CS Y7o Combinaterial A\gor‘\ﬂ\ms and  Dota  Ctructures S'p(mg 201§

Lectuce 214 : Swall-set ﬂ\mn&‘.w

Todauw we vondom walks o {‘md‘u Shall Sparse s . This will lead  a “local” Srapk quﬁw\w?ncg
Q/\&m{\\*’]r\w\ Wtk Parfb\(}v\anw amlac o thae Specheal ?o«ﬁ*ﬁw‘mg %\&h(\\ﬂ/\w\ Also, tha o\m[xas]: Wil
allow ws o prove Hhat - thet ace womy Swall lgenusdies in tle Lapladan vt tlon  Hera i

o\\wa\gs o gmall spavie b,

Chall—get  2xponsign

\/\)L (g \mJ(QrLSJQM n {Tnd\‘w\g a SMQH g‘FO\rQL et 5 1-1- o, ggf N \,\;\T(z\ (t)(_S) §M0uH and [S\ gmov{[<

L,?Jt ¢g((so T Y dPg(S) \c@ o S*S‘MG\H\SUT /QXFO\,V\S\IM 9% %
ISNEESI

This problem s natwl  and hag appications Sy v {;mﬂg & Small cmmw{ma Mmoo eocal nehuev k.

often tlo Qreph is Very  bigland Tt oweald bo useful do have an algerithm  with curning Fime
m\\va dLPmcks sn the out put S?g@ ( move F(u‘\sz\»&; M\)gnds s 1SL and Fnkudug U\;O>) <o
tot s Cunring e Is wublinear when 1K1 g small. We call such O»ISDT\\TLWMS Mocal” qignﬁ%ms,

The P ctval ?mfﬁ\\w\whg al&crﬁhm con  bo \‘melzmaﬂfM o oneac- inzar time | and %Aa% we  wa ]
Cea o Yandswm walk a\go{\t\nm with  smilac FQ(%MMO\YNQ, &wo\rmvﬁ(w ond Can be \miﬂgmmﬁm& L"%C,Q,H\{S.

Tha o.vw»\kaﬁ\ks will ghrw geme cloe  Comnection °I£ g?ad\m\ Pmﬁ*ﬁw‘m% and  randew walke .

Ancthac  motivation o ahudy  thic Peokler s from  tha Small-sel axpancion Conjecture by Raghavendra,
anch - Stewtec | which toughly Says tat the pecfwmane  vodio  of ey polynrial Hme algarithn,
ot approvimetas  G(6)  must depend o0 5.

Move fomally, the oojectae stotes it for ony €, tlee 205t & cudh ot WE T NP-havd o
o\‘\g“ﬁn&m‘\d\ tle {a\lw‘mg Ao catel :

(O Thee  easts ey wth D < e and sl <n

D b2 Ao evary set Sev with 1sl&gy

TE s tojectwee % trae, Tlen the wnige games  Gowjechure Cwhich we wAll define naxt )

s trwe L oand this  wsowlol \m\yl\,}( on\mQ] "\r\qppmx?mw%\\‘\hg Yesulls  foe o f@w pmguma B RNLMLT,\%

+lo th%—awmx‘,mﬁm {w mox ot and Tl )raPP(w\mﬁim j@w inimwim  vectex  Couac.
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1"{( R CV»:JQLW(L AV fRLgQ , tlen P(DLWEKVA +le Mv»\%wm gams C/ﬁv\jzd\zxrq, ¢ \%Lga - ’f\wm( ?r“{‘f‘wr

thog o\\(a/cﬁm\)/ oand hopfﬁ»“\a tle Juokn‘,%,,\u n oUSPrw‘.ng U owonld had \1mpmwk aFFrb\c\\mﬂ\m alj)uﬁthmg.

The udqus game  Comjectuce  Can be Gtated ac follows

Comidec the  problem of  linsar 2geations  owee two vadables  medule R e X3 4% = 2 (mod R), ot
The Conjecture \9\6 khot  glottos that Ao any ¢ Hore oacts ROSE Vs NP -hacd o did\mgw‘cs% tho ﬁ:([mjx
@ The wists a Solution  satisfm (CO)—fraction of  oguations .

