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Lectuce 6 : Depth Tirst Search

Depth  first <earch 35 another  basic cearch method  in graphs . and this  will  be useful 0

\wdmfﬁ%‘mg mofe  vefined Qow\zgﬁv‘.ﬁa ctructurzs  as  we will  See fookm& and  next  time

Mot Vai:'\l\g Ex O«mP\Q.

Loact time  we imokx‘r\zak thot  we weuwld Like Tt Search go( O persen  in o Soctal network

ond BFS ¢ a \/ux notucal gtmngué (askmi {l\f\enoﬂg than %ciznds ow( Lerende » and o cm)_

Theve ofe  other gituations  that U\ﬁn& dxevkh f‘ws% segech 7S more  nhoatacal

] I 1
Imqgina that we are in a Mole @go\(cl«‘w\& €or the exit IL||.| L
We could  model this ?(oblzm as & _-t Comnecﬁvﬁv\% PVOUQW\ n grayhs. 1 .|

Toach sguare of  tha wyaze Ts & wvextex , and two vertices have an ed@z I | I—L—E_

T
it and onL% it the twe Cquates  are veachable ™ one step - L |

Then, fyino{‘mg Q Pmﬂ\ {\’om ouwY Cuyrent Fos‘\t‘\tm to  the it is Q%mva\ér\“{ to {Mo{mj o

?o&k between twe gyzd{xzi vertices n o grmw\ (of detemine +that none zx‘.s’rs}.

How would \on\ Seorch {or o Paﬂ« h the moge ?

Thece  are no iends do ask L, and T doesn,t look  efficient ()m:\vmra to explore  all vectices wirth

dictonce one ., then distante twe and So on (a¢ we have to wmeue back and fartl«).

!\gsummﬁ we hove o chatk oandk Can ™Mmoake mocks on  the ground\. Then it 7S more  notucal

To keep goivg on one path  bravely until we ht a dead end | ard wmake gome marks on

the way ond  also on  the way bock So that we wont Come back to this dead end agoin,

and onL% Q\LP\ort L\}}at &Anz\cykm(ed\ P\acas.

This is eggzwtmuj d@yth ’%vgt search (DTS,

De||>ﬂ\ First Search

As for BFS . we define DFS by on algorithm.

DTS Aleocithm

Input = on undicected  graph G=(LE) . a vevtex sel\l

O(ﬂ?ﬂ' all vectices  reachable from <

1 Main program 1 visitedDy] = False Yuel | visited TgY= true.  2xplore (8D
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ex?\am SV /[ fewucsive wcw\ctioyx QKFLo(a

of zoch neighboe v o s
£

A
W visited [U) = Folse N/ \

visited [v] = True explore (V).

Timme  Co mp(@\(]tcé

The o\nmhﬁsk of the time QDW\F@,\L“’% s Qimilac to that n  BFS
Tor each wvertex w, the recucsive '%wdnm\ meLo(z (W s colled ot most once.
When exglbre (W) 75 called, the for loop is executed at most  oleR O Times.

Thus the +total time cumP(witZ) i< OCn + \EV d\ei(\h\) = O(n+wm)  word opelationg

Stock  oand  Queue

Thete s o wma te weite  DES V\OY\'(Z(urS\VQ(K,

The Jdea, not SwPrTSTY\g[\j, s to ae e Qtack, QS Yecu(sive programs are \M\:\EMQnﬁzd\ ms\ng Stocks 1n our CDYY\?(ATZ(S
The resm’mj plogram  using stock is §1jr\ta‘f\‘cau% vexry Similar to  that of BFS.

Co. one Can think aboul the two Tundomental Ceatch methods correspond. to tuwo fundamental  doto,  Stouctures .

Ty to whte St oowt or cee [KTT for the Solution.

B’F S omd D_F S

The basic  |emmo about gmpk Cm\nzct{v:hg still  holds  for DFS

Lemma Thete ¢ Patl«\ from ¢ to T it and Dnhé IRt wisited Tt) = €rue ot the <end.

The F(aa{ IS the Same as n BFS and 7< left as an execcise.

