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Lectue 25: TElectrical netwovks

We prove gome basic  esults abont clectical £lows ond  2¥fective registanws , and show a tonnettion

o \/\E\J\T‘\V\& Timec o—% vomdom welks In undirected grD‘PL\S"

Electyic Flow

We think og on uniiCected &ro\P\r\ os on  eledtieal nebwork , where  each Jukgq, 2 s o Yesistoe
with Cesictana Ve
The {\m eig elechve  Curvent s Rovedad, ba fwo  Yules
© K‘\rc\n\naﬁ'g low  C £lw tmcervation law) : The Sum of the curfoni thm‘\ng o nohe T léswa\ o
the 2um of currents \%m“& Tt
@D Ohws law (Fﬁzm‘o\\ {low law ) Tl potentil deop  across o vusistor s ogual to tha

current ﬂmﬂn& over the Yeolsho Bwes oo (esistana.

2 6 2
3 s 3
Tox uwtu, cons o this  network ”—Eﬁ@ﬂilﬂ\ hﬂ@*j—]~
1A% s PN
= —® — = (>
— (= \ — (= t~\
23 2 s
3 \3, ‘3

1& The O\W\?Q,(u, T< ﬁ«\:\u‘ta_)\ b € and one &W\?Q‘(L S Yemoved ﬁw" T, tlan the \/o@mge.s at tha

nodas and the Cuwrrefs o the YeSiste ave shown o the fauee o the \(‘Tg\/\b

_Notation

bofe write o nwbiix fomulotim of the problem

Lot G=(UR) be tha \M\o\u\,amé conditestod gm?\n‘

lot \!eW\M be tha vechor of Puﬁv&?o\\s ot vertis .

et 1(ab) be ta current \Ckwrm& from  vertex o 4o vertex b fov on 2dge Ca k). Ac thie 3¢
6 oicected ana, we defme  1lb,a) = ~Tla,b) .

s . .
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Lot TeR be e veder of  curvents ﬂwm& over tle m{&as, whee  2ach Ld\&z e=La, appears

once o¢ 1A Wlase o<h .

Lot Wo = L/W ba the “conductone” of tha Zd\&‘l, Q.

Matix_ Fotmulotion

The Ohws low elsbes  that 1a,k) 2 ) -vlod = Gy, ((ule)- k).
(\&-l\o

The k‘\\”d\\m&&g low  Stoles that \\(a)‘o> = \\ht(tﬂj whate, Vot denotes tla  cxtunal current

\>"LL\,\:\6’E
.Qy\t[(\r\& o twovk t\(\(omg\:\ ¥le nede o, <o YL T¢ o '\Jos\\ﬁ\/t NumbLC ‘\—% o TS a Youfe awnd &
hi&ah‘w nu mber oo ve e gk omd eco othoow Se .

\g% Ohws  low Vo) T > Wa &vm»\/(b)) = V) - Em:se& Wo, Vib) |, whars

2
bia e b (ab)es

Ao = ‘Emlhx{ Wop T¢ the \m&mm c}\z&ﬁm e’ﬁ A

Then this s jmst QAg«A\\VQL(vat o L%\/:szt , wiere L(.{ W tle wa‘.g\n\‘xw‘t La%tqﬁm\ s—% E{ and

iL\;t Ts the Vachor e“i oxturnal  curfonie ot tle vertices.

Com Ruy ng Vo l\‘a&g_
T\RUO/‘iWQ/ TJY wo Con olve o La?\cu?cm gv&’mw\ gbmtc\da) then we wan Oow{ovki the \ro\h&es
(and thus tle cuvcentz) G el -
Notier that  Lg ve not of fall Yok . Ascume without los¢ °JY &JLV\&N&\‘\\'\a ot g W cemected .
Than  wao ke that vm\\g\mua (L@: i ‘ Lot s(:é GV owhefe Vi1 an ovthonovmal bagic  with \/,:f,

