CS 24\ - Ngoritl«ms , SFr'mS 2017 . UnlvergT*g of  Watecbo

Lecture 1§: Haca %rq?k Pxo\pl.gmg

We  choo tlat two  claseieal @”FM probloms. the Hamiftowian cycle problom omd +he ng\« chw:nd» mem
Oce NP-conplete by Teduchions from  IST.

Both veducBions are. nentvivial  and ‘M_%@(L cleveyr oug?gn 'OJI: Some Xwﬂg&ts‘

Hom towian c%de [kT R.5)

Wa Wil Antvoduce  on  nTermediote PY'OUDM v our  vaduchion.

Direcked  Homi ontan cycle (Dro)

/\O
Imeuft‘- A Acected ng\u C:: (VE) %
o—> ©
Oﬁ?ﬁ\'— Does G hat a olirected (,«ade Hat  toudhes QV“\A vartex ﬂxqc%lé ena * Dj

We will  ghow that 2CAT S? DHC £\> He.

2AT ond DAC acs \/2(%\ oiT_Huz(imt _ <o it fl%u\\azs Som QUU&JD\\/:\L\% P Cemect He e PfoL’,Qm&

Thesvem Dicecked Ham teon C%c\& e Nb- OSVWF(QJFQ-

(o It ¢ <oty 4 e that DHC ¢ m NP- T prove s NP, we Wil prove %sﬂéF DHc.

Given o 2SAT dnckome with  varlables Yoo e and clawset CpLo Cp L we would Gke o comgbruct
o dcectsd graph G S that e fomala is safisfeble {f the graph hac a Homitoran cyde

We nud o Craake Seee groph Shruchies “ov e vadables and tHe Tty @sgignmant,

\H’\Q Woa ¥t ochodate a \‘m\g \\mbﬂ,\m\gu PDSVL\ to a varable and &D\H’\& the PQ+L\ n S‘ni\,mg

Coveegpmds o Seﬁing th vaiable tvue | while b\w\& o other oy Lovrespde o Sq%k%r\é falgg,

o N 0 VgV S P T N T S N . ‘
X > L I e T RS woy PQ+L‘

The etention Vs that \\{ we Qo %{m e \L\[t—t’u%\xg]ﬂt \1{— ¥y 1s tvue and othewnse %(w/\ Y\ASK~+@»[QLJ(.
T de 'En\\mw?n& &MPL, theve s o Sne-to-ome cerS\)wdﬁ\% between  +he >l ot mgsﬁghw\enh ‘o—( the

N Vvayiabeg and +le dicected  Hamiltoion (L\gc,\Lg s% +lo grq\bl\ .

e — - -
Hamiltonian cycles correspond to |

the 2 possible truth assignments, T}\—@‘ . afe “K‘QJ\—Q\\LA n vr-w Dva P athe_
"‘-,_\\_... S — —

tne  sr 2ach variable -
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Swe ’%J 2ach  variable -

P Toch Prﬁln REN “W( \szikk 2m
Ckt) Tl\q, RS Qv\d?‘o\H\TS 0+ the ?c&\'\ ?j Comnect +

Py

+theo  Two ,zr\ot?u\u@tg n,& e ?Q—LL\ P‘\H.

Thare T o [Wuie S Commetts <o tha  Two ands
p]

‘b% \?\ , ande the Two ands ‘a\ﬁ Po Covnect do

+he Sink . and ¥ onneds b <.

TE Shewld be  clear that Tlace aqe m\\g E_Y\ Pbsg?\oka Ham fovtan C\&CMS n Hate gfa\ol]

g;hﬁ)b
we mutt wse  aach Poth Py etthec from leftto —r?glmt o~ {\(w v\\glﬁrﬁv\aﬁ/ o the Tatermediate
verties  on Yl ?o&kg oce net Connected T Qma‘%\{g elee .

Thaty o ioo(k Lot With  sne—to—tme (,mrzs?mo{mm betwoen trwth D\S@Shmanh and Ham\ffw\vo\n %th

Next, o would Uke t odd seme clewwce Structuces o Ykill7 all the  Homiltswion C/((\dlf ot

d\svif [‘,§\((Q_§1€M to gmﬁsf\jin& D\gg\gv\man‘k,

Recall tlak  Hhe vaoAmm& '\)K’{_‘A& ole o{ \Jar\&Jc\A 2m . “The {’\\(Sf theee ongu ‘OE_LEV\S 1o the *{\‘\fﬁ‘

clawte . gndk In gj,V\L(D\,\ Ve ees 32, -4, 37 \;LKWS 4o Ao Tl clouse .
e~ e
<, Cqy €2

guwaw tlece Wt o clawce . &aé \(\\)\71\17(5/ tlen w2 want tlat e Ham fovian Qndk o

