cs 24\ - Ngor?‘d\ms , gpf\ng 2017 . Un}verng of  Wateclo

Lecture b B“?ar-h‘-ta vertex  covee

We shudy o dual” problem of  maximam  bipacttie mmcmhg ©tle wainimum vertex  Covee
problarm  in \D§?avﬁ%t gm@\g.

W wall peove. v Wihn- Mo Heosvomn (vﬂaﬁn% mo&rd{mgs ondh vertevw covece 1n b;Pm«ﬁm &1’0?%&.

This will help s undarstand LonGisely whan o graph hae ne b fol mai‘ckh\f for Mmstanc.

We tlen  o¥sangs {m(ﬂu QWW:&Hms s{» P AX) Ay \DEFMJO”UL W\oﬁi‘_‘ch\\n&‘

Voctex  cowec  In b‘n‘;m\-\'h. g m?l\s

Given o g roph G=WE), o subset of wverbus SV v called o _vertex cover T A
ety Lol-ga wek -?u,xﬂ] n< =+ qé . In ol words, 8 g ol vectax cove s \\—{ fov
Lvery @&m w& B, ot least one efv Ho Twe JLNXFUW\JVS e in S e Q intersects 2very M&L.

Ob\r\mgtn/ tlo whole. weelex <ot Te oo Vertex Cover . bul wa afe nterested in a wverkex Cove

v§ PRI m Urmu‘\m,

Thpet = A bl\:arﬁ”u, (grka CI‘"-(\/,E)

Ou&?vf( : A vertex  Covar 5{ Min) mnm @rdinqlr%,

W 740 S S D o

You could \\W\Q%TV\L <+l thig \)fc\oum (in Stnzro\\ grmyks) 1S \M{-%\Al in W\;vdu( netww ke

S(k\g \O‘a \A%\\"\g L le vwinimum b ‘b{— WPW&Q(S o e tor ol Sl nks ! e netwsvd .

Min-max  thawem

The verfex cover peoblem  Saems te  have nobhiag o do  with tlao wmmg problem bt they
oo qdma\hg S nal 4 of 2och otler. in a Qente Ao sides of a coin.

To Qtart to et Hair covmecBo. {‘\(er we observe  tlat TE tlee s mo&clm\& o R}e k.
Han ooy verfexw covar mwet Wave  at leact o wverbaos -

The (fatom V¢ %iv@\@, b Shhee the kK W\z—,\%dﬁn& Ld\iu oace  Vertaey d\SSn‘mt , L T L

o~
Wwe  must wle at ast sne vertex to Covec  zoach quch ;ukxa and  thete varbiug |
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ust  bo Aistinct , owde So O\ma vertex tovee  must have et lesst K overbas .

TL\Q(A»:@WLJ e §‘\7b¢ m{ o MaXihm mwﬁL\},\g Y oo owee bBound  m~ The Qf%g e{» o Mipimumn \/erJ(Lx over

SR(FY\\SN\&\\S, +Has s a JDSL\'% \U\,\/L( \om,\vm\) 14, “tlew 1< O\\uo\\ag o Vertex CovVey Q£ Aot S\\SQ;

Tkgmbﬂn QK‘év\\g> Tov @ \o‘,Pmﬁ%m %(a?l\) “*le SK%Q o—% a ™Max) mum W\o&d\‘m& TS Q%MJ o the

QREQ D&» o Yinimum Vactex cover.

M We will s&‘\vt an a.lgcﬂthm\\g va){' \/LS\H'\g “+ho gwgw\u\ﬁn& F@H\ o\lgn{\\t%m.

\/\JL \,\)\\\\ P(u\/ﬁz, JCL\NJ( %?\/J{h the cnrfent vv\o\tc[:(mg M Df

sz Ko we oulddlt fiedan Augmenting path
o_{ M, then wo  Con %mk a verlex cwver Cev o{ iw\%( K.

