CS 2o Combinoterial P\\gor?tkms and Dot Ctructures , S’Pflng 201
lectuce 21 ¢ g\ncf(o\l gtaFk 'tkﬂ,wt&

\/JSL'H db Rn Int\(bd\mCﬁW ‘o lnGLS\\Q SPQC‘t‘(R[ grqu \H\.z,gv—\& %ML&

Real . N

Our %Wfﬁ“% PDVr\JV Wl bo the {'b“ﬁ\afmg( QFM/JVM\ Fhesrem }CWW real SAMW\F—%Q mateiees |

%6 an oy Thonovmel ooy

“Thesvom Lt B ba a (eal g\é‘f‘/\\’\’\e}t\/\\(_ N onatax o Then thare

6’% RV\ C/om\g*\\v% ofi z‘\&m\/zd\ws Ofg A y Qv tlo mLs?m\ok\v\g @\\Sev\vaszs are (2al numbers.

We wall net prove thic thesrom  sen . 4l bwk (L\gek(o&c grafk ﬂ\am% - b% Grodsil and KOL&[Q,

The absve ~thesrom aﬁ;l:u To &d\jmun% Yrataces o% undicecte & gm?ksl butt not fw dicacted Smglxi, and

this s 4le veamssn that  tlo Q?Mwo»\ “TLeﬁ% NV much wsve o&z\/uo?m h ndiractadd gmfl\g,

'Powu o matnce
Hmvhg Oon pvthonsrmal et gﬁ Q\\gkvx\/uﬁ*& TS \/ar\g &ooc}\ ‘%\( C/P«V\’\Dw\‘k‘ﬁw-

o &xmv»p\g, lot V' bho Yo modix whosw Colwmnd {o\«w\ o orthonsmal  basw o,% zt&em/ums v% A
-\
and hewce A=VDV ;\/D\/T_

Thew AV = UD  Wee D 1 H d\?a&mm\ e X QJY a\\%g/v\\/mm&
($ine \/TU*—I anel so Vﬂi\ﬂ)

K Rmet

To  Computa A5 we ebsers tlat ko st (Vou )WV Lupd ) = DV and

A K
DK Can ba Cowm e d (qukm% s O ¢ oa M?agw\ e, e \\( D:[ ok\ DK:F'»\ X
" d.r

)

e w \/V\/A \/L§5§\A , %\7« \Q\LRW\FlQ) RN O»M\\,SQW\J& Cardom walk Q’&' a ng@'\ o Which wo'll see later .

We  have olgs geen ek Wb g ULSQ{—VJ When  we gmﬁ\a matix D_meu\’h\a\ lact Bme .

E\Qen - decomprsiion

A\SD, (et un\)mw»V“\] be o b&s‘\go& vt honsvmal Q\iu\vut\wg

Than &v\\a veckor X v e wotlen QS GV, XUy kot OV

%\& mt%nhwwkr-ﬁa , <\L,\,.’7 = QC\\/\*‘ T CuVa Vi = R SVIRVAS I SN (GRRGVIAVE IE SN (N GV AV I C;

T\I\KL(Q,&W& ; X = <X;\J\>\/\Jt <X/\/>>\/L+“‘* <X1\IV\> VV\

.
VAR GV VA VA S VAR VIR
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T T T
S VRV S VAR

5
!
=

Thie ve trus fw o\l %, and hence \/\\)k\%\@\/;*m* UnV

Muﬁvlnwg both <ydet \Q\g A , we gzt
Ay = AQV\V\TJV\/”IJ(M.JY\/,\VVT\X
- (>\\\/\\/?* >\\\/>\/;‘%..\* >\\/\\J\/\\)\AT\)Y

Thwee, A s X ViUl oot Avava

?vﬁa\\%, we clawm  tlat ,L\glt \?\/\\/\T N %\»M\/j Tt \T\R\/V\VV\T ENED for all
\ -
becomse LX«V\VT*‘--‘% %wVwV“T)Q—%T\/\\/T+ “‘+%V“V"\T> = V\U\T+l_;+ VSR

L otor om, wo wiall wee  thie Ydea to o&z{ﬂu@ e \\PQA/\AD‘\\V\UU% N a'ﬁ a wetiy A ) whon

B ¥ not e% Al rank.