@ No  golulions SOX«S{U‘W\A more. than 2 - fmﬁm B‘% {ﬁx\wﬁmc

r’\d\mun/ e caselt et wo ace gn\w\% o Asass o bout x\nga\m and  Small-5elt Q\LEANSIM Can

be wed to d\a,g‘wgh a iw\azxkywamtlml e MSD(}&M 4o o\\gﬁn&vﬂsk Letween  the<e  two Cases .

Random walk vectws

B\,A o D\Y\O\,h&i\ug 43-% (’,L\ugevlg ‘ing,%/,\aﬂfg, we  Know ‘tLovf \L{: WL Az gNM o vactee Xemm , Hen e Can

~ ~ T ~ —’L

Dok o opame ek S€aupbor= § 11 o] Wk G € V2R wdare RO - %:‘Eﬂ?@
TX;

A&m\n/ we 0Ssume e &mFL\ I d«rlgu\wr fhrm&hth—

Algsrithm  owtline

The Qv\&o{n“t\f\‘m s \/Jm”ka q\”""‘{’\@' Qo let we %JVD&L T \]V\JW\(YVLA“% %rg%/ \,\;\‘tl’\S\"—f SP@C‘{H\W\S{ —t‘LSL Poh(mvu’:tlfg.

Lot \J= %“Tﬁv A:L% Lo Llo (qgué Yandsm Ll matix .

O Tor sodh varktaxy 1€V . tempute \,QJC%I fw Sema approprialte T, where % ER. has e n -th ?w\\b\ﬂx
. ond. 32 otletwise.
@ N Teuncate W oA 4o o vecksy with Somall” guww% .

@ APP\B Ql\ugar rbmm‘dn% o Yo truncated vectss  to oblain & Small Spacse .

Ahm\v\{\ s oubtling
[8)

Foe @, wi wil proe Tt o vschwrs W would have  Small Reyligh quotiont . fov all TeV.
For ©. e will prova Hat }{ tlete ¢ a gmall Sparse cwt S tlere axighs Qwme vertex e $
Quch —thats H\,\Jt%\\\l 'S \mgp, , andk b\,‘\klimPLé Het It Can be uncated nte a vechks
of Sl %mp\)wt L Wttt “\r\Q\fmf;mg ‘e Rmﬁ%‘\ &l\ W‘t\aﬁc too mwch
Tor @ . o we have a vechs with $mall Rayletgh qeuationt ond gmal Support. tlan  choopec (ouhoﬁnj

wonld PYGM& a  Small SPQFSL wt . oand  this /’Jar% S Sha}gh’tﬁ\(wa_(‘{)(‘
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T @, tore are twe approaches o chew tlat H\,Jf%;l\j, s lQr&L—

Ona Opproach Ve to Qrque abeul the O gTQ\A‘mS ”

"
n

8

NS
ov BN mFt

\){a\so\b\»ﬁ‘h% b’f o el S/ ond  thig

tle small-<et P_xfmnsTm P{o]ml@,m.

will g‘lvu WS o

biceitecia Q\)me\\mm‘\»w\ M&D ¢ v fﬂ\r

Hrstlor qumad\ I \Jm,u/\vt Hﬁx»\k\x u?mg JL\\an\/Mmj, and this g\x\/o,g wé %wa\\dsz(T Condi{im,

N
o e existene e% o. Small S parse wt -

(gPQCf/D\l>

Qaé\n‘.gk %«_Aﬁ-, ant

Now we M(Ya owt o G\V\q(vdiﬁg af ‘e {?(%T Stm\DJ t chow that  +le ‘?\mamgk %mft@mt O‘E \A)-L/X\‘
Yo Small  wlen £ s \O\(KL QV\WSL\Y

R
TL\Tg §L\vw\z{ nolt bao Suxr?(\\g‘m& , because wa Knhnsw that \A)t%“ = q = % Cwhen Cs\ T¢ ol\*\’z&wko»r))
ond S e RO\A\LTKL\ gswnf?zv\f Tends 4 Rerce when t>w.

