CS 24\ - Ngor?thms , SPring 2017, Un‘.vemT*é o{ Watecloo
Lecture &+ Divide and Congsuc( g
We will cee more Q\(amP\QS o‘f divide anok con%«/\zr algoritl,\ms: one  in ComFumt"\uvm\ &zomﬁw% o others

n Coumfu a\gd;m . Tor  which divide and conguec g ives the \Casmst known A(\To(iﬁnm&

Closest Paww kT s.4]

Trpul s n Pomg Lx‘,\ﬂ‘) ,ulj\i)),_./ Umka“) on the >D - plane.

Ou&guiv 1< <j $n that W‘;n\wv\T%zS the Fuclideon distanc ()(;~YJ‘)L+ (kj[»ljj)l

Tt 1¢ clear that  this problem  con be Solued 7 OCRT) Fime b\é &\(j‘mg all ]Dz{\(s.

We ute tleo divide and Conquer D\PProub\ {o gIVL an M\PM\/U\ q\goﬁt%m,

Q Line L R

| o

e Pichace Ao TKT §4)
2r 0

\We ‘g‘\r\d\ a Vartical line L +to Qepacate  +he Pa‘m‘c et into  ftwo Thalvec ¥ call the <ot o{ Fa’mtg on
the 1@{% of the line R . ond the et a{— \)b"mﬁ on -tha rTgl& D% the line R

Tor %‘WMPUCI%é, W assume  that  every Po\w\t has o detinet y-value . We lowve 1t as o exercite
To See  Wwhere this ascumption s wsed  and alse  how 1o YTeweve Tt

The vertical [ine  Can be  Found \98 chmmS the madian  basad en  the Y-valun | and put the

—QTFSJ( X’hfl ?O\N\tg in Q. and the last L%& Pb‘\vﬁs in R.

Now , we recursively  find  the closest paiv within - Q@ _ and the closest pair  within R.
Suppose  Tthe clotest poac i Q ¢ of dittance Q. and it is Smallec than that in R
b

To Solue the clotest PO P(ob\zw\ in all n ?D\f\ts, & cewmains o %'mok the  clogest \\cmgg?ng

]Pa\\” Wwith  ene )Fmd in Q@ and the other point in R .

Line L
Tt doetnf Seem thet tha closest anssing poic problem 15 eacier to solve : - !
i |
The 1dea s that we Or\hﬁ need to  determing  wohether thece Yo a Qrcgs‘mg E§_Z i i
8/21 1: :r |
e ettt tta E—
Par with  distawe < & P! P
g U RN S
Boxes —— ! ro
This ollows uS fo  Testaet oadtention to the ponts  with X-velaz  within R e
et T Leeq
1 ]
¢ to the Vine L, but still all the peints coan be hece . ! |
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This allows we to  Testaiect  attention to the po‘mf& wWith  X~valug within \K“‘-'““ R it e

. H
r==—-—=="-%7-"="—"- a
1 ]
6 to the line L . but still al *the powts can be here . ! |
We divide the martow (egion into  gquare  lboves of side length % oS 8 8
Showun 1n  the Prcf\ua, Here comes  the Iwportant obseryations. Cyicture from ikT})
&=
R . %, & <%
_Obsecvation T Each $quore  box  has at mest one  point. N

> RS S
Proof T two poiats  are in the fome bex . their distanwe ¢ ot most &%Yv%} :’€<$

Thic  wouwld Contradict  that the closest poirs  within G0 ond within R hove distonee 2 $