This  would "\MM Hat

M s a moendmum m«fc[«{w\g and C 35 a mintmum  vecteX Covecr, b2cause e

koow that tlae cant be o wmatching largec (becswse of ) and ot be o Varkex cwver ¢maller (hecawse of M)
£t

Pm\\m‘m& this ?k{m, lets eomsidkec the Thecation wlenw there T e ngmzw‘b\hg FQ‘H\ n,.F M.

® Xyix

4 @ Uit Y1

et tle vortias o owe tide o tha E\\vm%m ﬁm?\,\ bt X, Ky, X o ondh tle  vecBies o

the otlee cide  be \g\)kji,‘--/\é\\“-

Lot tle curvent W\a%cln’\hg M be X\%‘/%L\ﬂl,.., kam( 5 l\a\fmg k M\gts.

Then +le \C‘(U//vmmo\td\id\ vertital e X, Xix) ond Yk Yy s eoleved back T tle ?Tcmm.

;>
To semvch \Q\f an QLAEW\GY\JO\V\X \mﬂx 91( M, we cowsickee the oiracted grqu\ C‘ﬂ; ™ the ﬁgl“t,

o owhickh e Yo o Quper-Soure ¢ with  dcected Jaokgt Xy 9 el < XD L and tlere Vs o

gb»?e(—%\w\k T owith  diyected Q&gu \A“Jt {v( oll Keq <) e VYL

=

Al e &Ld\%z& n G*R:\ ?b\mﬁzd AsynNald (f\(m X to Y) ,MQ)(CQ/P% + Lo Qd\gas In tha w\a‘fct\“r\g Fo‘mi:&o{

upwacd  Cfrom Y o XD Nst all He ede are Shoun Tn the  piebess.,

Now, Suppose  thesa Yo wo O&k%hf\e‘f\ﬁ‘!\g pacth of M

EIA last lectwe, 3t s Q%\d\/&uvﬁ v Hot there Vs no  divtected PD\—H\ f\(mm < €t Ta ?ﬁ/'
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lefs eall the et of verBas veachable o 8 ke S,

Trom what e howe atmed  abowt E?S/DF&
in € andl Yts head in Y-S

tlon  we Knpw tlat Hace o nd dicecked ngeg with  ts tarl

cutide ).

Cotlatwite  we ould Yeach  Ceme Vectiasg

\é\ k’lz

?\LVSJY, WL ek Sense s‘% thig ?\\CJU'\UL.

gh\bﬁ/ S mem’s wedh £t . oo wvecBul n -M\M,...,,\jm} afL  In Q Qs O*Lﬂrwis;z S Can readh JC

Nexk, 1+ meg Sv osome L, tHen w4 ol have Xﬂég . ba tuse YeXg ¢ a olirected zo{j{ bt

Hove annot by ony obf&tﬂwg LA&{& {"YDW\ S
go, in the ?ch«m, X\ﬁ,m‘ﬂ,w\jhg SN S, ard  So {Xjaxglk\/‘-/XKS ioale n S

Tha jCoummg Catm WAL Bich P{ao{, t,\g SL\WTV\X +lot dlore i A vavtux  cover of g,\gg k.

Clawm S\X\,XL,W/X%B U{ \ﬁj)\ﬁk"ﬁ <o wvarex  covpr njﬂ G. ( See +he W\&M}\glﬁa&\ blu. vertas >

@Jm;@h Test , e Dowe on the 2dget wst in tle w\ﬁc%‘\nj Sre tle edges tn E-M.
Cne Q hac wo DWSO\M;& U\SQL Llere oare no  dvected &&\g& Leovn "QYJ‘) X\xgg T Y”Q\%‘,‘.,)\jk%/

andk  this hoons  —that oy zcl&u n E-M oayg belwen XX‘QJV,,X\X\g and Y*%jglﬂd

QV\(}\ Thus Q\\ kd"ilﬁ n E ’M %M XY\]‘/”,/X\X\% ‘N\\AEJT \Jiu ‘%‘% {Lﬂj)/(ﬁtg R
The \(Qma\\V\3w% Ju}\gu in E-M ot have one Jmok?o?h‘f in {X\)_..,Y&ﬂj) onk  thats \MM Wi F«ﬁt