Qithac (1) ge feom lefb-to-aight Py e B g Prom Ot -b-left 3 Pyoor (D s o

LQ:E& ~{V~\'\\\gﬂ{k n ?% t~ Sm‘f\\k S{‘\A “+lo ¢ qua .

cycle traverses some path
in the correct direction. |

G +hig end, we cqaofe e vectex Cj '&( 9ah OLOLUL;‘L C\)‘

Cal tha werbicet  n P be AV SRR e

IJY [Ttecal % appeais n G otlon we add Al

J/
l&geg \JT; %S’\ Q:} and Q‘J\/\Ug\*}
L1 - Oflecwisa . WL \The rol \7\ appears in QJ‘ L Hoon we add

ug&& CS\/?/%\\}V\ an k. \/\‘”’S Q)'.

wWae oo thic —&\( ,o.uwa clowse QJ
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% —y V) Vw/$\>*\ v ~ H""\} \) :
i Py Wae oo thig —%\( y_\/nva clowse Q\{

Note +\at +leo mk;its %w Qi oan CK ot NS

s
~—
— @4/

That's +tie whole ConStuctom, C,L;m\(kﬂl 1t om be A n Poti\ﬂmml Hmo .

VaRess . and that's wwa we Ceaated UW\& Pqﬂq ‘f\ﬁ\/

T omeing t prova Hote tlew (v o go&v\&f%\\\g o\&Ggwﬂivﬁv fw s fmwu T{ An e mlé Tﬂf

+lee g a  Hoawmlltswian Q\ﬂdxz_ i tlee &‘(OL—P\'\‘.

Suppoie  Hhare T o takisfyin as@?igwmanf\ 1% =Tl we vistt Profvem tla left ond ot

(\%Wv ond : otoadiw \+ iz we vt P from ‘r?gkk to u{»t-
Tov a Clowce gﬁ(\ Cit (Xavu {\7\/13/ at oot one Bteral ¢ e In A So\ﬁtf\j'mg ﬁSS\:\fhmgnJ()S’aJ X, .

Thon . Wlim we tansvesce Vo ﬂlwsw\ \JAWC&'%QAY?SM”, we Sdetsue” o uieit  vertex CS d\u‘w\& e clawse

3 A \ n Y
) (JLg\W\ n ?ﬁ\f\ Po\ Lole. /7 Cj / QJ
N, —) ®

oo - ... Wo ©
Vi Va,3d

7% J V\;,%}L \Jg,zj\
e

Q\qmm\) (e T PB&L\ Po\,

g\\rv:\\au’\\,y 1% Xb:?/ tHeen wa Can olgs defoune to Vi Ssit QJ whon  \we Yancvecse P\O 'gvm (\SW\“*JW/(JZ{»"[.
S 2otk clowce 1¢ satisfiad W o gaﬁx‘&{\@\& ags»\ghmm%, we Can uisit ol the claner  verRons

%b&\m‘mg tlae  Aicechione ond  datsucc .

ngws{ Hlece g a Hom towmian c/\\,\d/{¥ WL wouwld Like o o\(&ul that 1% must ook Like ey

Hoam tenian Gﬂc\ﬁ obeve tlat WrstWo\S o o Saﬁg{\a?ng o\SS\wghmaw%, but \,\J\r\a mwst Tt o be the casel
The cencial e\)&zu\mfﬁw Yo Hoak \\{ we wie  the  dredhe molib \/g\,gj,\ QS)TLW\ we mutt wee e

&dgL Qj \/0\7;) ”mmu&\/ﬁz[\a G\’E‘fﬁ\" Tt as etleownce tle verkex  will bawvme oo Sdaadeond” and

-

R ﬁﬂ 3
wa  Canl mp\eta +lo (‘/\/A(,\IZ_,. cf:)o@o O/c— S Va/g‘) be Lomeg
\/ol’g\\_k \/o\}gs o dead-and

Qhee Rach clawse  wartax e wistked in o Homilesaon C\&QLQ 3

ot leagk  one yvariable \Dq\L\r\ RES RSD\W\S In the Govet direchiom . and ol the Pq‘c\ng s T 80
'E\(w Ledy Jh-\'?%l& o~ r‘\%k%—&agulﬁc (2 T wwet o back \\memuta ajyh&f sach Sdetowe Yty

C,\cw.gp_ \/1(%024)/ and S *his Cmg_gpmds va oo gmﬁyg\j'wng D\gSTgmMV\T‘ ol e \(\Tiwd@g{,o

Tt ¢ %VC&@L St\fq\g\z\tfw»\m\u}\ 4+ chow tlat HQSP PHC medse\) bt we want tls  oter diradim .
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The Proof 1S not tve avfRealt ertlers