ta
0Observotion 2 Fach Po‘mf needs QM\& to Compute Aistantes wWAth pownls  within tTwo \(\nr\xgmtml \a\aers‘
Peoot Tor Two powts  wWhich Qre ceparated bLA 6t least two \nmgonm mﬂm (see p?c&um), o
b/
then theie distance would be wore than $&  ond woeuld not be clesest  p 4 >4
B
With obsecyation 2, Query gomt in A <Quofe box neede m\(% to check  wWith Pxfmh in ot
most 2leven other  boxec [ boxec in the Same layer ond. the next two layecs ).
Obvseryation 4 Says that thee 18 at mest sae point in each Square.
Commn\j these, each \)o‘\ﬁ on% Needs o Compute  clistances  with ot ™igt leven other points .
in order to Search for the closete poirs (1.2 poits with digtance S
This culs down  the <eoacch  space  from Qn) paivs  to O paics.
ithwm
1. Tiad the d\'\vTO\M& line L \a% cemwtini the medion using  the  X-value . Time = DAY .
2. Recurcively 2olue the cloteset  pair problem o & and in R CGret 6. Time + TUE)
2 USIV\S o lineoar Scan. femoue all  the pointe  not within  the Nacfow  Cegion defined by S, Time: O
% Qoct the pointe  in Y\swd&u@aun& oroec ‘Du\\ their {A~UQL\AQ T‘W\Q“Oﬁr\lnjl\ﬁ‘
€. For each pomt + we Compute (te dictance to  the next eleven ponte  in this E&~0(wk¢rin§~ Time : 0(n).

(Note that two \:o’\nﬁg Withia  two [Ouﬂe(s must be within 11 Po‘m\—g in the k{b(okw/ 0s €10 boyes in be%wun,)

b Return  the  wminimum distonce -ch\o&.

The corfectnese of  the algm\thm TC egtoblished b\a the two obsﬂr\/zxﬁev\s,]\/tsﬁfj‘xn& that 1t cuificec for

20.Ch Pmﬁt 4o Compute clistance o Ol other pownts O descaibed  in Stq? 3.

Time Comgkm\ﬂé A O 0 N 1T(%3 ¥ OQV\&DKY\\ = T = D(n\ogln\)

Note that the bottlentck 3¢ In the SD\"E‘\Y\QA %kqP and 1t s wst huzgsm\i\ to do SN&ME within  Yecucsion
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We Can Qort  the points b\g \\;rva\ua once  in the bag\mw& ond.  wse this D\'(iﬂrh\& t\wrowghout the a\gur?thm.
This  veduces the tiwme Ccmp[exi%g\ tv  T(n) = 1T(‘n’{5 1 0n) D T =0 [n\ug n) .

gxmx{mh&, we dont need to Compute the medlane Within the (ecursion,

We con <ort  the points bﬂ x-volue once  In the bxgim‘m& ond  wse it oo the @U\ﬁdh\& ctep

Thic would wot 3MFYO\IE the  (wortt cagce Yiwme Lvm?(@%{na but  would im?rbut s *Fmﬁ\cal \74(‘%orwmnc@

Questigns ¢ | Wwhece  didh we wee the Oﬁ;S\AmFﬁb“ thot the X-valuet ave dtg%‘mgta

2. Whal de we need Yo ckmga Co that -the algmﬂxm wowld  work without Thic agsumytimz

RomarX « Thee 1s q mmomxg@k Qkﬁo\’?t%m to $ind  a clotest pone  in  expected Oln time. See TkT 127).

sthme £ P lems
Atithmetic P\”o\)lems afe where the dwide and Congquet  approach 1S most FOMQF{M.
Mony  fastest olgorithws  for bosic orithmetic  problems are based on divide Ond Conguer
Tnokm/A we wnll e teme  basc idex¢ how this  approach works. but W\Jfovtlu\mtzhg wi Wil nel See the

Logtest a\godtkms Qs H\eg& (equire  Some backgwumx n Q\&Qh(o\ C Q\ﬂ\ougk not too ynuch ).

Tnteger Multiplication |y .67

This ¢ o (zaLM funo\amemo\ P(ob\am that odur Computers  Solve e_uu\:\cm&
Giveo two n-bit numbecs 0= Xy Qg - O and bbb, . by L we would ke to Compute ab aﬁxmnﬂg.

