cs 24\ - A‘&oﬁtl«ms ) g‘)ﬁna 10[7, Ur\?\/ersT-hA o-& Watecloo

Lecturg 18 = NP- Cm?\ﬁzmss

We gJ(\AoU,(\ Lhe tham\ okafw‘m%tm o{ +he class of NP on\o{ems ond  show thet AT i NP_CMTL&Q_

NP

As wa diswsged ok the ond o f last lectuye . we  cowld do veduchons  hotusen  diflecent peoblems
and ELMK\A build wp the huga rnap of +the velodions of all < pmh\ﬂm.

But 1t ¢ J&kaus{%wg to v <o moany caduchit oy gven ust ook up te elatons,

Wowld Tt be v 14 we would \mﬁﬁf% the S hardest” problem X e a \R;&J@ clase S Thon

whan  we have @ naw  problem X e sk need 4o chra  tlak X5\> Y and tlen Y weuld

ales b et easkt as hard ag gll the Pfo\cLEN\S Yoo o le&)Q closs .

This  Coundg \/M& iwd/ bl how Con  woe  Sheo thet o PMHEW ic tha herdegt amw(f Q lmga class?

Tov thic . we nad o gszl ot M abdvact dgfﬁ[d{w et Cathu a lqu ¢ ass e{ Pmlglgm&

g L\‘th }‘(‘Obig

One gzmm\ Podue of all the ?ra\okam Hot we hove Qen g that &tﬂw&k e aly be  aifficult
to  determing whetlee o ingtane e a4 MES-instone s wot L TE s 20y 1o \/9(‘:1% tat 1
& o (ESnstane o the Sense et tlee \s o Qhevt vajy vt fact.

To oample, gTven a fraph . we At know how v duterming 1 Tt ket Hamittevian cyele
bul  we Con mm% \Jqu Yok Tt e on YES instone \\ﬁ Lomeone  telle we o Hamiltian Cﬂdg’
and  we  Jwt need B onbem tlar ol He Ld\ga& Tno okl o\&cuz Ore “Q“MQ present h %ngmFL_

Ac omstlar zxamy\e, givoh a 2SAT %vwdq/ g Qony to chatk Het Tt ' a YEC Snctera
T ocomeonr telle uws a qal g aCignment -

In shert, atthough Tt may e Cm?m%mﬁmmll% At b ond o Goluwbien v tlee problems 1t i

JZQSZS o \/Q(T{}j JCL\DJ&‘ =N SD(L&‘HW s Cmu.ct.

IA%VMOM\S’ NP Te o clacs n'(- ”\Dro\;\flms —%\/ whida T 3¢ Mg\é BN \/&r‘q‘%a o Solulion S eavtact

Dzﬁntﬁm (MPB Tsw o Pro‘o\xzw\ X we m?rwwﬁ am  instance e—f X o o E:nqrvA Sﬁy‘hg ¢,

hy \)m\a\!@m Xt i NP Trf tlow 15 o Po\ﬂ‘nb\m\a\ tme  werification algorl\ﬂw R Quch tat
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tle 'M}m‘% ¢ 1t o B ~instoana \\Q ond E‘r\l% W other IS o va% T wWwhich ¢ a \o}nmg g%‘fwg

of longth  polylish o that  ROGst) vetwms  YES

Note -tlat <o bua qumts ore + B 1< o Po\u\\hw\\a\ Bwe Q\&D(\Jﬁnm) ornd T 18 a ghpt ‘Fwawc

of longth polyLia).