Then Lg-x = e

{

VA

\

Y

\

n

7'M

S MV e A\=0 , and QO LQ&‘X is perpendiculac o 2
Tharctore, thae o ssbadm o Lay =gy i ank oay e LT, wich should be dleac
o eur \Dcob\s,m s the Total wxtunal  cmerentx N\Am\\& who the watwoke Qhewld, ba ka I
tle ol Ldecnal  cwrront (“D/W\OVW\& %m o retwerk

et 0= A<\,

A
IN

_‘>\h bo the &C&Lw\mkv\m sf L@( wi th mvurwmxﬁ\& g)&im\/ﬂ.LW& VN, oo sV

n
T\\LV\ LC’(: E >\§\1*\) _L T )

VARV
P >\T o

We O{L%i/\k tle PSQWXO —Inve(st oS LJZ

VM5
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— > N . prl
Fov w174, \3: L; W« s e u\n\?@, colnbion o Lg\\gt X v Th \6 L1,

ond the ¢ot of all solutiowse g {\\AJ( cT ‘ ceﬂ\]j,

C.om?uﬁn& Cutcents

One we have aoww’vm t\o Volkages L tlan b “as o Compnte the  Curcanty

Lt ws waite down o wabdx formulebion for ouc diswssiont  later.

Lot B boe o mxn matix wWlote thae (ows afe ™dexod b\a e u‘\&(g ard. the Columnt are tndeved \o\a
the vertiees , and  tle yow wwsFMN& o the :a,dk&x e=(a,b) with a<b Y& (’Xa—%bf/ whete
Yo t¢ He chatactertsBe yordor with sne ™ the o-th sz\\\/a and é@(o ptlec wise .

Lot W be the mxm  diagowal matvie whece We o = We T the wagt o edte @

S
3

T\\Lv\ l\I\J\%\/,

Notice thast L(':{ = QS:(Q,Q\AJQ L'XP\*%‘Q\QXD‘*X}§ = @\I\)E go/ \\gxt: LC‘(\J = %T\N%\/ = %T

1y

, whidh  Com alsy

bao chadced o\‘\fa_cﬂlé ‘%(w Yo M‘{\\»T‘HW.

'E{&ed"\ ve Rogistone

The zﬂuﬁ\m Ceistomce  bobween verles o owd b RS d\ﬂ,{\\\uk as vl -viB)  wlen v ampece T
‘mlmu\ mb o onde Yemoved %{w b. Yow can thwmk ‘E Tt et tle eiance  bobwaon a and
b %WVQV\ b\a the  wWhole watwwk. We denote 1% b\a Qq,g{ (a,b).

To WP\KQ R@H» LRJ\0>J %\(st woe (‘,WV\.KJ\A,'\'L o \[a\‘m&i.& when ome O\m\gua s W\jaote)\ ™Mo A andk Comoved
%cw\ . Ba tho  mataix {v(‘ww\,\cxﬁb"\) thic % the tolution 6% Lguv = (Yo%) , which s &\\/u\ bxa
N LJFQ Vo Then ReprGab) te et ) ! X

= Lg (a0, ) - et (o, e e %o Ly L(—{ (X ar b\ .

%
o, ohie we have Lq L, wWe Qan O/Wq?mm Qaﬁ‘ (a o) ﬁf all a,b u;?[a.

E““S%

Recall f\f\w Pk\aq‘ms thet  the @nu&% &bigsii;mu\ Moo vesistsr notwork with  currents \\(0\]‘0) Ya,b ¢ ¢

S df ST > 5 Y g | TR\ O
c(HYZE 7 RY - e L Cak) Cay = kq,i\heE — (v~ )j ® e Wae (vla) vnm =\ Lgv,
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whate R the  mam dﬁa&w\ nactix whore  Rle,e) = o
me\ﬁva\\%, \‘jY we think sf e whole nttwork as one (esgler \C(m o t b, tlen
)
QQ_%(A,\O\)i L\)Lrﬂ«\/%))/l(o\,‘o) = 2 Tf( one unt e‘f cucfent Yo semt WQ(VW a to b.