The lemma <hows Choat DFS  con alce be wsed to  check  s-t conv\zct\v\hﬁ, to find the Connected
C omponent cmto\‘m\ng S ., and “to check g(ayh Cohr\zct{v\‘v% ool in DUman) time

Ak we can alse  Find  all commected  Components a OCmn) time using  DFS (ereccise ).

The  main diffecence from BTS is  that DFS  Comnot  be wsed to  Compute the Shortest puth  distonces,
oind this s the man  fTeatuce of RFS

But os we shall see , DES can be wedk o golve Some 'mTQ(esﬁng Proh(ems that BTS convst  do

DES  Tvee

Ag '?cv BFS, wa can Constyuct o DFS +ree +to Trace osut +the pocth Lrom ¢
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Again. when o Vectex v S fiest visited  when  we  axplore  vertex w,
WL Saﬂ vectex  w Ts the pofent of  wvertex v o b
(@SN o) /,OO\
B% the Same Qrgument  aS in BES . thete edges (\/,me\t(vﬂ \ ;1 L
c (s a /'\v/l\t
\ i TN
Lorm a teee . andk  wWe Con use them to fid o path to S .‘/;\
Q Q S m b{
We call  this o DFS tree D'& the (g(oup\r\; Q\t
Note that o g(a«gh cowld. have W\D\r\% different DT tyeeg olawmi‘m& on The order of Q%P(Dr\ng the nzxghbur&
of  verticas The same Can be Sad foc BFL  tveec.
Definmtions | TQ(TV\\noLOg(é Eor DTS fvees
* The itwﬂhg vectex ¢ g Cogarded os the xook of the DFS  tree
© A vectex  w 1¢ called  the _pofent of o vertex v it the 2dgr wu fc in the DFS tree .
andk. w  1& elogey to the (oot  thon Y is Yo the {oot.
* A vectex w1« <olled on anc of o Vectex W i w tg cleser +o *he (ool Than \,
ondk  w 7S on the path Trom Vv to the (oot
Tn this Situation, we also Sc\\s vVoois o descendant of  Vertex u«
* B non-tree edge wy 1S called a bock ec\ge, Woeither W i om ancestor or  descendant
Tt s colled o back edge  becowse this @dpe feom The descendant to the ancestor.
In the obove qum?u, . b T an  oncestex  of e and {1 but ¢ TS neither 0On omcestoy nNor descendant of \C
The \Go\&smmi s o Siwple  but impotTant PVD?Q(‘\’(A Thaot  we wWill wse.

P(oysuf}é C back nge;) Tn an unditected Yloph. all non-Tree edges are  back Qd&ag.
Poot Suppose \03 contradiction  That  There ¢ an edge belwen w and v but oot
N
uw and v afe nl an oncestor- descendawnt  pail. \
WLog  acsume that w15 visited before V. Mﬁ/\OV
Then, since uveE Vowill be axplored  before w15 fiiched
ond  thus w  will be an Oncgstor O% v, o controadiction. 4
gtmtm& Time ownd "F\Mshi,\g Time
We fecord the Tiwme when o vertex  is fiest visited  and the time  when  3tg Q\AP(WH\S is J{imshm
Thece information will  be Ve Ty uceful  in OLQ_ng\ an A m\m&ss\s o Odgoc‘\ﬂ\ms.
To be precise, we include the Pseudocode In the {folkowmg
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1 Main program 1 visitedTy] = Talse Yuel . time = | . vigited T¢) = true. 2% plore €$)

explore (W) /[ Yewssive  fuaction axplove
N b
Stovt Lud = time . Time & time + 1L o o) ’,/OO‘ t,n)
L L\ h o
\Co( eoch nq}fhbcr v 0‘% " < )'\' /‘\/*\t Ac ]
/L Lo 3,00
\’E visited [\)X = g[}‘\g( Q _&1 E({-/'ﬂ Q“O/ﬂi\g_P EQ {]
Cs. ’
visited Lul = true axplore (V). s4l e
FinishTud = time. time & time + 1.

ngut\% C?wu\ﬂ\zm) The intecvals U stact (w) %mmmﬂ oank [S&mt(u),{fimshl\ﬂx \eor
Two wvectices w and v a(e  either disipint o  one is Contamed n Qnothec.