\/\Jkoﬁ, s \w\‘fme‘m'\" ¢ +Hla PFO-C\SJL va\va(g,bv\uz fats , o2 Tn Ha Setsnd S%Q,F W cannot O;&“{wo)\

"h) ta 'f *Wo KQ(SI& ) and ’kkﬁg b ’H\L +qr\g‘;3\q ‘F\b\(‘ “b\\n. [,m(ru,f CLw‘nUL 0{» J[

TL\IL O\V\le\aq\s 1< Umilae <l O\nmk\asﬁg

%{‘ e powe C mathod o wlich Yo a oy +o Commpuitie e
lo\rgut D,\\gu\\laujmv af a  matdx.

\
K= Y
Lomma 1 ROWEEY) € 2 - 2wt where RGO = XX

XK
DY no%[ Lp/'b "\‘LJL ﬁ\gzy\v NLN,S o ‘% \,\) \o Q N
Noke ot W= t1ab

So= T-3S (39 = o454,

“Thecefoe . R(w{{)ﬁ):: (f)(w,\)t}gf(\,\)*;?iﬂ

= 5 s DewOWW)
Nt (1 VPN
. a)
\Witae Xy = Z\CTVI , sz(q, Vi,..Un O o o Ji?c&ev\w_tt‘@& e’% \z\) with QTgthm(wi oL, L, KA
Y AN ~ n 2 2t
TL\QH, \/\)JE(XT = }_ ey ks Vi L ond H\A&'X‘\\\ = E\ Gy o5
=\ -
Y 2 2th
Heoo, W wlufxg) o 20 G0
st ’%K\\L ‘% o gt

Now, wa want to qpyha o Powac  means Muﬁ\ﬂu{?ﬁg ) which  gtokes  that
N AN n A n L
{ Ewm ek vz v e (Bwg®)T 2 (Fwg®) T gy

Notice BT C

N
A

N S >
20 VU and = <4
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So. we Can ""PPL‘g e powEC means \\mzagmm‘dﬁ} \9\3 QJLH‘\ng wi s C‘\L o Y= to gef

- 2 LA 2440 n kR 2k Jﬂ
&\Z Goo > 2 (2 ™)
(=¥ (=

n A 1 L
BN by 2%+ n i - 2

This mplies that £ G G > Q\i\ oldy >1 = &H W' %;l\ﬁﬂ = ot asl, T
v O\\L D(‘\‘ =

TI’\Q(L&“LJ Wi have RK\UJ{’XKB < 1»7_\\\,\)&%“\\1 g

j[P\//

To g@f o ‘gﬂ/\\\*\g whott Tt g}\/mg ws —g\wgf obServe tlat \\\)\)JG’}()‘ N, = QI—? , which 1¢ Mvmmv%m}\ when \,\)'X

A Lloan /-
So ?\(\'\#{X‘J <> (- \YL;% > =201 / 3 = LQ&"/JC (s 5% 1-X )

Thoreforn, V0w et A= Lgn e RIWT) €N,
)\‘V

\
and W Wweoqet TE 3o, dhen RGIM) € Asloge

\,\)9_ L\;\\\ wle Lhete  chodces b{» < Koﬁ‘l( (')

LG\ng 1-rrm and  Small Su?jlzw't vectey §

I&Qmuj/ we Can d\(acﬂn obTom & vector Dj[ s mall Su\:v[)wf L but tle SuPPM QT%Q o’{‘ a \ectse S g

Algerate P“’P‘”% andl  1s not lMa to be yrasswed awa(gﬁmlta.

Tnstead , we Comsidec o O (eaxafion ” D§ thloe oNscreta meerJng . ovnde 1t turne out tat there 7S

o Slmple  property  Hot s 2054 to handle ond s chse 4o l\a\}w\g a small Suppwrt (for our prom)

Tov any vector  XeR” with ot west b nm3eres . we have Nl < Sén Il b(j Counchy ~Schwar z .
o {5\/ a vectey with  Small S\APFW% ol te 2mnevm o omwst ba 1G‘(§Q’ ok this e o %A,am@f\j wo  wovle with
In osuc P\'QHQM Lo CenSider Yandtw  walle vedses o—# the ‘ﬁ;\(m \/\)JC/X; . whach ¢ @ T)(o]oa\:: LT‘ha Aistyi bt |

+

W has at mest Sn nomyerss, Hen \\w%\ < Jon Mt all,  and thus Uw% 2 éh

The gmd\ news  Y¢ that Tf \/\)t’X; hat  Swall Rm&a‘\gh fustiont  and 10\\r§<k L-novm . tlare 18 &