The Ves V¢ b we o Pﬂﬂ’\ B\( @V\Q“\ 20 ¢imulate o divected ong{_‘

Claim PHC €, He.

oot Qven o dicected g vauph Gr=luE) & DHC . we Comedruct on  wndirected ngh CT/
in which  we  craate  threr verias  Vin, Vpaa Ve v sach wedtex ve V)

Then. we  create Ha edges in (77} a8 dollavs 0t is an Zhpe betaen v 2k vgy  and  an
Jukgl bt 2en Vg and Uouk Lo Q\/Q(\A veVNlg). Ao, {for eodh dicoted Jldkga we ex (),

7

Wi add on  wundivected Mgz Ugug Vin In %

28 Ot Onid Oput
(@] OWAC WM
-
% ©— 5 tv bin i 7
‘E \)Mi% a G‘{’
(# mid
o) bout
0N Cout
A
d\’m A d‘nut
Thatls the whele tomstvuctown . C(Mrkn o, be dema in PDLUMMWML Bmea.

Now e \3er ot Q{ ot a Arotted  Han toan u&d& t.&% G’ had on undicactad Hoamittowian
%LKL,
One Aradasn VS Yamedloto o ?—g % hos o Hamildsvan %Lu_ R \y\a J%DKLWTAS +la %UQ ond

\”1\3\0‘()\“% 2ack  olredoed kd\&z eV, b\A Wour Vin Ok \/\@\'\S o \Do{\’\f\s VUi~ Viid — Vout ﬁw vl
TL e a Hamibswan 0\3(,\2 T G[;-

The oMec dicedten 1s ghgk\ﬂ\a VoY Q Kn%&m&f‘mg’« In v undicected Ham teian O:jU\Q o gtart with &

wn the He N )
v N
Vatex Uy then Uy wuwst b a V\gc&\,\\ow b/% Uin , ac¢ obloinise Vina Wil b« Aoad—end

i
Fna ¥ of dhapree Hwe , and Hloa Vi mut be a m:g%w of Vo -

_ﬂ\a»\,—%m Vout . \a\,A Uonstvucton, ths c,xadz Mgt fo T Wi S Semz W, andl e Wy and Wt ag
Q(g\uui oloova .

o, Pollowing tha undwedeadk  Homi lodan oy o f G LTt st b of e fooe n tle praing

Meetion . and. hewcee 1t C,E\((L.(FS‘AOLQ v oo liredted Tamiltewian %d,z Tn G( a

Ac we howe ders \)L’%WQ n LAl sthhae HC s a SFQQM Ca e ojﬁ TSP, we  have HCSF TSP,

and E Aollows Aot TSP o NP-Complate -
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G’YM‘?’A Co\b(‘ung Lkt 9]

GWD\P‘A Lotsﬂng 'L Bne o-& tha mott  clastical Frabtgw\ Tn &WE‘A +Lem3, 2.8 G ooy Hhasrem -
IV\?\,XL An wndicectad &YD‘FL\ Cjik\/ﬂ:vv,

and & Pos\wﬁ\/k \rﬂ‘l&{( <

bu&\)\,ﬁt RS Pvgg\\o\& S we ko Colove A oley all Fle veeBwed  So o Hhatt VQ\/Q\(% vertex

Yaives swe Colov  om & am/d ‘o Q&Equ&m"t wverthel Cecive di%&mm\t onws?

When k=1, & s PDSQ\/\D\!L t% an bw\hs \\& ~+ e KYQF\A has  ne JZASLS»

When k=2 T TS pessiile. T and snly 1§ the graph s bipactite (w\%?)

wlen k=% _ ‘e Prb\a\ﬂm becemet

N ? - C;s}y\?\ltjd -

T Qhould  mentsn  that &Yq@\ wlw\r\g NS \/w\a vuqm\ in mwumg regouccr ollo catiom Prob(amg)

Uke Hle ntTevval w\w‘mg Y\(b\o\bﬂ\ Yot we  haye Seen.

Thesvam 2- Qo\w\ng i<

NP~ m?\em :

Yoo

T4 s cloer hak %\m\w‘mg ¢ ' NP K&u&g &K&z(d(.%}. W prove gﬁmtw\mﬁ <\F 2CAT .
Cji\/lv\ [oN ggﬁ‘T ‘%/MLAD\ with

N ovatiebles X Xa , ond o clawge C,, Ch,

o wao wont 1o
ConsSivuet o %\’o\\a\/\ CT S tlet e *%WMLK Ve So\ﬁsﬁu\a\& ‘{’E’ e{

Y E’CD(WD\HQ

Quite Y\a\-t\/\.(()h\hﬁl we weWld Wke ts agteioke. tme caler B Teua gk ome color A Folce .