—_— T T 1 1 T 2
Thie can be proved {WM% oug Dgﬁ(q,\ﬁ: (% aYop) Lﬁ (XX p) = &L(—,\\J\ L(X(Le{vﬁ’—v Lelolgyu=vley = €000,

os L 3g vasa s u«m?{—\a tlat  Lg L;LQ = LGX'

Tretqu  Minimisotion
894 R

The 2letric 'Q\M *%rm ¢ o 4 Y ot ore tlat m‘\v\\\wT%u o !Lnu‘&\a»

>
et S be one umt a\( Llow 4o ¢ & T gah‘&{\ﬂmé the flow comszevahion twle od 2vacy vertax .

. > — 2>
DL{N‘ML Tts uanugxa o be %L\PZ:;RJ = %_ (Q“ALQ

Thewem  CThompsms Principle ) Reg (5D < £4)).

N}

S >
Conddec  C =3

i\z“e% let T bo the elechical flow ef one uni “Qfm ¢ to €, o N e e (‘MMSPMJMS \/olh&t&

)

> > >
As beth 1 o\m\] Sm%‘gfv(\ Flong Omtervafion  constyaints ;| we howve R\%

=Ry= (X "Xy) s the
> ~
v-th JLM’Y\g erk AN Z\J Lf\(u,\fﬂ +EV (;(\11\,\))> - =

L 6h ANY “3 R ()
wiet WUER

> 2 D
T\\L(LJ@‘(QJ BTQZ BT Th:}): O . awdh hone m?W&EC(v,m§> o) {\N all v

QL\\Q: (erE ]1(0\1\03 Cab = OE!:E QKLO"\])*CKO\’\U\U BV

>

bs - PR
aper b (al)Cpy * X Eﬁ; 1o, b)Y clao) -ty + E@a Clab) Vo,

3
\

> >
Obcowe that the {\\rgt tolm 1< C&,L:), ond tle (oaet Tom ¢ Pos\t\‘\/a \\% ﬂ\;).
>

Honce  wa vl Oﬁwxvlda the FVW\[ one  wa how that ML_E\\L%\O)CLQ,\Q-V%\D =0,
To see “C\/»‘\gJ QE&E \\Co\i\D)“CL“I\’)‘(\Q,\O = R‘?‘(:E L\JBQ‘\/UQ) CLO\/\)> L\'a\,a O\mes LO\W>

- o?‘nﬂ; ( Vi) clab) + vib) C(b/(ﬂ}

= 2 v X clahd = ©
ae\y

brabeh - o
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E{fective Resistane as Distunc

Lot e k\fa o &Jbt Cema  Inbation about  the —zﬁanﬁ\/t Cesvstances
T Ra\%\sj\&ws mwbh‘n\d\&\a ?(‘W\QTPU, Sa\as thal tlo JCHQCJ({VQ cesistonce  Canmmot dec(rate Tf W Thfease
the rogistonce % Srmae Q,o\&g.

! a2 2, >
T\\Q“@M (_ RO\\&&LL\\&L\ < MSY\D*D‘(\\\(/\»{\a ?YW\Q‘\EKQ) L,Q,i \C 2 ¢ \DJL ’t\'\q, YEQTS\—V\WU_Q . T»\Qv\ Q,(‘L\ )2 QVL\JJ

- > >
where €AY dansfes  tha Jbv\u&\a S]l {Lmi wnder tle Yesistonws .

> N 5 >
00 etV oawd V be the eledtnic Thw  wndor  Cediglanes € and < (\JJC’F&LH\/L\U_
= 2 ,
Ten e = T LD oS Co2C
- /
Z 20D b\a tle Thﬂv\?sws ?““*F“' O

‘lhmm@\% , T,{ thete ¢ a ghwt i)o\ﬂn botween 2 and T, then tha @—(—{uct\\/e cedstane bebwion s
omd. £ T¢ Small . Bleo, f  there are many Foﬁtks betwaen @ and T, tlen tla Q‘:ﬁaz,ﬁ\/a vesistane
botweon € avd t  Tc Smaller.  One can use the Qaamg\& w\mom\aha Pﬂmkf\g to g‘\vm o bound

o~ tla @ﬁa.dﬁ\/t reats Tonee

Lloim Tfy thate are K Jmirok\%mt paﬁ\r\s "ﬁw S T, each of lonth at  mest Q.
Then  Rogt G4 € Lfx ossming the graph bt el
oo Tnctense Tho cestslones of all ofhec adgec to m{;m\g. Then tle elfective festttons of  the
\(msm\\n‘vx& gm?\ﬂ S oot most UYs \0\6 dxet  calewlation . \%v(\ w»m\o&w\u‘&\,d tlo Lﬁuﬁvm resistana