+tlam vt vertex el L %o tlat  all JLd\EQS in E-M ac overed \oxg {x\,\.,xjﬂjUim,m,\ﬁk?)_

T4 3¢ lear thet  the w\der\?ng Lo\ﬁes n M oarg olso covecd

STXNCT {X“..,Xj_ﬂs Ufm,...)g\\j} Vs oo vertaex  covaec ng $iye k. -

Thic provas 4t bokh 4l vmﬁd\‘m& awd. tle verfex covsr ace %Fb‘ma[, and  hene te min-max  theovem o

The %\\m\\ﬂg c\lgbﬁﬂw W mmedinte ‘€\(va\ tlo qlfwiﬂmﬂc P(DB]L
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A_L%Mj;ﬂﬂm Lb\\?o\rﬁ%x Vertex  cevel )

USR on Q&’%L\kﬂv\f Q\gm\\ﬁnm 1o %no{ a Mm(\\mum W\M’cmnj H

=2
ng‘b(mf ‘o directed Srmﬁ\ Cq},\

Do o BRS[DFS 4o Ndanbfy all vebiet  veachable fvom s,

—  Rotwrn iX)),w)Ys‘ql} O% \jj\j\]ﬁ ac  shown in  tle ?\\ctw@v

Tiv\,\o Csmploythy

b

7 doeminated b\é tle {:rﬁ &%QF} ne Ha vima‘m‘mg g%LYg s\,\La Yake O(n+m) Hme.

US?V\& e o\\,\gw;r&;ng ?A‘H«y oh\go{\\ﬂqm %T\/mg o O(mn}“ Time qlgrﬁt%m ‘Fm/ minthmum  Veortex Cover
\n E\\;mﬁ“m EYNY\HS : US‘W\& e O(mHR) -time o\\gsv\xtm for H?mﬂﬂ_ moﬁcck\mg (Hat we hasit
d@smgsui) wounld  lrod 4+  @&n a\gwﬂ‘%%w\ ‘6\/ vertex csver  Gn the fame Hime W\AF/ZXTJFJ.

~ ~

A

\<Bv{\&'s tlemem S o0 Wi QY&M\DIL ojr o ngL»fumﬁc d\mmfxr?sqﬁm

To cee thig, \va&iwa X \yu Lsvk 'fo\( on WPMQ and your Loyt agks Sbw +o qcim}x 0 MAY) mum
mo\‘b(\n‘m& +o fx%ﬁin “+la SD\;)& o thle lm\’mﬂ‘“

—1{ \SO\/N A\goﬂﬂr\w‘ ‘%v\{}\( [ PQ({[C% VY\P\JTC(/\\W\S JCL,@,V\

\30\” Lols s ]r\aP]Djl

But Quppose tlae ¢ no Pu\hgﬁ w\m%(i,m\& Yt &”‘PL, how  cowld ol CsMVin & 30%& bos¢ Hat
¢ andeed the Cage K

\<D\W boss mmﬁ B\ASJ\.’ thw kb tlat nw e “\V\(ﬁwxﬂ@vﬁ“ Ond  otlee  Smactec \?awlz owld. s o loettec MS\\jhmmf

Well, with e augwhﬁng path a\ﬁov‘&%m T e lagh lectuce, You could J\w& Yo ﬂY?M\V\ ot Haee ¢ no

av\iw\avdn‘ng Voﬁv\ {17\/ \:\Qv w\odrda\mj andh 2o T 1S maximum .

IIY You hoave o good\ bott, tlen hofshe mg\g wnderstang b o at loagt take &mur WV e {%N vt
T “4hote  who ofe not Qo L\/\C\K\\/XJ Q.  moYe bs\n\fmc,\mg Wa& +o N, kﬁow bot¢ o vertex coevec g'g

S\S{ <75 L oond @x?\a\‘m tlat \‘WL +tloe 18 @ FN&LL% MahL\ThS Cuch a Vverlex cover ould not xst.

