CS 24\ - Ngor?thms , g‘)rihz 10 Un‘.verst-hs o{ Watecloo
lecture 4 :  Divide and Conguer 1L
We will cee move axamples of  divide anot Crnquer mlgwithm; toeme e CMF«ATD&TMK femetry ond  etlecs

A CMP\AU( a\gwm /fw which  divide and crw\%wm Qives the XC&SUS“C knswn q‘gb(\xﬂnms.

Closese pae  LKT 6.4]

Ih?vd[ : n Po“mts b(“\{p) , Ul)\b) Ll (Ym\a“) =, tle 2D —?\qnll.

N NN . R T =,
Oud‘?\&« 1< <J $n hat VV‘\VHW\\%QS tle FEucldean distance \) ()(\wyj) + (j[_jp

It 3¢ clear that +his problam  Can be Solusd n OCn™) time b\é Wj‘mg all Pa‘\rg,
We  wse  the ddvde and Cm%u&r QPPMM% +o gI\/L on TmProvU‘\ q\gnm‘twﬂ,

Q Line L R

| o

° Pw‘dwu o (k1 &4
Ze o

We find a vacieal Gne L o cepatale  4he Point Gt Tnte  twe halves tocall the set of poiats om
the loft of «le line R . ond the st of poute o the gkt of the lina R

Tor s\mF\\cﬁg LWL asume that furcy pount has o distinct x-value . We lwwve Tt aS on execcise
T Qe whete this ossumptien s wsed  and also  how v vemove Tt

The verBical [ne Can be  foued by Compuiing the  weddan  boagad e the  X-value | and put the

{Trs# K%‘—t Points  1n Q . oand The last L%B Pm‘m‘ts e R

Now, wa <(c«4rs\wn\\6 %r\& e clesest PG‘\P within Q@ _ and the closest paic within R,

guppc&z thae  cloSest P&\\f w3 o'ﬁ Aistence §&  and Tt TS Smallee than  than  In K.

To lve tla  clogest '\m‘m Pmbuw\ n oall n ?u‘mh, I Y2maing +e -F‘m(‘}\ e closect \\Cfogstng
Pave With sne paist In B ond Hae stec pont Ta R

Tt d\oesv\,Y Qoem that The closest Qmss?ng \)a\w ?(abkzm is fasike o Colve. Line L

The Tdaa s Hot we mka nesd o hatermine wWletler Haore Yo a Qrogs‘mg

Fri\r with  distane < g

This ollows  we +o  rastrct  oftention o the )PDTATS with  X-vale within

§ o e bine L, bub s all Tl ?o‘m‘cs Can be hote . ;’

Wea ddnide Ahis Moafrsw  Ceplom iatd  Squon(e boxes u'F SHide langth é oS 8 8
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§ ot tine L, but B all He ponts Can be hote.

Wea  divide £his Nofrsw Cagion W Sque(e boyes o{ ke lﬂn&lch 5 o & 8

Shoun Tn tle J??CW\(Q, Hetw  (omes the N\MPWT&,V\T ob<eryaton . (F‘\LJ‘“(Q Ko tkﬂ)

S

4
M Tack SQuar e bov hat at wost One Po‘mi‘. TE’<Q
‘ . . S (SN 8
¥ ©0 1—% +wo Po\m&s ore  in Al Sowe. box.  Tlheir distenee 10 at mect K—))JVE\ :’@<g
26,

Thic would contradict  that  thle closest paice Within Q ond within R havw dtane o

Obgecvation 2 Tack ?n‘m't Yeahs m\la 1o WP\AL Astom s with Pb‘w\‘u within  Twe \mr“gmtm\ l&\azrs,

M Tee HAwro ?vﬁn‘h whidh are  separated ba ot least v lqw%Ma\ \G\,kalri (sen P‘m&u(z)

thar  tholr distanwe s meve Han % ok would  nott b O’PJOWV\qLO

Wikh obsovwvatiow > L\/ma \yb‘mf n o §qu{L box  naeds sw\\\a o chetk wWith Fu‘m‘c; in at

Wwott  2leven  otae  boxes ( boves in tle goma \“\3” ond  Tla next two layers )

Obsevvation 1 QQUS that tleco iS m\ké 5o ?n’\v\T in 2och §£B4Nxcg box .

C\m\,‘m\mg tlem. LZoch \)o‘uﬁf @ntg needd o C/sw?ﬁt Alstances with at most  glovan otler \Dn\wﬁs
K‘\v\ st seerch *&\( o opﬁmc\\ Fa\rsj .

