CS 2% - N&or?tkms , QF(?nX 2017 Un‘\vetsT*A °'§ Watecloo
Lecture 9= Huffwman cao\'mg

We Wil see that o Brudé nguﬁt\m\q glvu an oﬁiwu‘ COmpression Scheme Tn 3bma Saft\mf

Co Pt (T3

gu?\?vﬁzz o toxt  has 2b lLttes  a b e,z .
A tandard way to o Vepvesent the  lettavs M‘mg bits st wse Y\ogllﬂ: T bits ‘&v 2ody letfer,

c= ooolo, ... , 2=110lo.

’

24. Qs ovovo b= 9000l
Co, we wse Live bits 1o Yepeesent Radh lettor.

Th gzmm\, we Carnel  do wuch batter Vf sadh letter  oppears equally (K\Lzlj

Wheat T{ we  Scan  the fext e and  wotice thet  the  letters appeac with %MT%Q Ailforent

W v

" N
e 3%, A 2%, e 2%, atc

W

\Qfﬂ%wu\c\uzg), TE& " a” appea s \osfm a"f‘ e Bma |, \\EU 1070 ,
ch\ (WES \f\v\?nv o do  battec \o\é\ \AS‘\v\g Vaiioble — szm&fl\ ﬂnc,ooﬁhg Schame 2
The Wem s 4o wse —?u\m( bits }%\r Yo \Cra%uu\t letters , ommd  Wove bt ‘ﬁmf less \C(;z%(,{ut

lettes |, oo 4lat  the Astal nuwbar of  bite (or overage number of  bitc) wsed s {Qwer.

Pratix Cod'mg
When  we  use  fied- ng%‘«\ bit g%f\n&g +o Y2 pyasent the (letfers | 1 X 2asy  to Aecode .
QM, 7—% we U %vi bite to  ehwte the 26 lottecc e ‘jmgf vead fuve bitk at o Bime . and

dewode owe letter at o tme.

Tt s wot o¢ claar Vo wse \/m\a\akylzmitk zhudin&

Smd, Suppose  we  enbde  the %\/Q lettors as oz0l _ b=ool, ¢c=o0oll, d= llo_ e=lo.

W Y
Then, when we ad a CMF(LS;!ZO‘\ taxt Swch  ag ool olllo Tt ocoh bz dewded ac bCe,

-

ASS "

bul Tt wuld alse be dewded of boad.

To oavord o\m\a\wgvﬁ*\d i d\izwdw\g ,owe Wl et P“Z:E\‘X cvde s, <o that ho onteded
g’w\\wg N PUL{\K s'{” onotlee  noded %Jw\m\f\

N

Tn the aboue axample . the am‘oiguﬁg oxises  becaunse o g*tv‘mg YJLP{LSQV\‘Hng o 1S a ?u{;)(
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~

of( ‘e gh‘m& wz\;(aganﬁng W ¥ 1.2 a=0ol and C=ol(l.

Now, Suppose  we wse & prefix code ‘\Qw the fve lotters , o=l bz=odo c=o00l d=o0]
I% W wont to Zntde the tawt “co\bzo\“, we W  the gi\\(’mg ool (1l ooo (0O .

When the  docoder  Y2ads +ho w‘mg ®o[\1 006 | 0o

o uwcw\o\&wwﬂa dewde  tle toxt Scabed”

Decoding tNee
4]

TE V¢ cemvenient HLP\?Q&%T a PYQC\\X Code QS a ]o?nara Yoo .

I ta immPu above . tle Pm{%x ctode Con be m\xam\hm b(»] the tvee root

7N
/N o

Q\N\’iiponot‘mg hanch » until woe  reoch o \swcf . ten we ceburn O/% a e «a
b <

To duwde. we start fvom o rookt | vzad a Lt . move o the

+lhe letter aSocodted ™ tle Lsz . and go bock, 4o the Yool and (EPQDLJ(.

Yon%
6 /1
AL anotlert szx()m?\@  a=0.b=los, c=1ol, d=11o .e=11L _ tlen /
NEAN
T\r\ﬁ ¢ Ld{'%vl wlen  the f\m%w&r\oa af oo 1S \/mxa \,\TSL\. O/XL o/‘\,—?
b

c d e
Tt Souwld ho clear flat  2ach PYL{TK tode  has o \o\r\zxn& 2o \’ZPM%\TD\HW

ondh 2och b’mma Y o rLP{Qsaw'thﬁ\w Cwm&rmo{& o Ssvme P{Q{'Tx codhe .

