CS 7o Combinatevial P\\govlﬂms and  Data  CHructures , Spflng 201§

lectuce 3: Balls and Ring

Balls and bins it a  basic  (andeom process that  undechies  Ceveral  cowmen  phenomenoms

Tm}\avé Wi g&mka tome  Clandath  guostions  and o nmm\\hg vaclant  vefocrd as Hha powsc vf two cholaas.

Nexk Yime we  ace Se'mg 4o Cop QoMme q??\\‘@j‘,ws, i \,\asb\‘mg

Rolls ond  Bing
It 6 o %‘wv\k)\fl condom P(ocass that wndeclics Seme  basic Pk@mmenm\.

We howe  m o balle owd n o bing . Badh ball s thrown to a mvxlfg\m\a Candom o TY\OUPM\&MHS,

We would Wk to &MV& what does o *\av\m\ Ut uation  look ke .

Thare afe w\ovxa qgu;sb'm\s one Can 65k 1o umderstand the  dlttyi butow s'% tle balls Twto  tle biwns.

We start f‘(vw\ Sowia msv(\ Calewmlations .

Expected WNumber o{ Balls in_a Bin

Lot %V} be the indicator variaple  tlal  ball ) Te ™ w1

o~ Uage . - S A -
Then  ELH bolg in bin 31> BL 2, By ) = 2 Eleyyd = 2 Prloval y s ] = 2w T =~
n \)mﬁw\o\r, when wz=n , tle JwPaLKQ&\ numoe sJY balls tw o bin  Tg one .
Do we 2xpact that  mest bins hove obowt one boll  mest of the Bwe 1
TExpected numbec  of QW\‘n'ha bing
A A\l
Lot X5 be He dicatve variable That bin T 3 JZ,V\«P"&\%‘
™ - —X X
Thew , ELYT = P(( Pin L T vi\P“f\a\ 2 Q\~\T\) >~ o " (\AS‘\V\& \-x €2 awd 1-Xx%2 fw Small ><>
n " —m
go/ —EET“ eggmpﬁa b:«s} = E[E(\{I‘&: E(EE\{TK = on. g "

Whan  m=an,  we 2xp acted b otee tlat o %"f(o\cﬁw o—% tle  bing are Qw\\ﬁ\%_

Twst \w\d»\& ot tha 2xpe ctetion "\( o wmove &Lobq\ 7 voaliably g\ws o bettec mvxd\us“mv‘éav\& a{ tHa distabuation .

HO\\L.\MHM LOM @u\ms‘ﬁ:ml What T8 tle moavimum  numboc 0'& balls ™ o bia Jna\s‘\ox\\ai

A g\mv\u %WQSﬁOV\ IR 'fw what w  do  wa ,Q,x?ack o we two balc ™ oo Win ( o “colligom ouws)_

The Wethda pioddx  Te  tle Casz when n=268 ( igmv‘m& b 29).
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The p{ebo\\all?ﬁa tlat  fthoce aCe no  collision ™ Tl %(st ™ beMls 3¢

\

-\ ,\T‘ \%\ ‘V‘;‘n - (m-Om — W
QD U R~ BTN GI Tl P T T Y = e A g

This \Dfu‘oa\v?kt&va woldd be  cwaller than 2 wlea v T \J 2n Lnx

o n=368, it coys that whew mz a4l L the ngcu:u% that  tle modmum load o ot
\gagt twe T¢ ot leact l/L. This  octimate  Ts \/zma o b tle 2xact answos .

To Summanize , wa 2xpect v see o collison  when  m = SIQPY) This observalion T8 wsaful ™ olTﬁanC

loces Cap. hoshing . onaluzin oo hewisRc octovin integecs QTL.)
P § § R $ i

An intwibve })CF(G\V\OL‘HV\A ¢ tHat tlere axe pars a-f poss}UL wllisme , and we oxpect  Some collison
o

would  oceny  whan vv\INm, Thstead sf the incovvedd  ntation  tlhat collisoms wouwld occunc m«L\%

whan AN P

The A MU m o n_m-=
<
Tl PCDK(J&\Q\\\C'\‘\% thal o bin tws ot lesast kK balle 3¢ at mest (v\\<\) (“\F)

v © e{fu\ Yhat woe hoave to deal With  bhowie) (/ozﬁ‘idtvd’&_

as  Qxerases.