This cuts down Hae Search Space from L) poies o o(n) \)Airsl_

A\gcc\\ﬂw\s

Tind tlo dx\\/\\dﬂvxg [Tne \o\é Cw\?\ﬁﬂhé +lo  madian \/kSMJ tls  X-valua . < Q(V\),

n
- RUMrswLL\a solve  closest Pa\\(‘ n &, and  closest ?A‘\f o R < 2T(3).
- Us‘m& o \ingar Scan. Wi (gmove gl ?u\ﬁs not Within Yo narrsw Mg‘m‘ < oln)
T Then o wae Swt e \;n‘mﬁ b\,& e r %_mu in Tv\umg‘m& ovolec . < DQM“&")

T Ter gads \)v‘m* L W S\As& UGwipute  distances  With Xhe next elewen puinte T Thig sw\am& %)
(Twe points within Awo fagees  wosk b within 11 points in e yovder.les of etk 10 prints bobuten thitrn, )

= Rofuon e minimum, .

The obove obtecvatioue ‘\mFla that e a\gwﬁﬂm ts Covvedt |

Timse cwp\n?-ha : Tln) = 1TQ%) + oln Kogh\) = T = ekh\vglm>~

TL:L bottleneck 38 in tle me\g gJVQ? .
Note Hot we dwit weed T© Swt  the \Af\/o\\uy within the tocurson
Wa com  sSwt the ?n\w\‘{s k\(/l Kﬁ”uo\hu\ awnd wse 1t *L\(m&SL\cu{ The algo‘(\\t\/\ﬂ\q .

Thic voduwces Ha e Complaity o TUQ:“LT(%\+ o) = TLn}:@(m\a&h\).
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Q,.\mw\j‘ we doll need 5 Bad medions  withn the  Tztacsion

Wo  can \QLQF anotlae  I3et

with  gmted  xovalue and wWSe 1t Th the L\d{v“ou” %m\a. This  would nolt Im?m\m Thao
e C/SV\A\ELQ\L:JT\% bult would

\\M?‘(D\IKL e octual PQr{ﬁYV’LmV\C_&L }9\3 o conStant ‘{D\LJYW

QLAE%EEGV\S - Whaeve 1n tla ?(Dmr&g

A we wte o agsmmPHﬁ\ tlot the  X—valwes ace histnct 2
— Whet do we need to CL\-‘”‘K&I o that tha m\ﬁw‘\%w\ Wil wovke ithout  Thic a&suwr"ﬁm%

Ramack® Thare ¢ o vondomiysd  algovithe o Brd tha clogest Pa‘m in axpacted Oln) Hime.
Ree  [&T 1377),

Arithmetic ? toblem¢

ArithweDic \muws e whare  tle glvide ank w%"” qpp{mc% e mest PWQ(‘QA\A

Nm\\g ’Fmg’\zg{ ox\gmﬁf\ﬂms ‘ﬁr{ bagic arithmetc ?m\gtgmx ot bated o dvide ond cﬂ\w(‘,

T‘”M‘éj e wnll Jmﬁ ¢ how You Some Tdeas how  this O\‘PP(OD\CL\ wwks, but \m\fwm»\xh% WL \,Jm:K
%o nto the 'gmsfar a\gor\\tm\ns inte TLJ/A also \magm\(m Aome. (not too chk> bqakg(ow\ok in alﬁdyro\.

Ih‘ka&zr mulﬁx‘)\lmxﬁb‘r\ LT £.6)

This s a ‘r&m\l\% —EIAV\MMEW\‘S\\ Pro‘a(zm “hat our Cm?m‘zrs Relue Q\/Ua&oﬂ'
QX\\/L(\ ‘e

n-bit nuwmbece = 85 0 and b= blba o b, wa would Uke e Cw\;\,ﬁ(sz ob zﬂ;mﬁﬁj,
The Mu\k\\\ﬂ\xcpf\w ngw‘\’t%m tlot we lesrntT Tin K(LQOhrLg gchoo\  Tokes

Bn")
lloo

bt operotons.
X (Lol

\lo®
“D°°° N Rt numbas , odding e by swe L eath numbec veguices
O
\ \ 00

B bit
lool o0

hyemﬁmg .

\:\)L O\kan ’H\L ANt ond C/b‘r\%wur O\PPmmLM ‘t‘n \H\'tzgi( m\ALJﬁPrL C%HE‘/\
gm\)@b%m We  Khow how  t ‘me\\Fl:\

V\'\?T‘b \AumLﬂ(‘S ng\hck«ha .