Q\xm?lq c?ewﬁt\w o tuwrn T b A vedber O{ < mall Qima(ojgk %m,f?@vd— and, Small QMPFHT‘

lomma 2 [t weR be w hw~hagmﬁ‘vm vedbor Wwith Hxlll\é ShHXHLL

Then  tlece existe o vecbor %UKY‘ with \Q’MP?(%)\: oén)  omd R(kép = O(KU\» .
Yoo T)\Q p(bm’%‘ s lna 0 g\«m?ll truncation Qrnguzmt .
By Scaling, Wt Can assume that I, = Shooand M, € 6n

bat  yeR' be the vk with Y= waxe £ X =% o]

Than, 1t ¢ cleay tat \QAPPUAM < 4dn 5, s othecwice \\Y\ 2 4.
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We just weed o Compase RL\A): ZST:'?A _ s (dfj?;jjBL with R(x):_\%%g_ .
ER i oA 37

s, potie that for  s2ach \\]eE L wa have (\3; —m‘f < (y;A(J)L, as Fruncabon wot make an ﬂo(jf( (W\jer.

Q'a, +le rumeratoy cﬁ— \3 & net \qrggr Hlan  tThe numecotsy e{— %, ano Tk vemans Compace ~te donsmnitws

Note that j? 2 X;L* LY, ond <o Ty 2 S;%T - \3?%7 = é\““g\{&" = gh/1 = \\x“i/l

lefm‘m& , wae hove RU:Q = \“E} %T“i‘;)L < M = 2ROD , and we are  clome. o
AT Y d TG /2

With s runcation lemma, 1t sl ‘{n\( WS ‘G\M}\ o vechsy with Qmal Qai][z\gk %ﬂz)fiﬂyrt ondl

(o(ge Y-ntym . 0wk Haen e Can trunwite 1T b obttw o Vet with Swall RCLLALE\LEL\ %Waﬁﬁnf ondl

Small QMPPW*‘ and tlen wo Can ]wf a?p[vA Ckuﬁuls roumﬁnj o L2 e %mgh He PYODT-

Honcoforth . we  foos  om boMa\\hg te 2-herm af a Candom walk vaech~ -

Higher oligenvalues
3

Lot —tle Q‘\gu\\/o&wg e% N bo A=, 2. 2 dn 2 0.

gm’PpﬂgQ “H&(Q al e )’Y\R‘v\g5 l(MgQ Q\Lgév\\/ghﬁSV SGUA O(K 2 \-<¢ ’e‘b\( o Swall € avid o \arg( A wlﬁCL\

CWMS?{WKS tH the e that )kﬁli ”fw o nwm(?%u{ Lap[adan matyTx {

Congide \,\)‘t L wWhich has zzgewa(ws 1= dfao(fz 2 o(j 20 .

One  taw = sum of aipenvalnes . we have % WK = Y Wi = Telw®) = § «fz k()

Tt Lolows Hat thew easte T owith Pl s S e

Suppose. k= ot Hov Some O<F<h\l‘

By Serting t= “B’QE—“ . we howe H\f/}@(;\\iz %(Pﬂ% = %F(“Q T r Y\f

b _ th % - ( peVE G-

By Lowma 4. we haw  R(W ) ¢ r=2llw Tl ¢ 2= 2n 2-28
:1(1n1(€ \>(%>>
2 (1-p)(5)

%, wr have ROWFE) = 0(F) ak WPl 2 L,

BL& Lomma 2, we obton o veltsy \?\ with R%U 10(%) and %\AVPLL/Q = O(\n\ﬁﬁ) bn \AQ\\P\({ éiyf

P)\a C,KU\&Q( rOM\dﬁnSJ (WIS &af o st Ccey  with CPCS> = D(m} = O(\Ei;} o lg\* QQ‘(\I/? )

Thic Proves the vesult ?m& Arota, Barak and Stourer abmct ngu &T&“vrx(w& and. Small-set ,gx?nnsTm.