Teace = Sum of olgenvalues
N A\

WM

Toact Lot >\\,>\11‘__]>\v\ boe Fla m&wmm ofi A Than Ny = e (A) Weve  trace a\c

v

A s Okv,ﬁi\/\@\ s the  Sum 9’% Angma\ antries crf A .
P (oo& Conader Ot (AT-A) . Ths vootz are tla LL\L{Q,V\\/QLU&& 9{ A sk g0
det (OVI-A ) = ORI (A

Note that tle C/Oz%‘c]wtg 9{ >\V\‘\ = - >\T

My 0w s Aae
On the other hand | det (N-AY = det QD\-“ oo . o }
’o:w . ﬂ“; - >\f‘<‘4,h
%\& s &OJ‘YQ“S\‘“"\) M‘ﬁ“ﬁ“‘f\ 9% tle  dsterninant /4\‘\:\& C/oo,%c\\omt e% >\V\_\ dwha O\Y?U(g ™
Tl Term  (O=a)Oh-0uy) o0 Ch-an) Cowdach e - Téj any

Thefore, BN 2 00 e (B),

1

qukwvl gmyk\ JfLwY\g eletes Al Combinstmial ProPefﬁm D+ a 3rm\>k\ o thae Jl‘usw\/a[um and\.
Q]gz‘n\/md&*@rs of ke assecioted  mateix u.&, O\d\d‘quwha oY L LQP\MTan Mabaix )

Lats  losk ot gome ,Uam?u,s ovnd CRmpurt 2 tleir ng/d\mmL

ng\ltl g(ﬁ?L what - the S\)Qd\(mvvx a—& o Ww?\atk %(0\'\3\(\ \<n 23

1% G s oa Osw\\slebo, (Sva\)\\, tlewn ACEY = S-1 | (e T doneter <le all=-ome  wakix.
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(%V\\,d VLLESY Te am oigenvector of T itk lgwvale |

Henee tle ;L\gz“voxwas efy A e owne \gsy tlan  that 0—% 3.
Swee T 3¢ @—& tomk 1 4lece are  wn-\ Q‘\ng&\ms QJY 0
The all-owe  vedtor R O 23 Qnvector OJV T with a?&m\/o\\% n .

gb/ O has peo Q)_&va\/atwt ef n-1 ., oand N\ Q\\gQV\VQ\MS Sf ”(.

Coyv\t\)\z,‘tk b\?arﬁn %im What e svedymvv\ @,% o WF\@'t{ b:‘m,ﬁh (&ro\f\;\,\ \<W\/v\ 28

Tha &oksamma e TR % gﬁ K w  Looks  \t\o fktgt:%{iﬂ

1t i 9& toank D, So thete age ) g)\gev\valm o’f 9 , arndl two non-¢ o m&gv\w\ku,u Ao ks .

nA™
'

Ae

A= trawe (k)= O , we heve A = -Ay Lot thye value be K.

-1

£ 2 navme >

Thae  def (AT-A)= A - € A

-— A 3
(o ddflarmine K, wi wse the uwmm) dwﬁwﬁﬂm 9’% Ohatorm ot sr% ( /\EB

17
Nt A

f\vw& Torm Hot contilwbes o A st hawe R O‘U\&&ma\ Lwtvies

and. tha rm\aﬂ“ﬂ‘w\& Twe wvthes raust oo 40\;5 and -y '&w oL \\,]‘
Thave are M&\k\g mn Suelh Terme |, wWhave Tl Qi&»‘ s—ﬁ goach toerm  TC =)L

Qo K= mn , owh  thus k= W\n

To Cﬁ\dv\m y tl,\uo, Ao nim-) QES—CV\\/D\\,\MS ef% O , anh onae gL‘\gxﬂx\/c\\\.\,& a,\L Sron , awh ohe s‘t *SV_VT‘/\

B‘\p‘o.('\:\\'z gio.?& We caw C/\\a(ox(’)ﬂu\\%_ b?ym\%)w_ &m?\f\s ]O\IA o g?u&\w\my
Clovwna 1% G =~ a \D\Fwﬁka gm?\ﬂ andh A TL am x\gaqu\m 0& ALK vtk w\vx\*n‘?\\\c;&\g e
tlen =X Ts on @l&ewum\mk o4 A (6)  wth mm\ﬁ?\\a&\g e .