Tha multiplication algw‘\ﬂm thot we leoent  in elementory gdhosl  tokes  O(nY bit opefotions.

o ©oo
Il oo
V100

lool o0

n bt numbece Qd\dj\n& one ‘og bne - ®ach addition (z%mves Bnd bit QFCL(Q‘U()V\Q

Lets GPP“@ the divide and  Conquec  approach  to  iateger  multiplication.

Suppose  we  Know  how  to uttiply n-Bt numbass a&%\cxaﬂt\ﬂ,

We would tike tTo wwe 1t to mmk‘r\?ka - bt numbecs %mcuw

Griven  two  2n-bit numbace X and Y We wiite x= X,X, ond U= 4Ya whece KoY, are
the h‘\&huwﬂku n- bt and %5, Us  axe the  lbwec-order  n-bits.

Weitten YY\oLﬂ\amO.t\Ca\\g B X= X\Q“ T X5 and Y= U o+ &1

Then. xy= Ux ) Ty 2 u) =y 4 Cxgat ey )" 4 Y,
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Since %, Xy Y- Ya  oce n-bit Nnumbers. “the products K¢y Xss XUy > Kays Can bo Com?ukz& Vew(s\\/ztj
Theredoce . TCn) = &T () 400 , whece the odditional  OL) Wit vpecotions Qe used to add  the mumbers.
{ Note +that Xy, 1T s smply  Shifting  xyy to the left by v bits 3 we doedt need a multi plication oFaszn)
Qo\u‘mg the Fecurtence Wil give TG =0n ). not \mprovimi the  elementary School algn(it\aw

This should. not be &\A(pﬁs‘mg . sinee W& havenl done Ohgﬁ‘ﬂ‘mg clever to  Combine  ¢he  Subprobleme. and

we  chould, not Qx?e(.t thot ’just bxﬁ dow\i divide  ond Conguec Lowme Qmwm? would.  Come qutommtRca(Lj.

koaratsuba’s Q\Kbﬁt\ﬁm' A lever \/\mA to  Combina the QM\Q‘FSO\)L%S.

Thstead oJ\— C,Dvh?mt\hg TP AP SO P U uS\n& Jyou( %m\:?mbums, Karotsubo's Joeo s to
wse three Sm\v\ﬂob\lmg to  Compute XY - *alUe onoh (X, + Klﬁ(k&‘+%3\).
Aftec thot. we Can Compute the middle  ferm XUs t ey, b‘ﬁ noticing  that
U+ D - Gt U) = XYy = XaUs =0 XYy TX U+ Ko Aoy — Xy~ XaUs = XU, + XeY, -
That 1. the middle term Con be Computed in O(n) bit operotioms  after %o\\/‘w\g tThe thre %mbProleems
Therefosz , £he totol Lvm?kzx‘\tk\;x s T(n) = 2T§%§ F On), and 1t Lollows %fom Wasiec thescew  that
\ §%> )

op_3
Ta= 6CR I3 ) = o(n

This ts the First ond S entficont Improvement oguac  the @ lemewtar school ol porithm-
\ 4 $

Dolunomia)l  Multiplication
3 ¥
n N
Given two dgesee n bolynomiale, ALK AnX 4 Gaa X 4.4 ouX+ Qo ond BOO= = bix'
z P \ﬁ \=0
) s .
WL Can  wSe the <ame Tdea to compute ABK) n OCn i\) Wo Tk oyuod\ons
where  we  oacsume  that  Gib] Can bz Cowmputed in  OUD  word opecations.

Yow Wil need to  wotk ouk  the detals in <he prog(ammm& \?(Obkgm\

Moatyix M\A\’VT‘D\IQA\‘QM [ DPV 28}
We o\l know the OQ\%> word O\?E(DCHOYWS 0\&0(‘\t\am to rhu\ﬁy\n two DPxn moatrices .

The divide ond ConQuec approach  Con alo b2 gucozss%m\é applied  to  matyix  yuttiplication.