Theorern o X= yxlf} o othae s a0 polyusaial tme algwithm At find a0 et € with
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M ?D\/ Y= \,\1? R ’tLuL, s a Poh/(\v\m\\o\\ Fime Q\SB(TH\M +o ‘f\w\ok o Cet < with

q)(gj = 0 ( \W‘;B ond \g\: O(Y\ka?> , \NLJL(Q, XK s thae kK-th ¢wallest ,E\\SEV\\/A(M, p«{ i

Tl\e% wse  this cesult o d\aw\m?euz the &meL\ \"eo«rs‘\\/zka weti o all e pieces have. {aw S?v\al\JLngnvAszs

(0s otherwice  tha process Can Lo Cotinued ) .

Tn 2och Such pace, H\La Show +thal  sne Cawn do  oxhowstive Seacch st 23QanSpat +o {,\w& a

gond golution  (nee the dimengom 75 low , tle axhewstive Sgarch can  be Aastec ) | and CWBMM({

+lo two Q_,JQQA\% gNLg o %ul;zx?waﬁ\m\ e O\ISD(TTRW\ ‘Eo\, L/w\\l?ml Jomes .

Approxsmation ol eocithm
¥ 3

The absve Sectiom &\\\/48 a %uq(%:dznf Canditiom ’fvw/ the w¥istence o’f a  Small S?argg et .

T Tt Section , we P(;Lsan‘t o breritedio O\PFfoy‘,\mcﬁ?m oﬂfw\‘ﬂ\m {m\/ *{%o\?r\g o <Imall Spacse b

\TL\L QPP\’OOLC\/\ Ve @imilac L, but we need  a d‘\—ﬁtuﬂm W‘*% +o b oumd, Hu\)t/X}Hl

The Ydea Yo tlok 1,&; C 3¢ a Swmall Spacse et tlen when we stact a (andiwm walk ffw a

vertew 1e S

tle walk will %tm% within © with o feacsnalbole ?fobalo\k\ﬁv& . and So tle

entiee  n \,\jt?h (p((qumo{‘mau e vortias Tn € vl have lo\(&o_ values | and thus Uw\f‘u;t\l \Q(EL

XY lQ’t,S 'k\(\é ) O\Y\RL\A%L e Fru‘ofa\vﬂﬁﬂé tlat  the candew wilk S%ma within 8 ‘%« T S‘ng&

Claim Lot po = rm\

< and Pi = \,\))?0 . Then \ES ?JEM z 1~ JC—¢(S>.

?(Ogg \We Prove Ny \o\a (0N Q\W\'\_PLL S nouctive Qf&wmsz,

\Wo lowee bound \?e& Ft(\» B\A tls \UVOEq\a\\U‘f\a that ~le Candsm walk Sﬁ\dﬁ witha € 3n all SWLQPS.

E%m\\/alanﬂj, W uPpec Lound  The Prb]oovlﬁh‘lt\a Flar the vondowm Wwalk Qo outciole e§ ¢ \n a% ag Lhese g@%
o start with po, the wifom dctdosting ta Q, whie aeh verter in C ha pobalithy 5.
Cine tha groph U5 olrepulac, Zach adge going out of S Wl Carey Gig  probebiiity sat of <.
So. the total Pm\mmma LScaping out of O 3¢ ls<gl~7i@ = $(s)  n thke first g&ar.
We would like to orgue that  the tvtwd esczx?\mg meum\a at zach Step s ot mest dls),

ande thws the ~ttal J@@qu‘mg p(o\mﬁa‘\uﬁa e oab wmest t-pls), and thue *ls ghn‘mg

?fokm\utu&g 6 at leask L= t-¢(S) . and this would ]mpl% +le claim.
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TS {\,\:gt\ tha P‘”!V PERWES ‘Jmst need s obsevve tle invariant  tlat  tle Pw%ab?m‘m& at e varlen

Tn € at gadh time Cﬁz\> 16 aT mosk V\lgl . and thus tle gome Calewdation  holde

The observatim Aollows from the oquatioa P, (V) = Lo+ I, P < \%\ .
uwe s D
Covdlary — Thete xists o vertex vel  such that TF poniXy  thon 2 Pl 2 -t 4.
Y 00 We wee the foct tlat _Q% TS o Cowex  Combination o f % el
et et - Wi and P+ = W C\%h Nofa theb 5 Fo Wiy = W (T
S 7S xeg Pei () = Eg Pom(i) 2 1= £ 0l byt Clam
Thacafwe, thew axists o vertax U Witk \7; Pevlyd) 2 1- ) | g
Corallary There wasts €0 with 1812 Isl/a swdh tlat f Pom Wy o ve ¢’
Llow ‘Eg Pe ) 2 1 2t ).
voo by Markeu's inegeatity (execcice).