OB“!Q cive

guwnse we afe g‘\vu\ the %(ﬂqgu\lv\c‘\zs ofg the fTvL \ettecg EQ\A thO\g ﬂf%&ﬁ{*&ioﬁf,

Than , the avam&( UU\KH\ ef a lettec (in e Sewwmd lxamF\z> NS 0.8%1 + 0.00x® + o0.8x2

e~ N~
Tt bit

f oI XL & po0fxd = ]\va ;LN\) ;\w\i
o

T tle  tvea r&\;fueﬁmﬁwJ e \gng%k of on enhwded %h\mg % _Q_%L,\A[ t tha d\ﬂ\a’t\n Df

tle (‘,wmg?m\d’mg lzwf , ond the o\o}zcﬁve be come s ? 'F;‘d\lyﬁjﬁﬁ<
i

\ﬂ(‘ w ¥ ead ‘ﬁ(Dv‘/\ \l—lcf to (;&L\f ﬁ

Optimal  Drefiv codeg
y v v

il

n
In\;\,&‘— n g\ﬂ‘m\m\& with ﬁl%&ith& {3\,”,,-%\ go  that ‘?:JC\’ 1.

Ouﬁ??mﬁ: o \s\v\aﬂa Voo T with N leoweg that \m\w\\wm?scg

7>

‘ ‘?T‘ detMTQ\x3 .
This  Droblom doeshlt ook  so gasy as the

pulvsut  Sbaw 18 Quite  cowplicatied L ooas tlee are
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| d \ \ { |

VQXPWQV\%;M% W‘D‘“a FDSQ\\\'JLQ \o‘mo\ﬁa Tvees -

Ande 1t 3¢ evan LS clear  how  an a\imi&\nm Con make o checi$ionm 8rgm:(a_

LE&VS fl'\m\’\ about  how an OP"HW\A\ Solwh om < hauld (o ok ke .

A ‘D‘mm\g tree g ETH v avery internal  nede  has  dwe  childien .

We gtowt with o g}m?\z observation . '~
/ .U
€ = /
_Obgervaiom The \a‘w\m?\ AT cwrcqm\dbv\g > an bPh‘mal Splutiomn 18 }%H. / ©
\VV)
N 06 1% et g or Inteinal node  with mxta one  ehi(d, we can o{]ruﬂa temnect  tts ehild
+ ke ?q<am’f ond Ao creace tla c}\p_?lc\,\ ML Sere  LRaves. &z%‘ﬁng o bether Ee(mﬁw.g
Cmo\\czr% Thue afe ot lsast Twe lrawrs with  madimum O{QPﬂ, that  owe STL,\‘W\SS U\w‘mg e

A\
°

R ol Paw»\t\, /

w ¢

gm& Look at o [2af of maximum depth . Tf Tt how wo Sbling. then the Aar ds not full. 5

gmpPDSL we ko tha %‘,\q?g off the optimal  Hee Cwhich  we dmt ).

Than 1k Tg et Attt fRpue how o ostign Ha Qymbols  ® the leaves © Wwe should asspy
gjwba\g with  hiphest froguencas o leaves with  Swallest  dapth. and Bymbole with  lowest {mg,wml;
o leoves Witk \wgwc dupth .

Otlerwice, f one %mko\ of %‘\&\\u 'g\(ﬂ%t,\n/v\oa 1< o\L Kq(gm s ph Than  onotie gﬂwk"\ BWK
of  lower Leogrency . Fhon e eould Poxehange”  tha two  symbels and olRerease  tha
O\)EQCHVJL Volas -

Thig bucd\mgg O«gwwm’t leade t Yo {’buﬁ\i\'g observation |

Obcewation . Tlete. T¢ an optimal Solubimn  Tn which Ho tweo Symbsls Wi lowast rrguencies
OT L aSs‘\gmu)\ o |eaves oqC MoX imim MPH“ and ‘F\Ar‘f@fmmz —H\&& ace g\‘L\w\&s
tob %‘ﬂ +tle QWOMR\’lﬂ/ thee ace two loaves o maximum dapth thets ace Sl\vhvxgg,
R\g e Q_KCL\QN&L Aurment o WL can BSGgn them with tle oo %nm\ook with  lowee T \Qu%wmq
Wihow Tnciaasing tha  objeiive valke  ( axchonging wikh the Sl tle ) .

Qo, *le new wolution 1 okl e?ﬁmal and Soﬁn‘g{ﬁg e Pn,?g(ha we \want -
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HufAf mans ol gm\ﬂ\m

SD ng . we  howe  dkeduced V”El ttle ’w\\%\mwdw\m oot The DKJ%MM Qo lubims .
\We Just  know that there are Do Laaves o'{ MAXY P m Obu?ﬂ/\ that afe SCUM@S .oand we Coan Qssume
Lhat the two Ryw\oo\s with  lovyast %x%wmcmg L qgg‘\gv\m thace.