P fboi I% G & o \a\?wﬁta gvav\al “len we Caw \)a(mvka e rows and columns c‘f AL&) o
olkmn the form AL KO B 3

R' ©

g\/»ﬂ)o&% W= KX ) ¢ an gz‘\gsztdw @r& A with x?&mvo\lm N
o R X N -
- N { -
Than ( ot O) K\’Q\ > 7\( \a\ whyeh MF\\E) R 'x = )\\/A Ano\ E\)A = AX .

e s (5D

r YN
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oAl thae K;VA) Te an eigenvectos 5{» AG) with ,g?g@wm\m -\
k L'\V\ur\ué Mokz?m* @?&w\;utws vt QI&QV\\M,\M >\ wonld %}\/L k \W\mvkvA MD(Q?@MUMT

At g)&ev\vo\lu *>\) henee  the clam . -

The above Yeswlt  Shows that e q?adymm e% a ‘o\vo\vﬁtm %YO\?L\ i gxﬂmw\ﬁﬁu avound  tlo

w}&\n - Wae now prove ot tle muete Yo alge  tue -

Clovwn 1% tle NEWnYe o _QT%LV\VC\\U\,U bWy Tw Po\‘\r& }\;/)@A vkl }v\:»}\‘}‘ﬂdv\ GRS \giFa({w‘ﬂ.

Pooof Lk K bu an oddk nwmbse -

n K
Thon > >\§ =0

V=L

Notw that NS, N, 00, A ave Ha Qi&mva\mas Gj( /\k; becamee  wf Ausdw Han Az Au .

go; (VXS owve %(cx%(kkﬁ = »? ?\\\K = O .

Obgevve tlat /\Kx;s Ve T vuwmber tsix \Qmi%\n K wolks %w i %3 ™ Cj( (\mg i)
1& GW ot Ow odd C/\Ade O’{ L@‘I\S”HA K, Hlan A\:\ >0 ’&( S\ v J\,\(ﬂ%(ﬁk> >0 -

o , Qince  tvace (A)=0 Gw st Jave e odd %ctes vl Thows &{\Em&ﬁQ, 0

aplacian  Madnces

Guiivin o wndivected &YO\V\A G\) 4\ Lp\y\)\ac‘\o\m Y LCCT) s oqu\nu\ oS D(,G\\‘AU:\B, wikera
A

! o
Olk) = ( Odl:_d\ oo o)\ta&nm\ pavix  with Ay = (‘}\Q&YUL of vetex 1w G

n

a
when @\ T o ‘(m\o}mkar %frAP\\ B2 ST D:& C’Lo&o\) o L= ©-A/ . Avwé &,\gmvu\mr s-% A wAath
0 \9\
Q\izmu&\m N T¢ aw &_T&awu&\w o-ﬁ L owith Qigzka\mk with {}&mv\vo\\u ck—/\, ok WA versa .
Co Tn thic cace +le Spechiums oJY tle D“dcdm‘w“a ok ke owd the LO\‘J\M\\QV\ Y S bastm\\vA

@%mtm Dbk oW & v\w\\rqg\dﬁv( it vy mo’t\olmg o rulate e mgqu\w&s.

Lg/t(g “br\é\ o undoretond. wov e abeutr  tlo Q?e_c\(vum 9—& tho \\o\\;kma‘(xh et czs .
Lek T b the olloowe vedtor.  Then ik caw ba 26y checked thot L1-0.

gO L kt\.& O o< an e\\&equ\u& .

Cow L have & swaller LT&QV\\/D\\M 29

call vs Lo

et @1\\& be an 299 ™ &. \ ¢
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©

call +his LQ

Lot Qdi\r& ba an m&a ~ & \ K

: ) Y
Then Tt can be versfed tlat  L(G) = LQ(X“Q\*FKK »\K = Llb-a) v Lo = L(G6ma) “L}H[ L)

R J
\\JL{‘ Q= ‘\:\ o Lot \Oo, be e lumn vertee  with the 1-th ?v%?t\h = t\  ovd the \‘rtk \)vscb\m = -\ ,ond O 0w
%vé Mt e can wote LR = = LQ = 3 o, bz .