This de{;n?ﬁm $oa it obskvact | Co et geo Some  camcrete @@W?[zg_

Example 1 (vertex cower) © Giuan  the Trput Qb G=(LEY of n verBas . +e veificatm
m\gm\t\nm expecks the Proof  to be o tslubon, e on Subset O of ¢k weticec . ana tlen
tle a\goﬁ%m\ will g theowh all e adges and chedt T{ K Trdesds cover all tha smkas.
Claady, Tl proo NS o langth polyled  (ehet) ond the vadfiotim alpithm vune ia polyremial

+lmne . ?u\a\\\ﬁ, t\e vu?{*coﬁh‘m\ q\gm?fhm will wl:) accept NES-Inctonas 5 -fn\( o 3mpl\ with  no

Vartex  covar of ot most K veetias L there 2xsks o p roof that il wake Tt cccopt

Evomple 2 (288T)  Given o 2SAT ’R\m\'mukc\ ol vui{\*uﬂﬁw\ a\godﬂw &KFQLTS He Pmnjf RS TR

EO\ﬁS&\l\m& &Si\ghw\@,vﬁ omde vl clack vlothes Tt go\ﬁi%ﬁi ell the clawtes, C[;L,o‘\(hﬁ, Tl Pmof XS

Syt LPQ\L,GSBDQ .t \,Q;\{{@Lﬁm S QSMT(K Q\j\shﬁﬁrm) ,and T m\\b(\ o\LuF‘h YES’ Tngtanees |

M Check Lot C\‘\Og\,\k, TS He, HP L SumsET-tim ove all ia NP

Tt chowld be O\??aum tlot +le clacs WP QQ\PW‘(LS all e Pm\@\gmf consSideced  In thiS tourge . Since %L\a}

all have shet coluBens.

Remoack 1 Tuet  bedwe Won think that ol problems o n NP et ws ser gona ‘mw&xamT)z;.
gu?\?ogz +\e ?\(O\G\QW\ 1 ask Lﬂo\/\ o celerming  whethae  a &\(a?k ' non~ Howsltomian Then

e eme  Kaows o{ o ?“K\éﬁml \/@ﬁ%@ﬁm akgcﬂ%%m ty Chack that o iTaKzl\ YU - i an

(e v Ham) Hesnian %C\u)_ We dent keow  hsw C,Qr‘ﬁf\a +lat on  Instanc soa No-—

Yng Tona DWL HC JL\C{—? dﬂhﬂ} . Covwtvast  thic worth o mm \)?P acthte moyﬁ%‘ux L wleve  wi hoew
o Qhoyt ?mb{‘ Tt «a &}ro\\jk has no kmx%dﬁr\i >k, ‘okg gkm‘mg o vartex eaver Df STS@ K.
N »PTDUQM with  ghwb ?mﬁ < %\« both  E{ omd No Tngtones bgkwig + NPMeoenNP.  The

C ervrvom \DJZ\?L{* ¢ ~tlat not Q\/Qv% XP\'DHQM n NP \oﬂlnngg ~ NPOco —nP.
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Rowerk CLQDJ\S/ LQ,\/_D,Y\/A Pu\\ﬁhw\.o\\ Rme  folvakle  decision ?{D\J\QVV\ s T NP \W\e \/ar\({ﬁ\&ﬁﬁ OL}SDY\I'H’HM

1< S\\m?\«a e ov\guﬂﬂm“ s lue tle Pvchbm, arnd e & no nesd 'Qw\( o Pm—f Lot T

donoTe the clace o% ke CTsiom P\(ulo\QW\S Sluable in P“kvﬁwm\\ﬁ\ o . Then PQF\SP»

M The nome NP comes Tom  nondetecminieh ¢ Pol\:\nm‘\al o A nenoletermintehc

maching ‘YWSN% SVSU\\(M&, has e Pﬁwu o oswutka K\A“g a  olubon |, 3 o a\uﬂFﬁnj

\mﬂ\. So. as (m«g a¢ tleve 1 o ghet Solubiow o the mowchine Wil mqg?u“a fnd T

Revack & TH 3¢ 4w most Tmpoytant *Fw‘o(om in o tlewetcal QWP\A‘M shene. (T wt inoall CMFﬁﬂr