The lottec Case }\awmg Pflc\Sz\\é when  w,v  are an  oncestor - deccendant paif-

Cut  \Jectices and  Cuk Edges

guWasz on  undifected geaph s Comnected

We would like to “\(Lut’\g% vertles  ande adges That  are  ctnitical  in the graPh connectedness.

A vestex v 1S oo cut  vectex (aka an oticulation Po‘m&, o G ge\:urm?nj vertex ) \{l

Gr-v is nef  connecked e Yemoual o% v and {s Taddent QoL&Qs Aiscomects the g\'ap\n

An edge e ig o cut edgq Coka a \)Mijg\ i -2 s not Connected.
C
A\

JF

In +the QXO\MP\SL/ vectices  a,b. e are cut  vertlees  ande .&lo\Ki ab 13 o cut Qd\gl‘ a b

Observations and Tdeas

The idea s to use a DFS +tee o \\riar\tﬁ% all  cat vectites and  Cut edges,
Consider a vertex v which s net  the root We would, Uke To detecmine whether v 8 o cut Vecrtex.

When we (ook ot the DFS tree . all the Qubtrees below VvV ofe connected, ¢ Complament

v
o< well ar the complement af the Qubbtwe at v (Sew the p‘\cfurﬂ, °
]
The main observation  T¢  the property thet all  the nMon-teee Qukgzs afte < Conmacted
back ngu (prnuzrk aboue ) , ond So the 0“\‘3 wchtx oo a Subtree

be oy v  to be ¢omected outside 1< to  hove adges gc‘mg to an Omcestor ol% v

there are no @igeg with one er\o\Po\v\t in Ui and another Qnd\)umf A u&%&rk‘c\) ancestor  of WV
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(o0 @3 B\:& the back a&gq propecty

all the non-tree edkgu Xg3

bowk ¢ dpes .

Co  there ace 1o &d&u
go‘w\& ‘o another quptrer below U ner e&gu &o‘n\g 4o onothec Qubtree eof +the root.

So. { there are no swdh zzdgas gc‘w\g to o (stevek) ancestor s% V., then 17 omuct ba o Cum\;ohev\% in C‘{>V

ﬁ) On the other hanck hc Such Q_igag oxist . thew 13 1s Connected €0  the QQW\YLQMQAY even o{\“u v oYe Yemoued
and <o 5 \,\)olei be

o Cownected  Co wpen ent

in CT*\{. n

The sawme Q{Suwum*c opplies  to cach cubtiee below v g‘(vgs the ‘{Zbuww‘mj chmacuf‘y%o\ﬁm of o cut vestex-
Lemma.  Tor a non-roof

vectex Va0 DEC tree . VoS o ewt vectex  of and only V4
there (< o Qubtree below v  with ne QO\&ILS KOMS te a  (stact)  ancestor o-{ v
E(ooi = pES every Subtree belw v has  Seme edges Roing to

N

on  oncestoy af
then Qu-an:\ cubtree T Connected to the an\P\Qﬂzv\t

~
See
Se, GG-v is

prctuce. N C\
connected ond thus v 15 not A& cut  vertex

&) Trg Some Subtree {7 belsw v has

o

no ¢dges g:ﬂhi T an  ancester o{ v

-

then 17 will be @ Connected C,Dm?or\zv\t Ta G»\J by the prewtous claim. ond  thws v 1S o cut yectex,
=]
Tt (emains Yo Consyder

the (ool vartex er

the DTS kyee. The proof ig (m\tt 0S  an  @xegccise
Lemma Tor the vot Ueectex v of a DFS tree v ois o eut vertex  f and or\(% it
Vv has oft (east tTwo childeen