Criven  Two  2nx2n  matrices A ond B WL Com thmak o 2och  mMatfix  q¢ Consistin °
{
Touc  nxn  blocks such  tThat A= (A“ Aea Gnd B?&E” Bu\)
Ay B Bay  Bas
Then AR = '/"\\H A\v_ BKEM Em} _ A\\ B\\+ A Bay A”B\l+g\1%7—l
Au\ A>1 @1\ @1L AL\%HJFB)l%‘Z\ AE\B\'\,%A‘lL\%)ﬁ,

Therte ore eigh‘f guﬁoP(omes to soluer A Bu. By L ARy, AHBD ) ﬁm%n , Au\%\l/ AR, AlIRQl_

Adtec that . we Just need  to do  O(nD word operations Yo pbtain AR btﬁ Okfkd‘mg the Suﬁ;?ro‘n\zms.
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The time  compledty  is TG = TGN A 00D, which Tmplies that D)
ngam, this should 0ot be %wvmrn%, 08 W2 Ofe \Sus% dm‘mi the Standoacd queﬁﬂ,m in block "%D(m‘

We should nef Q\cPut to

&)zt an Imprwzment without d\\a]hj inﬂﬁ\n\hg clever.

Stcassen's A\gor\’c‘nm

Foc Some  time . the O c\\gcr‘xt%m W as ﬂ'\ou\ght to be Qvﬁmm\ . but  Styoessen Surpriseh the  wogld

btﬁ hig mag‘m "&ofmu{o. : AR = P§ *Pq P, Py P\“* v,
P2 ©Pq P AP -P - Py
whare P Vo A(\ (B\wf B>1§ > Pl: (F\\(\’V An) Bll . P%: ( Aq\ + /}ijﬁ BH . PL{» = HY)_KEM_ ‘BH>)

Pe = (At AL) (Bt BR) Py CAp- A (Bt B Pq= C Ay - hz\\) (E\WL %(75-

The Pmnt s that o Q\A&:Fm‘u\ﬁw\ can  be Computed uﬁ‘mg one multiplication  oamd O ) additional operations

The +ime Lomp(ix‘\‘t& e T =7 T(l\i3 + OL'\13 .

Tt Lollows J{(cm

1 i
the acter YTheovem  that Tn) = o hlogl Y = O(Y\1 %\) \

After Steassen’s Olgorithm .

thece s a long line of{ resencch

(with  <Rome Tecent ouuzko?w\zn‘csﬁ nghing

the time Qomp\zxkt\ﬁ o’%

31
mateix  multiphication to 3 )

on

2
Seme roseacchecs  belizve  that  matix  multiplication  can be done  in O(n ) word opecations .

This s Qmunﬂz\ of  thesretical Antecest D“k\j‘ as  the o\\gont‘nms are too  Complicated To be implemented

Qtio scen’s Q\Koﬁf\nm can be implemented ond Tt Wil e %aste( than the stondard a\ngt%m whan

n 2 $ooo

Applications

There ore mony Combinatoriol ?m\omrﬂs that con be (ecduced +o moatrik muth\}cqﬁm ,and

Stracseds  tesult  tmplies  that

"thaa com be  Selued f&stxr than  OCn*) time.

As an anmptq‘ the p(o‘o\Em 0‘% d\ETE(W\‘m‘mg whethee a gfap\n has o Jﬁ‘\om&l@ Can be educed to

ot i
multiplication.  and we \Cave it ac o puple to yow <o 1C7gm(l out hew .

Thece  ace mmuk\ CombinatorYal ?mb\xms in the Utecoturr whece the %msus‘r known a\f\o(?thm Ss \Jl o X m\AL‘c‘(P\\caﬂm\

Fact Fouciec  Tcensform

{DPY 261 TKT ¢71)

There ¢ a very mee a\go(:t‘nw\ ‘o Colue integec multiplication and. ’pb\&nnm\a\ multiplication n ‘O(MegnB time .
The precentation 1w Ubby 267

< ]m‘gMi vtecommended  fov thote whe oce iInterested in \Qo\(r\‘\n& it

Woteclo®  hact o S%mni gnmbonc CDMFth\ﬁDv\ Qfoup and You Can leaca 3t in CS 437
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