Scignte ) whethie P2 NP o PONPL Tt TC nw ome of the Sewn open problemt in matherstics

posted \3\& Ql&é Mothomatits  Thsbbde ,  wWith & oneemillim obllar owward  fww 2ach  Solufion -
The Common beliof 16 thet PP An nbithe  hewastic avgumert T¢ Hat i we  Gan
ffrcaantly \/Ju‘\{»% o wluBlon - 1t houldnt &umm‘m\\n& ‘\’“Yﬂg tlet  we ean alcs 2df iciertly
{;V\d\ o olutiem . Vo ﬂmmPu/T{ Somesme tan v Ty goe()\ must . vt dbesnt Rm];/? tlet  he/she

B oalee a gcod\ CompbsLy - As  andtlar JZXQW\FU_ cloSee 4t ws. T Soweone kntwe  how 4o \/,Q(ng

A rukheomod Wl PY%XY‘ e Ao nl Tm?l}j that \r\z/g]{\z Con. Come \A? with Yo ch&"

NP -¢ m@!gtenzss

va{ww\mut\, Wi Sm\g o \?ro\ohm s NV«CMF\HL K% Tt Tl hoetdast ?mlolmv\ in NP
bi&jn\\{-ﬁw (NP~C,M\DKQ,TQV\E&Sj A ?vo};\zm YeNP i< NP (/M\D\JWQ \\‘f SFX \J e NP.

Trom the d&{ﬁvﬁﬁm\‘ we  Con {WW\M\U\ goh\é that an T\)?%xm?@fk problem Yo Yl hardest }){ok!ﬂm in NP

\\"[V o m\kvé 1% on NP*WF\A‘L Em\o\—ﬁm Copn oo Solved  in P@Ljhmiml Hme .
Cook  ond Kv\dg\ﬂ»\&am\g Levin  Afovewlatod  He class of NP and proved Tho {L[Lw‘u\(f Tm‘jo\ﬂrm& Hoewvom .

“thesvem  (Cook- Levin ) 3SAT is NP-complate .

Snw vaducfions e tvansifive . ‘\—Q Wi  Com prove tlat 2547 S?X Ctlen X ois also N?—WPL&J&‘

%VXKQM?\K) we have \){owul n lagt lectuve Hat QAT 3? IC ., oand o+l Tholepandent st
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PYD\OLQW\ ¢ olgo o hatdest \mebzm w NP, a i‘m& Cooson that we euldnt Solue T in Po[:jh‘mxz.

TL\QV\) 't a(go -gu\(ﬁws “‘at NC  and C(l\%\,\g are N?*WF(@T}Z.

To prowe +lat o Pm\abm K1 N?/WPLmJ s Sug% nzd b fnd o on NPvcsmP(}er PYDEUM
Gnd prove thatr X <p X,

The reduchom 1§ o Pokammm Hime o\lgm?ﬂ\w“

o, in & cence, L prov o Pmbum i hord L)% \smvtmj on q\gm‘.tw4

Put wie that g Qite ohiffecant Han {{mrng om a]gmi‘&%m +  Solve X

Whan W by b fnd on alpedthm o sl XU we e Ak alpdathme Hlab e Koo (say
bipactite mﬁcmg) and vy b apply Ham b Blue X

When e try o Prove Ko Np- Complefe , Wa  assume e knon how o Solie X and  wa
nerd ks Seacch o an NP-emplete peblem Y anol uge X to Y.

Tt e a quite different experience, and eften we dwl kews what T oo stat with,

We will do o Afew NP- mPtmmg; vajrx n the noxt lectuces . mony ook %IAT\LL h/\ag\\cgv[-

It will ke a (ot o{ chh‘uzg o c&c%m}m the skl o prove o Nlmwuuss reswlt.