Wae would Uike 4o wce 1F MuLﬁPh{S 2N-BE numbeg < Oguﬂcb&&‘
CT\\\\ALY\ Two

An-bvt numbgcg X

onruok 4. e wite X=X Y

and \3; YoYo whete XY,
e e L\TS&\I\P_V ordec

tl\x \muf NC}L}U‘
ond W= \j\lh—\— no,
L owy = Cy 2l xgﬁ(kﬁ\thrnQ = X\Lﬁ\{n+(¥o&3\+ Y\\ao\)ln + Yo

nebde mumbece. the mumbers Xy L Yol il and Yo Can
Compulied fauws\\wa\n<

n-bite  and Mo

o &

y\fb:TE.
Weitten mﬁtb&mm‘ﬁ&\\& X

Then

= X\ 1n+ Yo

Sine XU Yo Yy ove

ba
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T\\u\,uﬁwm L, T = QTQI\{W + O0ln)  wlew He oadditmal O ot ope ot Oce wiedh e
odd the numbers  (note dak X\\ﬁ‘lﬂ\ 1o Just glﬂﬁtﬁwg the number xy, o the Lot
\3\3 20 vt Wo dent need o mmlﬁ\)ﬁ@dﬁm O\)Mcﬁm 10\\/ it ) .

gb\\fw\g o Y2Cu(enc Lgmé b\é vaostee ﬂ&ww) will %TVL Th)= @(hlﬁj not Tmqu‘mg
the Q\QMQV\%D\(Q School O\\gb(\ﬁﬂ'\m Thi ghould nott e SU\VP(T.{\!\S

Sinee Hlng s -QSSJU\‘ﬁD\,ug
tha Soame o\\&m‘ﬁg\qm oy the ﬂzzww“mré 2Choo] o

Wa ko\\/m:t Asne om\QHnMg love —

to eombine He ub P\rb\oums L onde we %L\ow{h/% sz?xztf that \SMSJT b\s dwide and CWW
Coma_ &?MAL&? wounld  Come

ot mats ca \\uﬂ .

Coatatcubos  oloncithm @ & cleuge ey T Combine Su\opm\o\emﬁ.
1V\S JYJI_OJ}\ O’% CM\?\/:G '\i

X\Lﬁ“ Ho Yy, X\{\c . Xo\ﬁc

I/\Q\W\i
WS threa gm\g\wu\gumg 1 eompule

%0\/\,( Qm\:\)m\)\ﬁm%, tle Ydaea ¢ 4o

X\%\,XBKAO ond (X\J“XD) L\\l)\%\jb)'
mYiddle Taim

Qrgfﬂ( Tlot | wo Can (ouwee  Tha

o X Yo \oa Y\Djf?c‘mg that
Cxl_k)(‘:} (Ljﬁ\jc} - X‘\j\ﬁx°\ﬂb = X\E']\*“ Xgﬂ\“‘ X‘\:&b‘PXo\ﬂb - X\‘j\rxukﬁb = ngl +3<1\j0'
That

ts, the widdle farm Can b Lomputed Tn O bpecations aftar cm]wﬁrwg Theo
theoe Suwb peoblems .

\H\nu;gv(e) Ho  total C/wv\\ﬁ\zx‘mé hgs

Th)= 2TL%>%O(h> , and 1t {VHE\NS ’%(M Mool s
tloscom  that

{09, RS
Tl)= oln 93 ) O(YW\ ?>.
This ds the ficcT ond Q?Sn‘vﬁumf iMPrOVszynf over the -Q[,Q‘N\Er\TO\(\& 2chool algnﬁﬂm\

Pol\:‘n ol mults \?li cation

n N

TiVen o AeQ e 2} olunomial g XY= oy X KON X Tl 0 X, + O g and W= ¥

G tu 3 polyy \ A 60 " A N BOOS X by

=0

we an wSe te <ame Fdoa O ('/SW\PV-'hZ_ AR n O(nbﬁ} word Operations (wlars
sy QT(D:] Con  be L,SW\?\A*UU)\ n

O(i} wovd @}ﬂm‘h\mgﬁl

Yoo will need e work out ~the defoals n the P‘(biromf\m\w\g Pro{)\nm.

Moatvix mul’HPHOnﬁrm Loy 2.5)

Wa all ¥now the OU\%) Mcpﬂofﬁm Mgorpﬁ%m o W\AH\\P\Z\ ‘wo Nnxn  maotieel .