13 ~ @ \¥
Some useful bounds ate Ql\z < KQB < % < (V\IK The p(oﬁs e \Lft

RALRNS (A k 2
Ug‘m& e bound ,  the above Probmbrkrt\a s at most Q \<§ R) = K.

Wmn o+ k- kink

@\a the wnion boumd, Pr l sewe b has at least Kk bols —& R A TS

We would ke to  octimate the Swallest k  <Sweh  that  this P(abm‘viﬁ(\a T Umall vamgb\
Tn ofher WwiNAS,  Wwoe  wowl  the minimum ko Such  tlat Klnk > Qv\ "

goﬁf\v\& K> 2 Qn / Lnlnn wounld oo C %\MP\L calemlatmms | <o MU Q,l;tv .

Tkumﬁwu with L\Y&L\ Praha}m‘uha, e moximum  lead ¢ at west Ol tnn/ Lntn n)

Thie 6(9“%/9&\%’\“\ Comes  wp  in ‘r\a&hﬁwﬁé and. alse n m\o\hag\g s{— agwwx?mmﬂm a‘gbr\&\ams

(2_%‘ Wt Vs the best Knpwn QW”Y\\‘W‘”&\\M (atlo oJT Vm?w‘wﬂg‘w\& C&»\gzﬁzw n a rnetwrk >

CO\A\?W\ Colleclor Question © Fov what m do we axpect to have o sz?té bins 3
L/Lt X bﬂ, ‘H:\_&L \/\\/wvw\ctt‘ s—% ‘Oo&\s ’f\\(o\,\m unti\ TLL(L afe o MP\NA bins .

Lt Y3 be e numbec a{ bolle  thWiown when tlere ove XXALH\% \ “‘ﬁé bing .

Ten T = B[ 3 ) = 2 T0x)
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\

How C/wwpw’(rg E{Xﬂ 1 Note tlat 2adh X- V¢ a Xﬁoszc Yandom Varizble with Fotamltu P: "

Racall That o gzcmm&c tordpn  vadede Y 1o SRVM h\a o dichibuten that P (Y=k) = Q\f@k‘\\),

T words, Y 15 the nuwber e{» T™sls wntil tle %\(&t suceess | wlen  the Suciess Prababitr%\a < P
The JwPo—ctu’\ Volur 5][ a &Q,v\m;d:r?(, Condom  Voulable T with — pafametes p s v
There afe at least  theee weays v see Yt

@ divect  colanlatton {(m the o/u;{w\‘\h‘ww wth A d?ﬁuw\tﬁm ok

® e B s F IROED 5 2RO - E R = /Gy S

=\
™

CLA'\&L D—{ Summaton

-1

@ e Condifimal  prohakility o afgue that BUY1: por U»p)(E[‘ﬂﬂ> = L=p)RLYD + , hanee BOY)= Up.

Amgwma, we  have %Y_X‘S = E‘E[XTl = E' \/(T/V\E = é\ % T ondan (IE‘—\\\\ = Hv\ ‘—t‘y\L n~th ](\Q(W\W\»L humb&r),

This  wlin  Servee as o lowee bownd "?ﬂv— oﬁﬁlunv&v %\n‘lv\&g_ . Tl ver fima SJY Candv  Walks th

Q Complere gm@\ . Numbec "IF zukggs needed. i SM?L\ S’?q(sT'{T&fIm ba Condsrn &AMTD{M& Jtszz agoﬂtl\wus.

Heueish Coumgnts

Wi showed that  the madimun load s 0(0nn [ Talun ) Witk Wigh probakiling . Lot sl 3

What s e \;Yabqlﬁ&iﬁa 0% }\a\/\v\g on amﬁv& ban Q’{Tf( f%(o\m\& ndan +en \oal\gz

The mein fechnical a\ﬁ:wl%g n malm‘\% balle and  bias ¢ At the randew Vaciabes  invelved  ar e
Mt Independet . and  So o oxample  Charnvbf baunds  Can not e ok\mctt% opplied .