Cook - Lovin _thesyam

We woulde ke o prove “+let 2 CAT ts N?*C/sw?\ﬁg. The sﬂg?na( Prnuf oUracH\a ooes 1T

?u\hsw‘m& the foxtbosks, 1t would be 2asier o Intvoduce ez Tntecmediate on‘obms v oo <o,

Cicadkt - SAT outpt
(axp)
jh?u& Coon arendt with AND /oR/ NoT 3&13 . Sevwme Khown ‘mPuT %oduj/ A LoPvd
/N
/s AN
and M Whkndwn in \;w% 39&@ s :[—:[/I }”—H\I
N P
F N
Oubpuat - \hethor Hacs 18 o tvuth ossignment of- the wnknown input X / N\
a\n\: ['\/:-:1: ) f\_.\xl?j
qeiec So that bhe owtput s TRUE . '}-—-& K
~ S
N \ _ N

We  Can  OSQume khak the ‘w\pmb cirewdt T8 o direded OA%CLTQ KTD\'PL)

ond  2ach  AND [or So&a hat m\ta o \mm\mg Ld\jtg.

Clonm Cic et - SAT ¢ NP- C/SW\’P\!Z{'Q\
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ng; (skotch) To PYD\/.Q euth oo R&Lha(m\ tefement . wa natd T tort  with the K“MM

ond b act dgﬁm‘\ﬁw 0+ the clasc NP
\We wont to Show  that ’%w ony Y& NP KE b Ciromib- SAT
%A O}\Qﬁr\\»ﬁm . Tlew s o PDK\SWMZM e \/L«T{ﬁ‘mﬁm o»lgm\l%km QX Swch  thet TJY

om  instence 2 15 o YEC-Tngtanw . thew pdste oo gheet ?*DML t awch that By(t)

o\gwt‘tg; elsvuice . Ry G ) w\jgm e all /F odput YRS/ 1o
L,Q‘((s thonk  gbout Wk 1t o o\l&m\{ﬂ‘m. \IU\‘%C"%S\"
o\\%mﬁwﬁ
. R A
TE Can be Wttn as a Propram o 2xecwted 5 o maching. L

A wading can be \(LXE(QS/QV\JVQJ\ as  a  oiroa{ o Tnput g prost
T’W[ Tho verthication a\&oﬁth\m& Unt  in Po\u(\US\) Bime g c2duction

dlen Ha VO a maching ot gxewebec 1t Tn \oo\z\(\SD Hmo . .y
a—w(ﬂbﬁ T </

Ond <o tlee ¢ o ittt witw N\ﬂ ?0\3 ) %ng

[AXIIREY
\\m?\kmevx&%v\g Tl a\gvaT%m as & m\L\J {L%g\rzg FD\L&L\&D vpefatens - {Wa\u:\itm:\w
~ ~
W o Lz\w\& S\éﬂﬁ%\% obout WS Yedunctmm \C\/M o O\li{b\(\\f\n‘m {\TT M\ \
Ko/ n Uunkniun

Inpwt ¢
N . N . { (0% o
t~ o Cireat. T do ?{LLUEJ{\\A _wa naed o ‘f“wma\ oL;;JY;nIﬁ-M proot

e—iv A nedeteminigtic LTM(TV\&\ mochine  and  the datails  ore %\A‘Hrg +adicuws

The  motn Cwuvtu@l Vdea hare t¢ Hhat e olrowit 0 o &gwl(q\ as on oxlngHAM,

The vaducon Can ba  Carrtzd out  in FD\%WM\Q\ Nme ( think DWL Ttoac Sowme Kiad O'F a
Wv\\v\\hmg procedure . £ Tronclate on a\gw\t%m e 4 Chrouit ).

You Can v(o\oa\;\\a \earn  abewt e f;\wMt P”’WL in CS3bo o S 3268

Onee  we Qc,uzk“fb W< cedwltisn L Hee rzw‘m‘mi XN §+ro£§ Lﬁcfﬁmmd-

1«% N 18 an \/Esfiﬂg*c\v\&/ ‘t‘L\QV\ tlee VS a P\roo{ ‘%Lﬁ‘r waill make %L& Q(fwaL\M o ]/\thL ‘{'L}L

Crewnt T retuen YES.
I% 2 T¢ oa Wo—iwnstane | tlea nod T»\Pwt ol Tl ciredt Wl make 1t accak)‘t,
Re, g is a (EC-amstone U and mu& TE Giruat- SAT N NYEL . So XSF Seeadt-CAT