W atll dsnl know  how  the tvee  chowld  (eok Gka (1.& MAX MU O’UL\DH\ 5 inimum ou_FH\ L2kd),

ond  alse we Wavent ﬁﬁwm oWl Vww o we the ﬁz@uhdgs ™ make daasions.

Pafko\vg SurP(TSFwSL\SJ Hwﬁmm\ {rgwmi That  this  Bttle ;lﬂ‘%ma\)ﬁw s lnomj’L\ +o O(eﬁgn an
L’H?(J\ev( g(}ad% MED(WL\M,

Hie tdea 15 to “vedue” the on\mmw\ sye \03 one b\.% ‘xokmﬁﬁé\]ng +le twe Snmloh\g

\NTJC\r\ (owe st ‘s‘(l%b&n(/\t B n o tha khﬁ\m\ng tlat JFL,&L% Can 1:>JL afSumad e b s}laﬂh&g
O'% Prasct mUm du;?ﬂn :

\le\,\J ‘&LL -H»QL {bDKS GLLQ will ‘DL QPPQU;"C( \NL\ZV\ tho PYDkaM g;g{ \OQ_()EN\!LS g?\/\o\[{ ﬂhDMjA, Qv\Ut

tlen we can  cen$tvuet  the \9‘1& TYee ®no SJchf at o time.

Algorf{%m (HwHth Oudu’.>
Tnput © & set € % n symbols , ith froguancias £ L.

O\A«gw\L an oPﬁma\ biy\q(a e U ) with  laves  ostoloted o Sdl«v‘loats n S

(Base Coce ) : 1\@ 1S\= 2, 2nwde sne %\37"\\00\ W“& D omd  anotlac sam\od \Aging 1 vool

®
2N

onde vebwen  Hla  tvee | < e
1

e

ot \a ond )6 b two S\gm\m\s with  lowest ’G{zgwmc?zs) danoted };a 'Sznjcg

Delete g\s‘ﬁ"EU\S \3 ook 3 %m $. and add a new Stﬁmbu\ w b S Wtk ‘G{g%\unca WC‘Q*{%
Colue  thic new ?YD\O\P_M Cwth n-1 S:XMBD\S> (@w(g\vL(a awnol th‘ an DF{%MM <olubion T/.

Tan T;, bok at +he l}wve ogcoCiaked  With W, add two leaves i (5- thet 7t betemes ‘mﬁump

and. assotiate  +le ‘\wu news  leswves with \a oondl %

The Stheme 15 summadized  as Aollows -
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gw{g\r\ al Pfc\a\zw\

hs;:\oel
)
n—\ S\:\ML:D\S N a,\p,;@,@,.‘_,,@

vod cad F\fo\oko,w\
n g\(\»‘\aa\s: o,b, ®Q Y2

Loz fo g2 2 £s fa, Ly - Byt

OPGM\ ‘ZQKW\T}W\ \U, o\va KVKCAATQE\/L(\AS ,
o S\Rg‘ma\

F‘( oblem ?_

(o) vg\\‘ ma\  Solutira

‘Qﬁ\( 24 uca dt
\P‘(D\o\,@r\,\

Exanples © et do

LHEMe

kxamv\eg fo oo ‘QOM\\!\TO\( with the QL§° Athm .

@ ’FT\/L g\ﬁ‘f\'\\oo\st aboc,d e, Wit

fa=0z =02 WCQ: 0.4

—Fd: 0.0% fl: ool
a,bb, e (de) with

D (oducy 1o *E«mv gxym\mokgi ’Ea: 0.3 "gl\a:""1 WCLZO‘Q
3 Y 2duc o to %L\%xﬂ_ SUAMLOKS' (O (\D,COK)Q“>>/ C

with ‘Goﬁ‘ 03
15 Yeduw 4 twe Q\sm\omtg : ( QJ(B’(A‘Q)\B , C

oth 46(0\,(%,(&,2)» = 0.6 %QZO\é#,
(Constvuct tyges

{(o\,d = O:l

£, ed) 02 Tezost

\(ont Vaob \'oot
®

oot
RN > /N 5 /N
< (o, Gatae))