In the w‘\ng wwm k  Couwld. net be ngu tlan tlat . “

E%&g_mvn, e stoam w s V\(o\/?du an  alternalive \Nm& ™ maasuce thae dustana 9& Two nodes ™ QV&MT\,\,
Sometmaes  more mgl‘ﬁwl than the taditional chevtect Poﬁc\r\ At stan . FDY ™Métante , one Could e

tla L-Huh‘m ceQctranes  as  distonac to ‘\&&mﬁf\a clusters ™M a social retwork.

Acmqu\ﬂj .af—fa.uﬁ\u feSSstan et §m+\sfsa tle ﬁ‘ahglﬁ, ?ha%/\mlﬁz).

Uavm Qlﬁ (a,b) + ?\zﬁ (b,e) =2 @gﬁa Ca,c).
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Uavm Qaﬁ (a,b) + }?aﬁ (b,e) =2 @zﬁ Ca,c).

5 0 >
\T)(Doéi Lot Vay, Va,e o Ve, be the Voltages whon  one Lt 9{ it 1§ gont from oo b, oo e, bt ¢, tosp-
> Al - T = t
Than  vap = L, ChaYp) , Vo,e @ L& (Ua X ond Yy 7 Lg (Y p-%e) .
5> 0> >
Qo Vam+4 ¥y = Vac

T I I->
RQ&Q&,C) = K’XQJXC} NVa,. = ('XD\‘{XL\\/D\,\O + LXO\'%CB\I\D)Q.

3 N
Va,b@) =~ Vap (b) os Va,u (@) 2 Vo h (D 2 Vg, Lb)

{w A\ ceV

< O > >
Nete <that LXO;'\C& Vao = No,p (o) = \/Q,L,ch

!

1

Rage (o,b)

QM\\\MK\S/ the gelend Tamm V& ot metk Rgﬁ(‘wd Cand homee the clom £ollows . 0

Thn 4la Qo\\w“v\& we will talk abral the Gwvnedtion  betwoeen Qﬁadw‘\/t edctane  and L\Tﬁ‘m& Bmes ,  which

wAll &\\Vm 2ven mwe Inbwibms  abowl v»%KV\& Lﬁuﬁ\m cedgtrnes  as distanacg .

Randems Walk in Unditeded G qJ(u_\\_s_

Recall ghat the hitheg B from & v b % the wrpected numbec of Sheps 1o teach b T the Condme welk
shocts £om ) donoted \O\é Nox

The cover Bme ¢ the wcPutuL number 9{ S%a?g 1o Crach Q,\/Lﬂa vartex  at leagt one .

The commute fime , denotad b\é Cobo , s defmed  as  hay t hpa.

Theotem Cot = Regg L0

ool Lt u eVt . Then h 35 CHhae) | Wity ez o,

VB T uwee
Thie T z%m\vakmt o d)= dLLU}\(\“‘E\ML_E \f\\,uh = w%wee(\f\vt"hwt\) %e\( veV-T .
Observe theX *Wie very indlor to Oy La?mcm Wy stem @-{ Fheer U{\&ﬁm&‘

Lot yp be Tle voltmpe ot v with Gee=0 , when ) wmite of curients are

Tn}o,c,tsuak \Q(a\m veVU-T awd 2m-dlt) wwic e\( current afe vewovad ’{:(w t.

Than £l valwas ({bvc avd hyy Woanld Sa‘n‘sﬁ& the Qome iw‘ﬁms.
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Thie ve becansa /{w vel-t OXL\J\:\EUWGT: C Cf)ut~ bt ) \mg Ohme  law

> )
Lot L be the Vo eJ( the axtunal oumrceate ith 1 GO = diy) '%u\( veV-£  and
N > N 2
\J(L{\ T a4 itt) AV\.OK KJA( q)i \nL JC\\L vecter with CP& LU\‘— @vt .
> > . -
Thn the values (Put Qmﬁs{-\a the Lm?\am‘sm gnstgm LCT CPC = g witln (@t@\j\ =0,

>
Wea know that the <ot efY golwhm v thic Lo\?ladm\ E\Adtm XS S;LE; it + (L:f \ c GK} .
h\/tj ¢U{ ’{\Qf ﬁ,l\ V.