Th Some QUtwation, [ke awa\v&mg the number of 2mpry bins L wa obsecve  tlat  He gumds thet  two binc
axs  morsmphiy are negativily  Greslated , and thas Cherrmelf  bounds il apply -

Tn +lo %DUM‘N\B‘ we  pretend tlot  tlhe vanzbes are ?Y\M@zv\o\mv\t an Come wp with  %ewe hawdtstie bounds,

ond later mention Tlat these Afgumants  Can be  made predise hé o mekhod callad = Porgson C\PP(O)&W\&J@D\AI,'

Moaximum Lood

Lot Pe be thae P(Dbo\bﬁf‘kvd that a b has QX@L\'LA% ¢ balls .

s - (m-1) ~.c Cm- D) A=
Thon pe = CHCRY (R = - 7 0

() - (n-ren) n-y
T - R) el =

,—

Agsum:“& m=h > Then  Pr T g
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Wa %mrﬂu assuwe thalt ol bwe o MMWT Ll net trwss Kntv\xﬁvzlxa not too ’gn( w{f\‘

1A

| " -n/eee D)
Than  no bin  has ,E,Xad\\a ¢ oolle TS ot ywegy (1= 2l 2 /e

~n/Cer\) P

1& thie pnm\ouﬁ\a i< very vall, Ta. < n o, then with L\xg\m vm\m\,;\:% thete il be some bin

with ot least v halls

— - ~
For @ O T ol 1t s e sk on/(etl) € —alam &) CL S 0/ (agen)

<:> 2” (\\n < Qv\ﬂ ~ nlan - Q,V\ (1‘2_). (*}
‘
R\a Sf\cl‘m&'s opproxietion  Llot cl o= z&?&%{ <) (%3 , (see MO Loimma S8 ffw the frest m%mc%)
In 6 € vlae - o4 Lnve

Lot = 9nn/ 2nlan

Then n vl < Z\MTY\ (nlnn - Lnlnln Y\) - ‘Q’Qvg—“ +(QV\QV\V\ ~ Lalngn V\)

< Qnn -~ QV\V\/QJ\QV\V\ ( sha tle Sum B'% tle (Qmm‘ﬂ‘mg thiet tormg e \age  than glc(os

¢ Inn ~falnn ~ Ln ).

Thie ghows thet (3 holds wlan €= Lnn /[Inlnn , ard TL“QQ”L thete 2uists Some bn with load Dllnn / Inln w)

( oupen Colleckor

To cstwmate the ?(050\01\‘\‘\6 that  Svme b g Mv\\% rxft@f nhnt en balls agadn  wa sk

~ L wmlmD e Gn-ek) TA™T L ="/
A S A G D E

n

—c

T m- nnn ten Po & 2 n

“c n ~ |

Lo, fhe probabiling of havinf Come emphy bin o ® % L- (1-2/) & \—g% =\ -—==
Whan o T e \m(&m positive e stant thye g \/u\(/) close  to RECo
When <o TS o lmga V\‘L&mﬁ\/o_ Cmnstont ,  thie ¢ \fer\aX o to owna.

This % o \\SM\”P Y thrasheld P\w-nmu\vvu {w wWhich  we UPM the  2vent LAWM when tlece are V”é\ cloce

™ nln bals.

Poissm A??rox\ mation ( o?ﬁ nal)

\,\kaA Com Wi ossume mm\;mm& in \D(QM\A& m&mmnl

No , we <an net

but we wan make TE Pcu};& ‘ov& v\s‘mé the Polssomn QFFrbxmﬁm TJ_LW\F%VUL.
<

r n /e v

Reall that pe= (0D (D) ) % &7 ) [l

Think 5# "V\/r\ os the  wean.
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Di‘f%t o Poissom  Yondem  votiable  with ‘Pmc\w\zt‘o,( o b\?j the ”Pmbc\\;?ﬁha Aistvihwti o P ()(::)\)1 L/A/(/L\)/JL

Mi hﬂ/h.