IEN Q{\&e Gy

LJLlC E = Q\L L} \()\M} Lo H»JL iy w\mog& Q/DLWW\V\S AY e SBL\QG&%. ’E\I\QV\ L = %BT
|\ \

This Shews Tt L g Posifive SILN\\MﬁV\TTJL ,oand thus 0 s the <medlest L\Lgmvzﬂw,,

Connected necs

Clovw A %m?\/\ Ts Cconnected T—% gk NL\,A T{— 9 ¢ aw D/\\EQV\\/"\\M s% L&) vtk m\,\\ﬁ‘;\\cj\\g 1.

Yoo T«’g CX e OIC\SO/WV\U,JYM , 'ﬁj\-a\/\ o vevex el Con \OJZ_, Pﬁw’ﬁ\’\\‘ﬂb& o o (}(ts Q\ awh Q}

Suweh Tlhat €l Y o QA&Q_& bebwesn Heom . Thewn LLG) = (L((ﬂb LO( j} onh go
0 G

\

. 0
(};\ and Koj ave beth &Tg@v\ved\ws ejg L) with Qig@wva\m O, hinw vva‘R?\\C\va =5 .

\
— 2
Ify G v¢ commected , codidac X Ly = \A‘QL{@ L%X = XT<EQBQ¥Q)* = 2 CX:'\‘;Q 20

Q =1y ey

I&» KO awn L}gav\\/(,ﬁl@y\f \l\/\“tL\_ i:i@m\lo\\m, O} T\\Qv\ L«X:O and T\AV\/S XT LX:O

Tfe\( XTLK = Sgé@\ L%T,X\\jﬁl 2o, we must hawve X}:Y\\! '%N va\a ngl ?S~

Q=%

pa

B

S G\ s connected , N Tmplies Hat Y= Q-T {w ¢ome C, il A mMﬁP\Q of 1.

Hene  tlo @\i%um\ul D has mmlﬁ?\\\ffﬁ\g one , AL Yeqmiveh g

Rcﬁ\m\\\g‘ +le \Dwu‘{ Can bo wud  to prove e \CcUcw\\g (oxmrcise ) .
Clom The L_Q?K';\C\\.D\V\ et LQCX\ has O as ke {\&ngs\\m witlh W\\A\S?\\d{\a I3 T—g awd c\z\\a VT

the %rm({a\f\ & s & Cenvnectad m/\?m«evﬁvs-

(Eumm\*.-ﬁaﬁms

So jcw W haut ;}\Nr wed  tle &mpk s?m\rww\ o deduce  seme qumtvlt Pro\nrt‘m o e Smfl\‘ (ke
Lipacb‘mus s Connactadness ,  Which are rasy h o deduae \o% dtec  ywethodg u&, BT ).

Bub e niee thing obow  fhese  gpectval  characterigations T Thats they ean be puneralized  nantrivially -

W

=k e Yomall? Mt graph i close” D discomected (e exictene of o “Sparte” wt ).
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- >\K S \\SMQHU 11(—& the &(&PL\ oo 9 dnse,“ ‘o L\mv‘m% k Comectod CM?MU«»ﬁ (e, k o’ﬁsla\wf \\SPafKL” (/\jﬁgj
= oy g Neee” o —aol, (cui]mw«uéx matax )t g rovph hat o Compoment “elbw” b HPwﬁﬁL‘

We will prove o {\(&‘v Ttem  and wmesbon Vo nevt two tem(  pect Hime.