Ciluen Two

The diide and  Cowguec approach Can alio be Successhully  epplied T matrix maltipicaTioy,
2R x2n matviees

A oand B , we Can  think 0& gadl, matix 1S (pnSisted
At\ L\\L

O\V\J\ Ei \ En Ell\)
Asy By By By

Tl\mn » AR = An A\v_ KEV\ Em\ _ A\\ \;1\+ A Bay A”B\IJFAQ%}‘L \>
un\ A)\L \%1\ E 29

20 AL\ P)l\ + E\llig)\ pY‘L\ E\l + All?"i

of four rxn bkt suda thet g:&
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B N N AN T D B NP TG S S R o

Thete oce oGt subprobloms o solua Ay Bl BB L A Bar, AnBy L AuBa, Ay Ba AnBay, Au Bay

Bftac tlat. we Just nasd Ao do O word opecations fo add tum up o obtiin AR

The time Cm?\;x\xm NS TWW= TR+ 0™ . whidh g?\/{& T)= @(V\;)-

A&q‘m LS Shouwld not be gmy(%stng S ST afe Ywst okoTnp He stoandard OLL&B\(\\‘HAM in bleck
‘f\wM L and Avd nol ds avx\sﬂang clever.

Tov Seme B | It wal JTL\D\,LSL\‘E ™ be O\ﬁimql) but Sixascen Surpaisad  the ol \m%

Wis magic ﬁw\/muko\ : AR = [ Pg +P4 -P, Py Pae, } R
P2 £ Pq P+ P _PZHPT

whace  Pr= A (BB, P (A A ) By, L Tom (e fn) By L Pz AL (B 2B,
Fgl (A‘\—% pwx)<€1\+%)\ﬁ . Péi (Aa’ﬁrn,}(gz\*\%m) . ij QA\\‘ Qm\B (El\+ El\A-

The point 7o thet gach Py Con be Compited  in one multpliatim gungwM with  addhmal
Ol wwd cpesiions . Rbtac compubing all Py | Shasens formula tells ws hoo 40 combine
tlam o oobtwia AR 3a O wed opecartions .

o, Tha Bre tomplexrty To - T = TT(E) + 00D L and T fllows frem masted’s

oo Tlat TGz 0 (e'N) = o(n®¥Y.

Altec  Shrasten’s algw(‘»%\m, Thete Vs @ \m\S Une  of  Yeszarch  (with Tetent d\m/alo‘)m{ﬁ&)
pushing  tha  fme  Complaity of  motix multipliction 4o & D)

This s mwghﬂ\a smly of  Thevetical Tbecect | Sine  the algu(‘ﬁc%m s %o cmFlI@TM
thet no orne has Tmplemented T

Cvascan's a\gv(\’t\nm Can  be \m?\gmma and It Wl b fattec tlan the Stendacd rxlgau‘t%m
wilen n% Tooo |

Applicationg ©  There ove many Combinotsyial Problams that can be Trdwted  Av mvakdix murplication
and StvasSens vosuwlk \\V\'\FRZS tlat TL\Q\A n all be Qolved ~fastec than O(hg) Time
Twsk o gt You an dea, tthe problem of oxag(m:mg whethee o gm—\;k has a trangle  can b
Crdued to  makix multtphication  (pugile: how2 ), and thes Steassens vesutt Tmplies that ene
Can chack wwkethec @ graph has a triagle in OCA™) time, fastec than trying oll trples.
Thete ace w\ma Pmuamg in the Utecature  wheve  fastest m{m‘.mg O La oyt mwl{w‘Fliuﬁm

We  toan diswss weve when  we have RBme .

Tast Toutec tWonstevm  (ootional) TkT 641 TDPUA b
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-\ s - -

Theta s o Vacy  nien algorithm o de  infeger multiplieition and PD\\AY\M\O\\ rawlty plicath,
in OCnlogn) v .