This kind of  minomax Hheovems T Seme of  tle mest Q\&&mt fecwlte Tn Combratrial 'éF‘HV\n:Sa‘HW,

%‘\V‘mﬁ Qucant onblrs ]%Y both the  YEC caces [ aaete a\mgt mﬁc%‘mj) and  Tthe N0

coses (o \Qfgl wxo»t‘d«ﬁaj . aaste o Smeldl vadkex covee ) |

Remark: T \7uﬁ +lo Obove AswmSSimm  iwto ?4{5?1(%\/)@ Confidee <l O\bham\\c Fra&mmmh\ q\Sm\\‘t%m_&.
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Tuon Tough  we euld selve Fhe Pm\okgms (outh ot edit-distarce) Tn ?djhm‘\ml Be , we dent
have Cuch o nice suedink c}wmctm‘\smﬁm G~ the NO cagec -

1% Your boss  asks w\\j \SDW couldnt —me o woy T have  alif-distance k-1 when \:XO\A,\"
o\\go\fmm S&\J\XS the O\Ff\v‘/\m\ s K, W wowld be pmﬁbé dfrealt to ;szlq‘m (gkg‘ we Ceacch fov
ol \nge\\okm toetas ms‘mg it Yoluven and  dlae 1 we batkee caluBlion )
W v

The proot s obll shert in the Sence tlat Tt s of polynomial gize but 1 s wob ac

le&av\t ae Yl K)vm,%s Pyov\oud\ \on o wwinemay  Hlesrome.

_Hall’s thogvem dxmadm\\gu when @ \o‘\\mr%ﬁz %m?\\ G=OUYED hos o Fer\ﬁad‘ ma%cb\mg o not.

Withowt  lots of gev\u»x{%\&, we  astume  tlat \Y\:\\T\ , othletwte Haw ¢ ne Fpr{u‘f vvmfcln‘\nd(

thatvem (F\m“) A\ \g{\jm{\fg_ ‘gm?}\ CT: (Y,YEE\ ha¢ ?zv{i(l\’ w\o&dﬁhé \\f ond mta \\{*

{-W QV“\/@ Cubie T X/EX L we have 1NU</>\ 2 \X/\ , Ve vaxg bt X} must have  aft

) ¢ X Y
lrast [ Y\Q\B\A\DWS~ Colaes N s the neighboy sik of D) A

7

X

Problom = Devive Halls  Hheovem ms\mg \<8n§&’s thesram .

Holls thesvam i an Vrmpebant st ond hac oy opplicstio i 3m\>k ﬂmj\
We chow e Wo“a(% ond ey uge this om\tma Tn o hemework
Cordlacy A docagular biportite  gaph G=000BE) hae o peetect motching.
mﬂ; Tleck | obstve tlak  WXIRlY] T Avapular biportite &wfw

Theew ace g abges o the  {raph.

F\Y\VA bl 8§ Vel of siye CWWL can Gever ab west A (WI-1) mk&u.
Soo oy vertew cever nads ok leact IX] verties.

E\g \QGV\Y&/& tlesrem , thare 18 o mm‘bdni\,zg (y& g?%z ot laast X)) hene o \>ev‘fﬂd\‘ YV\D\,&’C\'\\\V\X;D

There ore wxawa hon-tvial  ond EV\YQrg_ﬁ\"hS &??Nuﬁm on SMFL\ )mod‘tk?n§ ondt  netwo «P(swj (which om
be Shown v be ogudvalent ).

\We Ohont hove Bme |, and  will Susf Show  one ?nﬁus‘n‘m& &?P“C}ﬁw-
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We will ks 1t In Hwoe %%2{7&

Co\?o\( Tated J:]oio X S\x:gV\sz\-t
Thie is ‘yﬁc o Shg\,& izv\zmlw\saﬁm e{ tle Igb mgg]&hmey\f Pro\o(zm in tle ]OJl&im'\Th(f o+ last  lecture.
The Some ?fobwm as ]D;wast, but now  2ach szrsw/w\qcl{xm T hag o different upacﬁ\a c; Npmsemﬁrj

}'\ﬁ\/x) \’v\o\ms *)u\gs be PQVSW/W\QU/\\V\JL \\ Qomlé\ Havxd(sz ("msbu\d\ o{ L\Av‘mg UPD\CH‘! T ]CW del Pgrgm).