Rma \eigh Quotient

The woan tool  in ‘(Q\o&w\g QZ(&QV\\/O\\MLS o, QT&QV\\/@&WS to O\yt\w\\\&o\ﬁo\,\ ?(G\otflw\ v e RA%LL&L\—%_W&M/

T NEVAYR
whidh o defwed as X AX - _\EO\/\\*XJ_
XTX § 3(}

Lt A b o venl &K‘N\mafb&c Mt wikl JL\&LW\/&\\A@S N )\12;‘_>/>\n , ond  orthonormal Q\ganvadﬁv& Vi, Vs, o, Ve

<
Claiw. Aoz omose x AYC

* X Tx
Yoo Lol Y= Quit Vot %0V, as  Veew,un {WM o bass

T
Then XT/\y - (C\\;\t Lk Cv\v,\\ f\ (C‘\/lf\»- + Ch\/n\

= (ot a vyt (N T QA vyt chx“vhﬁ

n by
= 2 AN (bocawse Vi .., va are orthenormel )
T T S o

%m\km\vd Cox e (evirn =) Lowie e, = 2 Cr

T S“ ‘1>\7 >\ n o
o, ¥ AX - Z O < L2 G - A

N Y 2 = S 4 IR

XX =z C; 2 o

-l
o
-
v

QRV\CJL v, ofteins  the  wovimum,  tle  clawm {o\bw& 0

Th caw boe Dhemded to Q\\u(mdo/m&a, other SL?&ILV\Ua\w&.

Lot T be He sot e-ﬁ vedtovs  thell ove o\r‘c\z\o&om\ P VLV oL Ve

<
Clotw Ao T Mox % Ay
« xe T YTy
{oo Lot we Tet Wielte %= QU i+t ChVn.
RQL&\\\ ot Ci= TSN QTV\C,Q_ KGTK) we have C=C=.u=C 20
X 3 el 3ol
T\I\EV\) X ”)‘X - Bk A < >\K T & - /\K
% 2 o 3 e
S =
_ Ve AV
RLince Ve € \K O, \c\/l\/K DN tle clawm {DUNS. 0

T\I\Q D\\G'S\IO‘ Yeuulk %\\m& o C}\a%h(,(a,vlizxﬁm\ ef /\k , but ¢ Yo_%u:xru tle \<V\DW\£OK&L D§ the Pm\f\eu& QTg{wu\\ﬂs.
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The vesull below 3‘wu o cl\mohdo,{\&aﬂw without kwm‘mg e atggmaaws , and 16 move v\sﬁ\d ™ gl\ﬁx«& bounde on e‘\gama\«,\es.

. T . T
Courart - Fischer Theoram A= e owin o XORAX o e o % AX
Se xel LIy SER xe§ Yy
A ()= At ()2 n-k 41

M Wea \C\vs( Conendlet  the max-win teom .

e Se be the kedimensonal C,\A\/JS?D\UL fgm\n@\ \a% Vi Ny e i« \ ¥z Cuir A Gy fov some ¢, ck%

T £ =

Al S0 < e

_FN O\“A Xeg\‘z B CovivnxGue) ALC V. £ Gy - m(i z&z M
¥y Cewix .. & QKVK\TLC\V\t., + 0wV ) S Q? }f Q{L .

T O
Qo wax o XAY e XA
7 e xeS T ot. 2 w 2 Ax.
o (v Ky €S Yy

To Drove that  tle wosimum Cannct be %w&w Hat A, obgerve thet oy k- dlimenasenal g“bg?m must

ntersect tle  w-ka)  diwensional %m\;s?o\u T\( SPanneh \0\6 “{VK,\/K*tl,w—,\/V\—H.

T N
Tov m\a ve (o, XBx - 2. AL Ay
XEX 3 o '

=
o moex W %A% ot o Ay < A
s Se R e < L Cer - ” k.
Y xTx xe SO PAN
dowa ()= A )=k

Owne w\gawv\@ s’f “the Cowrant - Techer thesvem ¢ the g\gu\m\% TV\TQA\&CW\& +theova m

E\\QQ'\VR\‘U. -SV\‘\’lf\qC‘.v\g Tke"(qm et A be. an wyn S\AW‘MLJW:C e amd ket R b o ?\"\m\\P\L Submaix
N

@& dimensi;n  he\ ( V..

R 1 obtomed dromn A % delethng the Same (ow  awd Column, o A ). Then
3 $

X 2B 2%a2Ba2 2 e 2 %“"20(“ )

&, are ta Q,Tiev\\/k\udzs S’% (A ond P\B Bl%" 2%%«\ ore the zrgah\jq\wg s{ R .