1 ust o Poissom  rondem  varioble  wWith

Than P
Note that Tt 5 a Probab?h‘f\a AN tibutiom |, waith Julsufsu{ Value oy arh T a gugA qumeh‘w ﬁ{

b\\\v‘mml ard o \/A(}o\b[% { Mvu Thm 5‘5‘).

- - ()
e ke number of balls ™ b vV owhin m bals ace thiown L ondl Y7 ba o Peissen randem

ot X5

)

Votable  with mean wm/n.
() (m) ) (m) (m)
XX ™ oY ek O,

s that

B main d\\‘-ﬁa(lwm botwoem  the  olistributiong

? \< }m}

\

ma ol \OSL Q%y\_al +o W™ .

There o Twe \(}a K;mw\‘rs ™M tha ono‘f:

)
@ Conditimed  tm ? A Than the Two ovstibulions ore the same.

G5
@ ?\(‘\ =m L\a??ans with  Teasmable Q\'o‘m\omﬁd.
wi  W@n g?vL o Qood Lppec bound W e  Posen  dishibwbens wo can

Cm\ﬂnh\& Thoete two Pow\h , T]L

K%\/L O K\‘)wg’( Q\}gkﬂ\a \g\g&,,() ppe ! bound o~ tha 5‘[\@(\9\\ Avs tra bt on

Tov the mosdmum  load problem and  the Wupovs e ctoy Prouﬁ,m) WL con give o \/e(\a Synall wppe ¢ bound o

the bad avets in the Poiston  oxtibubon . the kewrisBe mg\/\mu\\x can bx  made precise .

The ka\g port © Yol Wi can Wk itk \W%Mdtm Yossmn vandsw Vanableg

+le cw(u\)m\d{mé QL\QN\S{JT bound, o thow tlat bad puente \/\q?pav\ At \/”\E\ Srall Fw\m\\ﬁﬁing.

. ondk QW\%

Power of Two  Choices (ovﬁmo\l)

Now we know tlat When w bals ove thiown ™o n o bwe . Then tha wosdmum Lad ¢ B2 [2nlnn) w.L.P.

Congidar tle \Qn[kaw‘mg vationt whin gadh ball ¢ thrown we P?ck te (andom bws  and Pm tHe bal ™ the

b with Lower  bolls .

guryﬁs‘mg\u& “thie S"\MFIL Mmﬁﬁmﬁm Can %:gvﬁ*%uamﬂ\a Ceduce  thae nosimum load o OCQn Ln vx)l

The intwiBen (g QamP(a. A ball g o% \,\o‘\&\/\-& N Tf ore tle -tk ball \Dm‘( ™ tle bin guﬂ;um we Com
boumd the number @{ bive with ot least 7T balle \0\3 E\‘ , ovir the wnbire cowrce o{ tl F(OLUS" What

rondem s both have ot least T balls .

Chould L)Q, EH\Z,, A ball  Ts o{“ L\a?g\mﬁ Tkt T{ tle two
@T*‘ < K’E\J\:‘ﬁ . go{vﬁ\g the Yeouryyen g

n

This L\Q(E?@MS wth Fmbm\f»\‘\‘% et most (ET/Y\BL. Heone
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Qives tlat ng boomes  Olawn)  whan :}: OLQV\QV\"Q; At this ?ﬁxt the number  te doo gmall ﬁapp\%

Grmaentvadl em ?maeﬁwut\*hu /{w e Mrkwlﬂb\n/ owt ?t S qug to {Wm\r\ e ?{obﬁ "F(m thora

We will wse the %L(WWV\& C]I\Q(V\o’{:‘f bownd

“np/
P ( Gu\,?ﬁ > \,V\P> <2 W @U,[Q s tle binomil comden  vadalde with n rils and sucess prob. p.

Y
Lot {g%»_ V\/L{. ok (gm = 1%1/\,\
let € be tle avent that &{Tw all w balls are thrown  the wumbor n«% bns with ab (east T balle i SE;.
Note tlat Bu lhelds with ?fobcv\o\m\% 1.