TL\QV\,Q%&\W WL \uart to MG&M all tle ‘je\os t> \ygb?u, w —tat no Persen will b overlbaded o«ccmd‘maa +o He @fau‘{j,

Do Yy cee hnu t  <olue this Pyo\plom R
Wa d\m:t netd e golve 1t G\ED\\IV\ Thece 8 o S\\MFIIL reducben o the m‘\iﬂha\ FYDI’){QM,

SO\Z John has u?adﬁa by We con SIMF\% craste 2 vertiae T Tohw, sovy John-1 and Tohn -2

Tohn-
va\ﬂdﬁvxg o The Some ubet "TC \)'o\:s oaf  Tohn did. . © coffer L\Di/o Coff
Knk;, 0 ('J,o\{mg O ook nﬁ
Thewn. T T clear ot tlare g an oﬁs?ghwff o% all lc%i Ca?ac?ﬁ(\I oc,\am;\m(f joih—l o claay
1Y) % x
cads E{U?y\& the ng\yqat“\xs \—? ona m\\xa \—RL tlew s a V\r\o&dn?n(f s Qapadba g

h the wew g{avk with ol So\og matched
Thic  yrducton Mo not be 2ffident . g the numbec of  veeBos 1w the new KYC\PL\ conld beome
I, ag eech pecsen cewld have a UYGC‘#\S as L\Tgl\ ag 1%
But Tt T sB polymeial in troms of the inpwt hstente. and thic 7¢O frod 2roh Jov vur purpose,

There 18 a diect wey th owork e the  mvve w\m?mc‘( Cepee Sentotion ( Uke wiat we did ‘fw tle

D‘r}ksm’; a\gm”t%m a @ Smulatize o BFC in the Lﬂg gm\ﬂ Tr L) but wa woet do 4.

Roseball /bagotholl e ngue wWinney

gLAPP*D&L \Som are o ‘Emh s,{— tle  (ovedo Blue Tﬂjs o Lovovibo RQFWS sy Woateclos Woarriove,
TL\QA afe ?\an‘mg in tha \”Ja&ula( Roalom . Tl\z\d T3 o\u%(f 'oka:} but not at +ho ﬁ? of ths table.

You wonder whether & ¢ <l (mo&\\zmaﬁu\lkj} \>“g§,w ‘Fw tlem Fo  he  tle ﬁF at ta and o-f\ Hs Soasm .

Ih?\ﬁ\; The carrent %J(mmi‘mg L, and  the {.QW\a‘m}\«g 2chedale |

@L&P\ﬁ: whatler 7€ s Pus\‘ola_ sv ot that gow toom  an wWin the uq%u-a_

The \C!Ux{wa oqﬁ Yhe baseball / basketbal \MSSML o tlat theve s W\\a win v LosSe Tp\*f Q2ach 3“/\2}

e, tle 3¢ no deaw UGke %mmtl
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%uwose Your  Tear has omra»\HvA woen W games .

Tirst , 3t 15 obuisws that Wou  ASum e that thwA will wWin all ‘rkmodvﬁng &wms,{w o tetal o{ \/\J* gamu-

Ther, yow want to Kuow whather tlew 15 a Scmade that o shlec fsams Wil win wove tan W Qamac.

Lelo 4l mm\\m& troame  be {\,.,,nﬂ NN CMWMW\\E\ Taam 1 Was wos Wy foames,

You have Hlo umo\‘m}ng Qe dwle SL\Wivxg ‘ot there oz Bl X\‘t\ qomes betwetn taoam 1 agnd “bumj.

Hew do You defetmine Vf thae Vs BRIl o0 3@nacio  thet Yowe taam  can Rl win the ua:(ma?,

Tt ¢ net AR wlh b ovrdue Y O tle Capaditated Q%&Tghwmmf Pro},um Ml Yo ook af T+ th Cipht Mﬂ'

We want to \\{Agg\r&hl/ e wing o sudh o\uaa tat no Taam  would  Win meve  then \,J*k wy -1 gomes.