‘ > 4 n\?
TN TN TN
o (b.(4.0Y) o \)1/\1: . t/\l

(d,2) b 0/ \i
dAT e

fe=002

—E\Oibn}{v 4\31101@ wtafoﬁl ﬂ%@ _ 0.3

@ 'FT\/L g\ﬂw\\ooh :

ab.c,d e, Wil

’%0\30\(8’ ”Fblb\ltf chto\ig —Fd:o\l

D (educ o {’um cwmkg: ba,d, (a,e)

with
b N oduc e = %lr\\’xk %\GM‘QU&S; Q, Uﬁ,d\B, (a/;z\

with  fo=oab £ y=o08d
D Yedue  to o Qx\gw\\ovk: (C)(o\,@}}(\g,o\)

i th { (c,gq,eﬂ = O\gé
Constvuct  Atvges

'gbuz): °.5

T =044
i\(ol’t

AN VAN

\(Dot \'oot

AN NAN
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AT AN e YN
(e Lo,d) o (Lo \ k 0/ 5
c‘/s; c />> \/o co/o /\1 \3\0\

Coveectness

The woSe naduial Loty +o O»V\&L\:X&Q, RTINSV &\Kbvtf%m EEJ Tnduction,

W wee tle Rome %1(m‘\no\n&a oc  cescrsbed o the qlgmﬁk\ﬁmy

The bote case wolun tlew ove DW\L\& ‘wo g\AM\nD\S i< o?ﬁmml.

F‘\(St, we CmSder the cLTaLﬁ\m J odue of( “4le  Soluwbenm  Comgtructod bu& tTho Hmea“ QI&D(TfL\M

-

A gnotad b\ﬂ Colln),

Bﬁ Wndwction , we hove  temputed CMMHVA an  optimal b\v\m\a von T) oot wa) gymbols
With Y and 3 <eplaceh \)\a W . Qnd {wi%ﬁ{%

Lot ORI(TY  danstes the Obiective valw of T’ T T

What Vs Fhe volaFiswship  betusen 0BT (T)  and  oRT(T)? =

We Jusk add two lasves A T on fwm L

Recall that tho objodive s %\%, Repkhp (1) .

Eusz(\a otlec L,ch% hae e Soamae Cembibubsn  Ho DLHJEL‘H\/Q " T and [ .

Tusk ws  on The change o dileting W and  oddin anok back .

Than  OBI(T)

u

0BS (1) = £, depehyr () + TC%-@\LP%TMHB *f - Coapthyrord)
OBT(T) %TC”A*\CE Sinie ’Rﬁ:{yc\cg \0\& ous  definttion .

Il

Now, wue WwWont to O\ngb ‘hat Dma th\mml SoluBon will alss  have o\o‘)apﬁ\/L Value at (,LDKSJ(“

o) QT/)% —E2+€§ L, ona T vl vawuux?fx‘()d(\j \mPla ot the <olubon  returned bé

\/\»’S’E’W\mn /& Q.\Sm?{’lmm NS Opﬁ mol .
L@% T% ba an D’Pf\mak Sblwﬁm ‘%‘r e (T(\(\fihéll P(DUE
Bé “ho_ KKCL\Q\\-\&L wg\m\ev&J we  Can  OSSume  thet \dawig e l2auvts o{ PG M m auFm In

*/
_T% ~o Lo IS .. INEE . T% ~ T
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Bé +ho_ uckmii wg\m\evﬁvJ we  Can 08 Sume  that \dc\wis are  l2aves o{ OO M m auFH\ In

/

%
—r% and —?\A(TU(MWL %\\L\a e SIL,\IASS_ T% T
We OKQ-%ML Téé ol pbieinad %m T% b& muﬁ»\& \aqy\d\ }5 .
an A A = S leia e tle patent o and 2.
e =Tyt e et of 4 . oyt

By the tame caledatiom befre. 0BT(T )= oBT (T Y+ 4 fa

Now, obsewe that T*/ s a SoluBlon *o  the  reducd Frnbtam ot sigz -l

By tha nduction hypothasic. Tt an opBimal Solefim Ao thin raduced  problem . and hence e
ot have 0BT (T7) = 0BT(T) .

Thaedore, we haw  0BT(T = oRT (T Fytfs 2 0BT +ftfa™ 083 (T)

FYO\/\\V\& Hat T =< an DT,{%\M aolufm .

Tmplementation

In 2vary erokion , o need N %v\d\ ‘o %\Amm\s with  (owest fﬁe%wzm)\as . oelete  tHeem and
ok a e R\/\\M\oo\ with tle {““W“a s oo Suenn

B dicect mplementation  twkee Q) e h fond te e Symbsls with lowsst Praguancec

We Coan wie o heap v de these opecatias in OUogn\ Hme
Recall that o L\MR: suppts  the  obacodims of  Onsect and 2dvadtomin Ta OUuin\ T ime,
Qo @oach tecatin  can be implemented n ouU&m Bme,  ofter Tartally rnwmi all

™ \CMWMJQA in e haaep  in OLMDKY\) Bwme .

Ro. the total e mxﬂz{d—l NS QCV\(D&V\S .

Reference : TKT 4.87)
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