QN O\W\a Y€ MP e

One we  have  tromslated  tle  olostvact  netiom e% O Ox\&b{T‘HnM o o Cenarete %Ljadr cf

o et S TE s vuwceh g2asier b veduw bt otlar C Crmbinatoriol ) pmloumg.
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Yo ot s ’&xmm(o\
A
ol o elfenit

lhas ke Some oxpre ssive power

Now ., we Smsf ned b Qhoewo et on \Cmmm(o\

Clonm v = SATY S? 2981
wo wall ConShvuct o

n geﬁrzg , ‘ED\(MLAL& o{" O(n) varables

m Slvan o Ciraak o—%
o ok 4l Aot s ogath S{\\o\\ﬂ& \W[ and omla HL +lo ’&qm&q XS Sqﬁsf»\akiz.

W aske sme  vadable  in the %mukm —\QW 9och %bﬁm Yh otk ot

clauvses 4s g\mw\odm ‘o %\AV\CHB\/\ D‘{' 4l Qrent  acg %D\Lm&l

Than LW Ok
g ] g
Gate g g 7o\ 7N\ 7N\
e (OR ) (AND) (NOT)
/ \. PN \ { S\ i/ \\ 7
| true ] ( false ) 2K ~
S NS A N /L I Topu)
e N N\ 77N N 75\
(9) (9) ( ha) ho ) ( M ( ha) ( h)
N A N N NS No A

1% thoce 18 o e %wm . oW ok o tme Voefiable clauge (%) w that & S&ﬁsﬁg

‘e {mmmko\ we wust set g o be Trug {\NxTJchFVH\& g‘\mmlmﬁng +he  cirentt .

Q‘\m\\\o\rkﬂ/ «{;« o (enown) %o\\sk 3,,&31 %, we odd a clause (\33 t~ \Dmm Tt 4+ be *zdﬂ_

Tov o NOT gnﬁz, we wonk  the volue e p and b4 be diffrrant L ook we  Can Qh‘f\w%

[Ss ‘03 mkd’w\g Two  Clauces QXVR)AL%\/‘L\).

we want T W er by s Fake, than ? is ‘{;m\gg L So wae add

T an AWD ke
KE\/\«\D (\in\mﬂ, ond we want E hyond haare e Heen IR true L So Wi add

(%\)E\uEL\,
g;n;,m\v\\ , Aoc on DR Jots , we o dd &%VIQM%u[Q Qo that TL owe of hiohs o e o

% mugt be Yrwe Yt Soéﬁijm Ll Jg\mmw\a: sthectioe wlen  both I%o\k:)z o we oddh (g\/ hvhe D Yo

Qv\fgwut lat % 4o be ‘FO\\§&.

FRV\O\\\!\, to wale Cuie tle output W T, we add o varlabe
T

(o) o

o  oandk odd a clause

Hoowall b avaluafed e

walke  Suce tlat
?‘k [ QLQDV ‘V\»\SA\* ‘b]ul ‘\\(Q\V\Q‘fv\(m&h‘m < ?D\ﬁhvaAl Hr‘r\ﬂ o~ v Can

gﬂ Thic  Conglvuction |
\JWST do #L\\S\\oml YQF\o\czmav&’ {b\( Qa W 30&@ \0\6 clawuses -
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Alse, };\3 Ao Cenctvucthen . 1 sheld  be clear bet the  ciraat s g’oﬁk\\gﬁm&\t L\‘f Rnd m[a T{v
Ll fwmmko\ T¢ Smﬁg{frxue C o0 ¢ +lae ¢ O twe—tv-tne (/Wraslﬁ‘r\o(anu_ \'gzmmh e Variables

oanh Yl go&zg ok the abous  Cimulationg \,\)m\<_a

With +he  Cook-l_gun thesyem , we hove o %rm *mepkah‘m\ +o prove Tlet a on]'ahzwx TS \f\ardJ

and  we Wil QU™ e Wt biY NP- emmplete })fob\i\mj Tn o nedt lectuces.

References = TkT 82,3.4) Topy Q.3)
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