\We would Bke t wmake Suwee et Tl \Tterale  ace  wolovsd Lms‘\s{'avﬁdv&,

\ﬂ«‘\s B oot d\‘\-H*\:MW o AL owwa ‘Xwg‘v T B N 7 ¥ e s Y AN Y: o 3?; ’%&r soach waciable R
and. add on kzk‘ie_ Lobtwoon tlom So that JV% &a% diffecont colers | i.q. .
Qinee Hoove are thear wlovs, 4o wake 3ure that e tuo itacale %{,t T/F colove . we

Comnect quu\g (tteceal

veefew o a cemmon vartex L ocalled  the  bate wvectfex.

True False

Coll Mo thee colowvs. T.F B

We ety two Vertices VY and \7‘ Ew 2alh variable  Xr.

These ldxgsz& mak e Suir  tlat

2Tthec &\/]:T ond \-7\:1(1\ o
KVT‘J; ond :ﬂ.

So. 4«lice 3¢ o sve— fo-ome wrurmdﬁnu, bobusn  tyuwdkh O&&T&)hmum‘ﬂ
ond,  “the %/wlw\mgg\

Bs befse, we  woldd Uke

o add ome  clomce  Shvudbwize o Ckil”

tle  colovinge thet  ohomt
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C/m(z&?ﬂ\ol + gw‘e\g-(mh% a&s?&hw\u& .
Qa\a we have ov clante (X UGV L TE woud be &\70‘9\ ot i a \\Smd&{t” to  Comnect
T *4le three vorBees \/1,\71,\15 o thot  tleve ¢ o Z\w\mh\g \c'w oo &ao{&z& T'g{’

ot (et ene —( ViV, , vy has Color T e m
3-Colovin
¢ and

With Qe Tel-ondoe(rsv . W2 Can Constvuckt @ﬁ@
’F

73 go\o{gbt Wit h Rx ad’[a Ll g “‘{\u\cﬁmk‘u%\vﬁ” X

The top nnde can onl',r he
calared if one of v, U3, or 03

\does not get the False cOlor. |\ Jo ot mo Such SM{&;\‘ {B\{ gach clawse .

<
/\ | €le nlobdod ol are new vaerbig m\a }CW +o clause.

\;\)Q WA ‘o \/2(\{‘3 +Whig Q\aww\ .

?\\VS’fl %\AW“&Q, Q\\ \/HU-) ,\Jg ale Lekmjd\ F , tLo_v\ ‘e ﬁ? nede 1n tla &o\df(k Coannot \)JZ ()nLSVJU&

Nee +lo prefure all the colots ace %wu&, and tlew TS no oy R ol *le JmP notke .

On +he otlec hand . T{\ Tha w& (VS VA TN Colovad T/ “tlenw T+ s \;uss‘Mﬂ, o tolor all  neder Tha SWLKJLT_

The top node can o;lly be
‘\: colored if one of vy, U;, or vy

 does not get the Faise color.

1—% v, s Colsvah [, tlen we Con eoler oll Hlo nodrs in o
EM&KUC vﬁ?m% 3 colws.

We leave C,L,U,bv\g all otor Caee ac Cﬁb(\w‘w\&) [xercites .

Tt 1 Cleor tlet Ko (edudBen can bo dsne. In \)uknhm‘\al TYme .

With the dlaim, 00 nob onffiett de pove thet tlae A6 e Satisfying assiprment I
Alere Vg o }%Lmng Tn tle i*’*?l“'

R O &M\‘gfm\w\(g assiprmant Lo soeh vaniable X: L Tf = Trwe L e wlee uy=T
and VITT 5 ptlerwise T{, wizFale . Wi Glew vi=T and  Us= L.

Q\u(\‘\s Ok 1< Q \/o\\\\d\ CJOLW\\ “& "?V\( JY.’L,Q_ Ty D\\ g{o\—t)\f\ .
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Shne Tk 18 o gm\%sﬁxj:n& assxghmw%,ud\ clowse gadget- has e of  the —hyxe “Ians” et
to be T, and Hhut % an bo axtended 4t a zf@okwmg in “tha awtgm bg the Claim.

On tie otlec hand , ?—E d‘heee 1S a chotmmj of +le graF% . tlen B\a “tho claim ﬁ*
2ok BW& e e eme “MFJ” wWith ol T

E\a tle il &m?LJ the coLs\(‘uug mutt be  Comdigtort With o tvuth qsg?gwmaﬁ o and  thes

%Um‘mé +le ooLm‘mj , we Com define a tvuth acsiﬁhmnf et gom‘s][f“ all +la C(AWHS,D
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