With these lemmos. we know how to determine 34 o vectex s @ cnt vertex

\vbs Lbokmi et o OFS <
&lger’\thm

We age rzwi% Yo we the avoue lemmac  to desTSh

a  D(ntm) time a(gm?t\m o veprt all cut vectices

To have on effictedt implementation, the tdea 15 to PCocess  the vectices sf a DOFs {fnu“w\rg o bsttom “up
y

ordmr\i_ and  Keep Track  of how “fas up

the back 2dgas of a GSubtree con g0 Cie

how Close to the (oot)
B\d the lemma, Tor o nom-toot vectey v

VoIS not o cut Vectex 7{’ oo m\\\:\ r-{—
houe

all subtreel  belaw V
on Qolgﬁ thot goes obsve Vv

Whot  wewld  be o good\ ?mo\mztu ‘o kug ™ok of

how Tac up we con goz
The i‘%ar‘c'mg Time wouwldh be o

S)ood\ Mmeosuce , becouse an oncesior

Ctactl r\& time  than

O\\ulo\ns has an

its

eacliec [ smaller
descendants .

(b\)a. Couwld. olso do It In other waus . 2g. \05 ng(ok‘.nﬁ the distoane to  the Yoot Twusteod >

et wus oefine &

W/°\
volue  low Cud

FONAN
"EO( cach Vertex on the DFS tcea é"
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Loy “ = min SLS*(MHQ . min % Skartiuﬁ\ ww  1s o back Q&&L with W be‘mj o descendant of V}l
O U= V.
Ir\%mmqtki, lowiv]  (ecocds  how {3&( Up we Can o Trom  the subteee  Yooted at
We will be done 1§ we con plovz  the %o(\ow‘m& Two %WV\&S?

©  We can compite  wlyd for all vel in OCntm) time

@ We Con Ed\znt\ﬁé ol cwt vertices in OlnAm) time ug‘mg the (ow qrrmj

Tor @, we @mPutz, the  low voluwes {—mm the leawves o+ the DES 4rvee to <he (ool of the DFL  €vea
The bose Cose  Is when U S & left. Then we can tompute  low W) by considecing all the odgat

incdent o0 v ond Jca\(mS the minimum of +he Sfmhnf time of  the othac endpoial. This takes Okdeg(ﬂ} Lime

X 3
B& duction,  Suppese  the low voluwes of all children of v 0re computed /j

v
©
Then . to Compute low W7, wae Just wesd to teake  the minimum of the lw voalue M‘AH’M

of Tte children, 03 well o the stost Time for oll bock edges ‘mua\v?ni v. This tokes O(dzgub £ime.
Tn fhe axomple given n the picture | low Tu) = min &: (owlud ~ lowlusd, lwluzd ) stactixd . gtmr&i@ 73 .
Tt should be clear +hor low W) ¢ Computed. Lowqdk\g, OLSSuwﬂni the Gw values of all 1t childten ofe Corvedd,
ond  So  the Cotvadness Con be ectablished })5 nduction -
Bﬂ this bl}ttorv\yuq; O(d\edv\j, every Jectex on the ftree i c:r\LS P(ocu&ed\ once ,  ond  thus the total

time Complaxity it 0Un+ ?c—\/ C)\“gﬁ\n) = 0Cn+tm)

Tor @, to  check whether o non-root  yertexy v S¢ o Cut vevtew , wa lug& need to  Checx
whether low Cuil < gtactfv) Lo all chitdren  wy of v

1{ So, then v s not a cut verter . ag ol subfees below v hove o bock 2dge Qoing absue v

Otherwise . T (owluid 2 stactGl , then the cubtree (ooted o U; Wil be O Connected Compbnent in G-v,
oand thus U 1S o cut vegtex. These arguments  ore all covered in the Jy\i(st lemma

The <Toot vectex 1S handled \,LS\vxi the othec l(emwma

This Complexes the desciption of a lineac Time algorithm %o ?déﬂf\f\& all cut veftices given “the low ety

Exvecciser Extend  the olgerithm 1o Tdentify all  the cul edges.

Refecences + T DPV 3.7 Cut vectices and  ut edges ove from the axercises of TDPUT.
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