-T N T
Yoo TE ghodd be dear tlax N;é%“\ , becaww Kz max o wiw X Ax 2 Wy win X AX
ge R xeS Ty ccp™ xeS Ty
Je A (NN A ()=
- VV\(?\-)?\/\ W™ ‘)(T%‘ﬂ = <
[Ny . oyxes T o E\'
Adw (Y21 AR
INFI oW P(‘D\ﬂ- ?37 2 Wy . Tor o\m% Qe ath dwm () =T\ R Tt yestrichion o the %\\rs‘i
" N R *
hl Coscdmates (e SORTTD) b B% dimencion ok laage V. lef €7 be  the Wb tlet  attwn
T N T N ’r <
sl M 5%\/ LG . S s AR PR LAY g mex min X P L owmax X AY
, xeg NS Xe ¢*ok - TSR ¥eS ux TSR Lo
* XX Avwm (D3 X A CEY= L X
ns
WK wan Y B _
SCR™  xes T @"
A *X n

.F‘\(\T T Qq,vwo‘\m.l
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TFiest Eigenvalur
9

s \m&!—st QTgav\va

leC A be te M‘&aum% watrix oﬁ on wndivected &YC\PL\- Let N, be

Claw N, < Aax , whera Opax  henotel e wocamum okQKTu ™ C’\

Yoo vaﬁ A be  om J?,‘\&w\/uf\vr wth QTga\r\vo\\bi >\\

Lt ] be the veker Wil V() 2 v ) for all T

i

P v‘(p = d‘g‘j) \/‘(:\) Ao \Il(\\\> .

“ . SN - S 1 <
IR ERGIAISHIE V. | Rl

CL‘\StE(G{)

_H\are{vrq PR N S, 0

Th ”i:ogf T'& )\\‘— d‘vmxv , then ~“tle abowe ]V\Q%LAD»\\\XVTV—L must \/\a\d\ oL Q%&o\kiﬁts , e \/\U\:\/\Ki\) %{ Qva.{a

)

V\[\&k%w 1 s‘% 3 and d\‘L&L\p:U\mm. TL RMY\\es that  wWhen G Te Comnacted and N\ = dpay ,  then CT

wmust  be d\mmx’fth\mf and  tle @T&Jm\/a\lwa )\‘ ¥ e—% vvmlt?vhc}‘ng 1 since tle SL‘\&m\/ukmg {Q\/ A ownst b

)

e& The {D(W\ [ {v{ Soma LEAS’UM\AY C.

Clawn N 2 Okm& , whecg d\ml denotes e ever age c)\egru s{ G\

- 2 o]

T >
Jg(_"i%_. >\\:W\f>~\< x fix > 1A STy - - g
* <X 37 n " '

D

LVl
J
1
N]
3
§
Q-
2

Y
o]

Moce gwum\\g; N, v oot least the aveage o\Q&vQ e\L he  dentest  tdwczh g\h\:&ra?\l\.
The PG_((OV\ ~?(o\oah\v\.& theororm —{D\( V\DV\/V\EXﬁT\/L walrces fall s msve about  the {\\fst QTSKV\\/L\\\,L.
Theorewm Lot G be o conmedad undirected grn\a\,\. Then

@ the \CTrs*V QYKU\V&\M XS a‘% mM{T?\]cTﬁ% ohe

& Ixl <X, fc*r A

@ oll ewtcies of e {?rst 2igenvectyr are non-zefo and hove the sama Sign.

We il wele prove Tt o™ elase Sae  Choplec & o &n&éﬁ\'\lakﬁ\e for \woo&%.

Egjgu nies

Xow ova cafeced to He (oucie webes o “gvua\(ovl XMEL “H\Ln"ﬂ% v \a\% Dan g?;@rmgy\_ ‘E;r( Mmev bmt&(ﬂlmwj\.
The hook % Alge\emic gmyk *H\ewkg v b\,é Godil omd Ro%(e @ oke & Qoed (@.{amnu

The cowcse nofey ™ § ¥ aph PmrtTJr‘\an(g Gihdk  Lxpondacs ! lg%( Luca Treyssan s ctasa(g related  and wel wotten .
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