Now , we Can bound the 2Z-novm e—{» e vandeowm walk  vectove
~ —)\ 1
Lommor Thew zoste 16S with WGl 2 T (et b))
Y00 Chopse The veckaxw e $ +lak 3¢ %wmm&nw\ \m% tle {Trgf C_brouartﬁ‘

P __kl N 2
then Wt 2 \Es(w %)) 2 KY &w%3%>> ~ - dmg))

Putting together
¥ N
Wae are (o,m}\ué] ) Cmy\ao_ “the D\v\ouh:)g\g .

L
Qot t= 23O

Thaon, \o\é Lommor 2, tlarte 2&sts 1 with U\,J s ?—S
‘ S =P (28 2508
By Lamma 1, ROWn ) s 2( -t ) € (- ﬁf\ S I G A2 ) = OUPCSWH(\SD)

\%\6 Lemm a 7, tlese exists \% with KQ\63> O(CP(S)QL«\USQ) and %m??LnB = OQWD-
B\é QLu&{r ‘(om\dfmg in LYY, L "?\r\é\ a  cel Q/ with Q)LS/): WO and \SVIID(LSQ,

Wa prove tle ’?Du&/\f\rg bicyitenia  fesult .

_ * *
Thesy g m 1—% +lete s a gt S Lutth L‘bigstd) ond Lsl= gw , Hon  we can ‘FM\OL n Folahm\ﬂ

Hime A et € Witk dgm:oﬁmg—;\) and  lsl= OL5n) .
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Notice tlat “tloce s on  2xtya \;Lag\i\ ’\Qo\cfw in  Tthae o\m)voxlmoﬁlw ratio | leﬁafad\ o §Pzd\m\ qu{d‘\m\n&.
TIn Hw? wow are astid Ao vomeve s m\ WCO\LJW« in Qome  §ituetiow -
T—g Lﬂm Con Yemwve Tl \b&\f‘\ %Adw ond  LSl= o(\g*\) , tlen ywosht \\k&\n aou have o{‘\g?wvut

the Small—cet VQ,X’PQHS\IW mejecm(z \,

Local alpscithms
=)

One &duawh&z of 4l (andom walk Q\s&w\\‘b\nm ic tlat Wt tan ke Vrnplepme nted LOCD\,H% wWithouwt
&x?\w\vx& Tla whela &MPLM

The tdaa T that  we can truncate tle Candsa walk vertsr Tnavery Step o by getting vy
Small  entyies o ere .

E\é d‘v\w\& So. tne Can SHll prove tlat tla Tesutting Vecter T8 a gowt Approvimett s, of the Dr?g{nql
vects , ond e came omqhag.\; will g0 ﬂ“m\@lﬂ'

B% truncitim. we Can attume the vedivs  are of Swall guppet L and me can Choy thet  the tuim|
Cunming Fime g o ( o\«lsl\po\g&oguﬁﬂ/&g)) . wWhich T sublinzar Yf ol and IS ace  Smal],

The detoile ara cﬂd\%kﬁwwm bwt  tedwet and  are owuited .

Thete oce otler local ngl« \jmﬁﬁw‘mg zx\gu?tms L/\S\‘r\g pfecank \actees  and Q\/u\vlw& wels , and +Lg?

Qem v ek well n Prm‘\cﬂ aPPl»\od‘.mL

Rzﬁuuus

You oce mfg cred B the papec = S\ALWPWOM\OJ a\gnﬂﬂms fm' \AM@S\AL KAM’—J anch (2 lacted Permi " byal
Brola RBacalk , ondk  owl e ‘?\N tla o g]mfa[ Pfoof and Tt RPPLT et in inu\mg um\gﬁm gamer.
Our \)m&avﬁﬂ‘\w\ {%st tle paper o 1w\\7{ovﬂd\ ngniexzs Tna%wt‘ﬂna and O\v\rﬂnfvg ‘ojﬁ local gmlnk qu‘ﬁfﬂ‘h’mo[

. . o
\3\6 vecter  @pandion  and 23ansim pfo{\(g )
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