We Just Ty v e e wgkﬁlgm Wdea ., and T M%M\é Yo temamend  tha ?muﬂtﬁh\m\ NN
LDPV 263 for ot o ofe  intecasted in T

Wakecloo ot a %J\_\(Wg Compuler o\\ga\am\ Rroup oncde Yo Conm loacn Tt T CQ 497,

let’s Condider e PD\\AWM(M Ml p\?(’,wt\\w P\mbuww

Tha %T%L\A\,Qum\ Wdea 18 T C)\anig ‘(QP(Q&JMTCLV?GM& c{» tle Pc\\anw\a\s.

by
18]

i'Ms

n ~
Thnstead of wsing o coofRaent fe?(ggzw\‘mﬁw A= X oxx' ond BOO=
=0
tle Vdua 1S 4o C2present o Fc\\gnw\m\ b\g e gvaluaton ot N Faiv\ts
Thet e we Brd nrl distinde ponts P, Pay ande Store A(\é‘)/.,, A(F,‘ﬂ},
Wae kasw ko Fv\avwsw\m\ Con  ba  rewwecad \/m‘\cgwﬂud {\(M Tt aualwsten Tn Fo‘w&s

Klg. o Bne Can ba vemwered u\v\\\wlﬂ %\(m Py ponts ﬂfc}\

Why ace we Cms?dka(?v\g this  raprasentation?

The koy point 16 Hhat onie we have  BlpD, L Bpay) and BlpD, L B (pay )l then
Wwe Can  Compule ARCpd. A%(pﬁ\) mmn , becauge. AR (Pﬂ Te Just ALPTS'%(P;)

Lo Hn thye \(r?vasmﬁrmﬁm/ Pb\\ammm\ m\,\w‘?\‘\uﬁm Canw bz dsne Tn DA word o?ﬂmﬁwg

Lo&@w‘m& *le valueg PvU??)/ BU;:) afe rmsmkb\a \Oounzkﬂj\)‘

Now T”f we algs have QM% @lngtL\mg > pr\vuii YJ’&PYEVWWT{D\’\S back ond %mtlxn
tlen Wwe would hove a ’%mst O»\gs\(‘x%lnm "@w PD\LAV\E\N\TO\\ \fvmt-ﬁPl\\uﬁw.

The schemae T as flows:

N QKQK a -
IY\ wi - 5 Lo \ g "
et A0 B . Cepresentation AKFD AKF 0
ROH= T bvry' Ny BlpD ... %k?n+15
( Sna XX rmuwlBplcaten
ol 4 (v 4 p
Output - “nte rpolatiswm
\ ABLY= B BE:)

ARG = 2 e &

We have T Gewa up with ‘Easi wlgbi\\tb\f\ms ‘%v oo %\(S't §+QF and tle (act QT!LP-
T He Rest gtwv, Tl hmd ot pick ) %DDJ\ ?o‘uﬁrg L %o tlat  thaee Wil ba

a ot 'o’% gk&mm\*ﬂa o tlet C/g\um\Hv\g o ﬂif—‘ﬂl(‘ WA EQ sl ‘%ms‘fzr \H\Qv\
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N W»\&\L?ﬂv\wv\‘t auodalone  Since  hmuch Wwek Can o Shacad \33 Sv\&wwﬁ\&<
I tucns sut o %m&\ PUATE o wte ave v = Lol wharz o Ys bha 0+ -tk
coot % \Av\‘ﬁ\% C uSW\\vUDc numbif> L and. Tl %rST ﬁz? Can Yo dtne ™ D(Mbgﬁxﬂw,

Tlo bect oy 4o Qex 1t % Jﬂ'\rDv:gk Wnoar o\lgzbmJ L in@ QS\MPMHS %b)/ﬁ(%>/6‘¥m2>/_”/ﬁ@$>,

A Ny A(\) \ l \1 ) \f" ()\O
Can ba Wiowsd ag P T a,
A((«)) -~ & +n2
IS LW
1 . \ Y i) [CIG)
and) I w L Ona

The matix has  a ot vﬁ E\jw\MTY‘LQ ord  tle  vattix et vmlﬁv\‘xc;&»‘w\ o loe dne ,Q-H\Uzmtla
\p\é o Mvide ondk Conguae O\\&B\’\:H/\m.

Ivﬁmuﬁug\vx pres we Gt fha Droblem I thig (nsac Q\&Aarmc Aovm . e ‘%\M N\J[Q(Po\adm‘u\
STQ? Can algo bo wiitken In &S %ﬂm L oandk 3t huent dut that e lact STJZP Can ollco
bo dena N OLmbgn) o -

This  affdent ey n,g d\q“gh\g o veF<a55himﬁm e called The {mst Touttac ’b(wngwm)
and Tt hac mm\é c\?P\‘\uﬁws Th ?Tgvxa( Pmuss?r\i nd Luen Sz in Chmbinoton cs

Tev rase daetnlls | Plkmg& ceadh  ({DPy lé_l
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