Thare < o mvﬁ%u Solubn  wirth QSK:O . hante  we o muwst have

= ) N =
ut LBS be the vsctyr g‘i axteunal  cavvents  wath \SLU\‘—CXL\A v{ VE-S  and \g(&\:flmtd\(‘s).

> > =
Than , as aboye, \et \V\Z be tle W\’ﬁﬁ\& e vty with he ) = hyg ol \f\sﬁﬁs =l =0

=

> - N
Then he Ve tle tnigue solatim o Lghg = i with heg 20,

> D S > 2 +
Now , L@(L\mt‘\/\g\) vty T 2m (’Kgfﬁ%\) , ond $o US;L\)S)/M = LQ (XSfYQ-

5 05
So éviv&\:{\(\g) (RSN \Joh‘n&x vechse wlan Y Omaperes o gsent P ¢ o T

B > >
Rest (56) = (s-teY (3 (o)) = 2 (Rt e @) = 3 Chpthed) = 25,0

in\g thic omnedion,  we Gm We Ttoto give bownds on the  Commute Bme awd  Covec e

(:ng“gna Tor Oma Q_ﬂ\&l w, Cuu € am.

T L‘Huﬁvﬂ tengkona betwarn  woand vt al mest one \”ZX Onms Loy . a

{99

T\\Q,v{tvn The cover Ve of oon wmditected, g(c\?\n ool mest QW\U\“OJ

fg{oog L-Ut T be a %‘Pavw\‘mg %(R,L s’% CT

Consider o walk thot Qoss Ur\(mm\g\n T W 2och @\&9, U 38 Aomsvecseh ome ™ gadh diredt on.
Then *thic ¢ a walk that vigts v sy v ehax at leagt  owme
Co tle cover Bme e% G( 3¢ bouwwdad % thea )Zy?utu\ ULV\SHA o{ this  walkl, which < ot ywest

EGT Ll’\u\u* )f\\lux\ = EGT Cw € 1“\“"5_ =

Tov tlo (‘Aw?btz &‘RF]" with n verlices , tle cover Bma 2 @LMOSV\\ (mgw collectyr Frobbm), but
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the above bound gives ml\a Oln ).

The follaving Ts o Highter astimate of the covie time.

Themem Lot RUE= mox Reflun)  Thin  mRUED © cover tme € 2&mRn) logu

M Lot RID= Rege ) - Thon 2m Reogr () = Cur = iy tho

Qo the cover Bwe Te oF (24T o § hue, hwd 2 Cuy [2 = g Gan), hence the lownr bound

Foe tha wppes bound. , Sine fla mavi mim mm& Bt T¢ at most  2m QL(’W\)VI_&&J(*\QAL tl ghrﬁﬂé vartes,
gs, o Verfax te ol tvverdd o\{tw ngw\(luq} S’w?s v at mest ‘/ﬁ b% He Mackoys m%mma.
1& the candm walk funs Hor lmeL(@ bhn @tng , tan 6 ve¥ex o ol cevered with ?{aba\g:kzha s bs
By tla wnim bound , Some vurten T not oweed ofter 2mR(G)Ian ds of probability at mest |/
Wwhon thic \.\Q?E%g L we :\wst wer the bownd  tlat the cover B T of  mect "

\ ES
Then  tlo cousr Bwe T al sk 10}m9\&\)\v\n + &TA‘*)V\ = 19}W\R(Eﬂ\\nh+ﬂ .o

RQ;Q(‘QV\“,S T %Uw +le Fsasoy\mﬂws b‘{» the toucse woleg o% gPTQKW\D\n on \kirq’fks awad y’\zﬁdwkSh}

ond  alge C,Laph( 5 in h (o\v\dswv:%w\ quNETLmS " \06 Motwon)- RO\EL\Q\/QV\ o bowt fandma Lualke
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