We will FVUVL that \\\( Q-‘ holds  then T4 holds  with \MEL\ F(OWM\K% thﬁ( @1 bo tmas too SM”>

Tn tlo Lollong we  condition on the vt @

bef My =t W e otk ball heo height at least el

Thee  PrU=1) S Bi/n

Let ?;:@?/&_ Then ?v(éﬂ>F> < ?r(%tw,]ﬂﬂdv

Qo Pr k(ﬁ b with ot least k) \oa\Lsﬁ > k\ < Pr K(a balls with heipht ot loast HD> < 1ey)

T?(Ké\({ >k | )

N

Py (‘E(V\;?‘\3>k 1 g;)

Cet k= Bic = >nP1 , fhenthe alone waak\uwa < Pe (B, §>>3 >wq‘>:\ < |
Pe (5 Pele). o TN
Thie impls Hhat P LjQu \i[} <« lsmp o8 T ZBQV\ :
e " ‘ W Pe (4D o § v ’

Co Prln %) = Pe (" ZralE) Pe(2) « P~y \“%})Pr(“%}

S P (G leP (e« Pr (AR € S 4 P Q) e long s Pion 2 blan .

2t

To —Q\MTQ\,\ tle \ETW{’ W  haeh two wwere Q*Q?Sl T‘\\(Sf s AN Pw’nvq thak '\)T‘T\< éan\ ™ OUV\QV\V\)

QJ\*Q,\US‘ Ard Cecomd % b hardle #le can LJLFN\ P;-n<6,va.

The {‘\\(S‘C Slca? S @S\ﬂ A %\\M?\l Mduction  <an  ghew  that th%i Y\/)_L\ ok fLQAL{vHL

?;,r\< blwn Yn OUInEnn) ﬂlmﬂtx. Ande thwms  Pr (23 D < ollatmn) /V\1 Tn This SJ”“F‘
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The Sowemdl Staf % oalso w\& Bv& Olmmvwﬁ bound e can Che  that uk\) thove are of wwest

OLQ\V\V\\) b with at least &KQV\Q\/\\I\B \oa.kk ot thig Sﬁ&g_. Than  these bme axe Bwé—t tvvo fﬂ,\,\/

et we aan \C‘MTSL\ tHa ar&kmeﬂﬁc b\a nove pownd  C "

2)  to feach one step m&kw and thefe are
ot west (v\\yﬁ \NC\\&J a{ C‘/\UDC;W& two \DQUSS to  show Hat there are at mest = bms  with

bne wmore ball . And then no wmsre bt with ene e ball

Thic conclndas  tle ”\Jron—g Csketel ) .

Remack:  The bound s Jt\\g\,&‘ One Con ghow that \,\JL\\) thare it o bin wWith S (Qn%n n)  balls,

(WINY \\Wf woe  chovse 4 Yandsw bing 1n 2ach ghP Ak P\ﬁ the ball W o least locded Wi <

Refsconces

Balls and bine ¢ {rw CL\Q?‘M( g O%— )

\pmbab\‘ﬁ{-\g and MP\AW\S“ bv(\ Mitaenmache e qnd UP'{M,
Youw Can read te  detals about  Poissm a?prox‘xmaﬂw\ thare .
Power Ojr two choltes g ’g(cm o,LaPJﬂLr & T)'i* e Sama  beok. TIL ¢ o wel - studied JWF\\L

Lok aw\\&ﬁm\; + kﬁ%bﬁv\& N '?M(H»qr gtv\a(tﬂ‘\&dims (Q.& balonad allocakiong o ﬁra\vk&>_

Qo alie Sabishs 26R notes o this Topl e

The  book \mg Dubhash) anch  Pantmess o " Coneartvation o—f me _Rsure {w tle o\m&:\g(s 0’8' Yawtcw?gd\
al&briﬂxms/ s an gxellent  YeSsuwrce  aboul  Comeatvation 7r\ugm[]ﬁu and T m\goﬂ%mxg O\W\Tcaﬁmﬁ

Tor rample - Yo ean Yeod abowt nagative toverlatims  and alo tle +L€r\% mjf w\rﬁhjo\(u tlare,
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