Then  thig s a\(acf\% the  copaditated ags?fv\wzw’f Ffo\ohsz

Tv be  cemevate Qovy Teyonto qug\ﬂ hat Wwon 43 gamas,w\ﬂ 2¢ fomed (gma‘m‘mj;, ank So TL;LH Can
Win wp e £F games The  best case Swhacio.

Then, you ook at e uww‘mg trams . 2ay Chiaage Bulls hat wom o games, and Go Yeu want thet
%LLA Coawn  win  at rost 1] gemes and You vk hg UPMHU Ao 2ach team.

Now, you want h\\%x//%u \rﬁmq?»\mi famec in euch a way that wo otlec Toams il Win move tlan 7 gamss-

Each game Will Yesult Tn one win o and you want to “agg?j;n" tha wins <o thet they okow't po ovae Hla Capadifias.

ga\a tlere o B Thier qames left  batwsen  Chicago Bulle and Boston Celtice tlon You crantae threg
Qames Cthimk o tlem ag thren So\os P asSigrm ent P“DLMM) C/F‘/MQC‘H:\X o tlem .

Thaw , Tsvonts Can BN win the lzagu& l\“f and fry\(z\ T{ N Copacthy V1
TCQSQO

Yo Yo o \f\)m& o agg?gy\ all the &mmqg +  thea Rostom O%ﬂ Untugvkumn game 1
© C-Rr Rame PR

. C-R  game 3
\‘zma\v\?w(;i taame o that Ha upadﬁzg ot not violated - \Aa;h?ng&nc game
. o Rotton -~ Waghin ston am 1
Thic Gn be Lolved \ga \m“?mﬁ‘p, w\a%o\m\gl shin g Rame
_Romack: T s NP-hard 4o dutarming Kf Yo "%DLVDU\\'TJCJL ﬁb‘tbovl\ Yaoam can YRI win the ILQSM (e,

Winner  Takes 2 Fu?r\ﬂ, 2ol tream  tTakey A Ft{\w}c Th oo d(aw};

Otlac applications We Qan Solue  the wabwork ‘ELU\,J ?rablﬂm \)é the %;Ldm‘l%wb used ™ ‘D\\Par“ﬁJcL ma%ckihj,
“Then we Can %ML Lle  moavd mum Number g{~ M{erisjo]m* Paﬂs beohveon twe vertis S and T L whidl,
S on \\m?m“\md a\?Pﬁ@rﬁW oot e —HVLWVA ard ™ ?(p\d’\‘uz_-

You Can 4nke o look o KT PPy, CLrS) %\« W\mn\a mwhum‘ms b-} +he notwevk {{w P\’Dbum,
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-Eg-tans\ms: The  moximum Wﬁcmng ?rohum Can ba Selued T, g“ua\ 8”‘?“
Tven  The modimum  weighted version , where Rvary dge hag o weight o can be solusd  in
pol recial Bme . a S{om;&‘o{mb“g rasult b\g Tdwmends .
Thie con Yo wsed . H\(m&k a Clever voducion , o 2olve the Chinaete \Dag+mah P(au,em ot wal

fenbomede o ko \nzghm?m& of the couse.

Duality  Why vartex Covsr i cales e dual” problem o roactebing & Moo we e wpof 3
Tt tune suk ek Hlace 38 a Qagflm%”b\c woy o d@:gir\a +he  dual ‘Pro]mLQW\ o{* Cun oFﬁm?Sc\ﬁN
peoblem _ theogh o ui o linear programming.
Mot combingtoial opimizatim problems can by sobed n e genecal Framew sk o{~ Unser \D{Dif{xmm;nj/
one of Hhe moett  (3f not tle ot ) ?mu{lﬂ &\gsﬂﬂﬁg ’g\(amewn\(K Ao vad“{n‘mu wFﬂaﬁm.
Uv\{wmam\g We wonl 4wk obout ineer ?(ngmwﬁr\§ tn this Ouse 3 see (KT OPv, CLRST) Gy msve |

Oﬂ\&/w tuke owe Cowises Tn the C&O O‘\rzym‘rmsu\t,
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