?{o(rf ns  an  @xefcise

G, a 3“2(9\\ divected qraph s o ohivected Ocyelic %(0\?\'\ on ts Shmg\fﬁ connected Cachm@rrﬁ»

Tdea 1 gu\)po&z we Mot a  DES/BES n a “gink com?omm" C ( a Qam?onuﬁ withh  no D\Jﬁ:gumj Q‘*j“)/
then we can ”xoksznﬁf\g tThe 3“*’“5\3 Connected componanf C.
>
3 o
This 13 becowse Q\/Q(\g vertex o C 3¢ (eadhable ’g(uw\ the g&mtw& vekex . but  no vectiees outside-

Qo Smst {ead af% vestices otk visiked Lvl = true will id\Qnﬂf\/& C.

Thig Suggzsts the —{zo\tnumi St(o&ef&.
L. Tk o vertex Vv in a sink (',om?oneﬂ% C.
2. Do Qa DT‘SJ RTL& +o id\U\'{\fa C

2. Remove C ’g(um the K(‘mp\n [N (epeat .

So. now, the %uest:w\ g hew +to f&no\ o vertex  in a Rink Low?nnzrﬂ‘ thf»‘c\\znﬂﬂ),

Tt doeent look easy Can You think  of how 3

Tdea 2+ Do " topological soct”

Ne  discussed above | 7{ 2ach St(br\g Cowmponent  Ts “covtcodted T v a i‘mg\z vecteyx . the CQSuHi»\j) g(o\?\n i< thdkv
Trom the previous section about divectzd acyelic Qraphs. we know that 1§ we do o DFS on  the

Whole g(a?lf\, +the node with  the eacllest fﬁms\r\‘mi time 18 o Sink

TThis  suggests  4he {—o\\ow;“g gt\/mqg\j

\ Run DTS on the whole g(o\?k ond  obtamn on o(d\k(?n& m "\r\c(ruzﬂng {’:m‘n\;,\j time -
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2. Use this orc}\e(n\g in the  plevious St(avm in idea 1 to toke out one gink Qom?one«\‘v at o time

This s« VQ(\G nce gt(mtlgkj . dowt wx%a(tw\ atel it doesnl work
¥ X \e. Consider the Qeoph N 3¢ tact the DFS af g, th de t
¢ < I3 5 onsikec . we ¢ 5
© o} ountLeex ample 2 80\9 ‘D/S\h] 3 e a{ 3 eX en  Node
SV 4
hot the aovlest {‘mis\n?ng Time bPukt T s nst in & Stk Cnm?un?r\?

&
<2

JTdea 3+ The natucal Steategy hoesnt otk . but & modifscation of T may sl wock

The obgeruation s that the DFS ord\u%nj Shill g‘zues s uum%ml info(mmtiov\ obout o ‘vopo\ngtw\ ord\z(?mg of Cowmpoments

In pa{ﬁcu\\a(, o\\%ougk we  cowldnt S&A that o vertex with  Smallest %M\skm& tTime s In a Siek Cbm\;;om?f\t‘

we  ean &ob\g that o vertex with the largest %ms‘n’mj time IS in & Source Component.

The proof  of the {a\kow:nj lemma e Similex to  the proof of  the lemma n Jtnpologrm\ O\Fd\&(3ﬂ\§~

L ermmon ‘I’Q C ank C are strong compeneats  Gndh thee ace  edpes Avom  C 1o " then the lo\(\gef\-

C
/

{msm& twe a0 C TS biggu thon  the \wgqst %‘miswn& Time n C.
P(co:ﬂ; é\g&‘m‘\«m Consickec  tTwo  Caggs-

c’

/

Case 1+ The Aiest vertex v visited an Col as an O

Note thot wvectices in C are mot reachable §(oww v but oll vectices m ' are teachable Leom v

By the time when v 3s fraished. ol vertices i C are faeished, while all vectices in C havent Stacted

Case 2 ¢ The st vertex v visited iw coe’ is n C
Since  vegtiers in CuU Q/ ofe {eachab\e ’gfaw\ v_ o ol verticge In Co L/ will be %im\s‘ﬂzd before

is finished. andk <o veC will have the ngzst %ms\mj time in Cuc. o

With this [emma, we know That 7 we Jg\(gt do o DT L and evder the vertices in d\acmasing o des

%\n‘\s‘mng 4ime . ontk then doe a V¥ S again ussng this ofd\e(?r\i, then we will  viat

w 2. N 1)
ancestor  Componeats 7 before  we  uisit © de scendart Qom?ongnfs

Bukt this T not what we woent , ad we want to  ort in a  Sink QomFbmnf ond  aut bt out WCHS%

ldea % Reverce the Qlaph Qo thoel gources betome sivks L

R
TFirst . observe that the gfroni Qnm?cmm‘cs in & are the Some as the Sk(ang Q@m?onen‘bf n Q

Gr ouf ey 7 ©\>©/7O - R ks 7 O%\«O@»D

c
~ > [%Mks = Cq' > / ,T \ , Soucces
& =20 Ol

R
\Jg(ﬂ important  for us,  Soucte Compeneats T &G betome <k Components  n CGrm and vice vereo

Therefece . the mo\u‘mﬂ we howe In C( —go\\buﬁn& o &o?o\egim\ o(&z«:v\g bfy the Components J%(cw\
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R
Seurces o ginks becomes  an m<dz:'mg in & -Eo\Luw‘m& o %ax?o\oglcm\ cfdo_(‘mg o*ﬁ» the

O,DW\\DW\JU\)YS ’?rvm Sinks  to  Soucces.

Jow , we Can S\AS% ’?ounw thig b{o\zrir\j to do the DFL  in CTR to  cut out sink COWan\EV\tS

one ot o timg, O w2  wished in  idea L ond  1dea 2
?ina\Lﬂ, we ean  Summacize the a\gor\t%m

Algorithm C S&rrmﬁ C_ow)par\u\&s)

[0 Run DFS on the whele S(a?\n CT US’xnj an av\al’ww\A oro(u\vxﬁ a{“ veckices .
2. Ofder the vectices in O\QL(&OLSH\K of her owﬁ %}msmr\f times  obtained in 2tep 1.

3 Reverce the g(op\r\ &G 4o obtom Tthe Qfoph CTR

4+ TFollow the D(duzc‘mg n Stz? > to va\ofe the g(ap\\ Cx}z ‘o Cut out tha Lt:m/\:m\anf& one att a timg.

To be more precise. we axpomd  Step & in more  deteils

Gy Let be  the Vertex b{ T-th (orgut '&:‘mish‘ma Tiwe  in STLF 2
G let e=1 / Tt i o vaciable coumting  the numbec of  Sfromg Commected Components
i) Fer 1<£€1<n  do

T uisited ) = Tolse

DTS (& 1)

R

Mok all the vectices Yeachable %Yom Vot & in this Gteratisn 5 be In Component Q.

C & i\

The peoof  of  corcectness Follows from our Long discussion.

We leave it to the ceader that oall thz Steps Can be Tmplemented n OCnsm)  time

“This ngu(‘[t‘nm s overy clevec and Gt mau take more dtime  to {u\(& understand 3t

Refecence = [ PV 22-24])
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