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1 Matrix Computations in MapleSome of the features appearing in reent versions of Maple [7℄, [8℄ for omputational linearalgebra are highlighted by the following examples. The examples are trivial, hosen simplyto illustrate the onvenient syntax for matrix operations.1.1 Matrix Arithmeti1.1.1 Example 1.1. Matrix initialization and simple operations> A := < < 1 | -1 | 2 > ,> < -3 | 4 | -5 > ,> < 5 | -6 | 6 > >; A := 264 1 �1 2�3 4 �55 �6 6 375> b := < 2, 0, -3 >; b := 264 20�3 375> A.b; 264 �49�8 375> A^2; 264 14 �17 19�40 49 �5653 �65 76 375> A^(-1); 2666664 2 2 173 43 1323 �13 �13 37777752



> A . A^(-1); 264 1 0 00 1 00 0 1 375> with(LinearAlgebra):> Determinant(A); �3> Eigenvalues(A); 264 �16 +p336 �p33 3751.1.2 Example 1.2. Solving linear systems> x := LinearSolve(A, b); x := 2666664 111373 3777775> Norm(b - A.x); 0Of ourse, multiplying A�1 b yields the solution x.> A^(-1).b; 2666664 111373 37777753



1.1.3 Example 1.3. Matrix fatorization> (P,L,U) := LUDeomposition(A);P; L; U := 264 1 0 00 1 00 0 1 375 ; 264 1 0 0�3 1 05 �1 1 375 ; 264 1 �1 20 1 10 0 �3 375> P.L.U; 264 1 �1 2�3 4 �55 �6 6 375> Norm(% - A); 0Illustrate the solution of Ax = b via LU fatorization; i.e., solve P LU x = b for x. Firstsolve Ly = P T b for y.> y := ForwardSubstitute(L, Transpose(P).b);y := 264 26�7 375Then solve U x = y for x.> x := BakwardSubstitute(U, y); x := 2666664 111373 3777775> Norm(A.x - b); 04



1.1.4 Example 1.4. Matries with hardware oating point entries> F := RandomMatrix(5,5, generator=-10.0..10.0);F := [�1:01439338040108851 ; 8:31419636347767721 ; �7:13185338667599922 ;�5:10394459322505156 ; �8:61414450398712006℄[�5:90453234289888940 ; 1:44472461637079163 ; 3:17982409835046552 ;�9:18952646370712500 ; �4:48926596513011590℄[�5:03483867254843176 ; 7:72738945913964415 ; �2:78006880722472260 ;�7:07958699730902196 ; 3:55313300143521360℄[�7:00754018998686945 ; 6:14562115555997934 ; 4:53956171215260440 ;�9:30654392812769515 ; 4:68352373073820160℄[�7:83956118483303044 ; 4:83363171033040828 ; 4:13867569386937362 ;4:81114426570961484 ; 4:06975811141194300℄> G := RandomMatrix(5,3, generator=-10.0..10.0);G := 26666664 �1:87081053332853742 1:85576635678003754 �2:603023765254945947:90224464364470691 �4:40080088995820518 8:46938784380682820�9:80154722959191815 8:09780501356328840 �2:27841067253869766�0:987992355307198978 1:17438287631678406 �9:26079671891372414�1:39021191579296044 5:42897504792321683 �0:854277624065744589 37777775Operations on matries ontaining only hardware oating point entries are performed athardware oating point speed. Some timing information is presented in examples in thefollowing setion.> F.G; 26666664 154:519893878347944 �148:983918677495922 143:9313988022270516:61584551387889786 �26:7299177546886356 109:29804193830445099:7868968956658052 �54:8869170886515008 147:41345552672726219:8629570921824730 11:2077608566041978 142:1324388535210521:88624867646298000 25:4386848311215062 3:88313053107022998 37777775> eigs := Eigenvalues(F);eigs := 26666664 13:7807482903409576 + 0: I�4:31383031944290441 + 7:40836668667835596 I�4:31383031944290441 � 7:40836668667835596 I�6:36980551971295660 + 0:796076015286287908 I�6:36980551971295660 � 0:796076015286287908 I 377777755



> poly := CharateristiPolynomial(F, z);poly := �41735:16779 � 14773:49427 z � 1803:549535 z2 � 69:84276357 z3+ 7:586523388 z4 + z5> fator(poly);(z � 13:78074829) (z2 + 12:73961104 z + 41:20815938)(z2 + 8:627660636 z + 73:49302899)> (Q,R) := QRDeomposition(G):> Q;26666664 �0:145675713676126194 �0:0891785668660267650 0:1468139544071066220:615329616547615532 �0:348467909713608804 �0:312207720673749134�0:763223940834159120 �0:124479406704417442 �0:376426197253984740�0:0769326924890997854 �0:0880871895406016847 0:856716373747034576�0:108252604625798984 �0:920523124889811917 0:0728860406229195624 37777775> R; 264 12:8422953017949110 �9:83677099319315395 8:134535895434623850: �4:74091182372517040 �0:8334208769305604390: 0: �10:1648561180101140 375Chek that QT Q is the identity matrix. Use Maple's fnormal funtion to round the entriesto 15 digits.> map(fnormal, Transpose(Q).Q, 15);264 1:00000000000000 0: 0:0: 1:00000000000000 0:0: 0: 1: 3751.2 LinearSolve: Larger Dimensions> with(LinearAlgebra):> n := 100:Generate a random square matrix of order n and a random vetor of order n. By right-liking on the output struture in an interative Maple session, one an hoose from aontext menu various operations to be omputed or hoose to browse the matrix to view itsstruture.> A := RandomMatrix(n,n, generator=-100.0..100.0);6



A := 26666664 100 x 100 MatrixData Type: anythingStorage: retangularOrder: Fortran order 37777775> b := RandomVetor(n, generator=-100.0..100.0);b := 26666664 100 Element Column VetorData Type: anythingStorage: retangularOrder: Fortran order 377777751.2.1 Example 1.5. Hardware versus software oating pointDetermine the omputation time to solve a linear system of order n in hf (hardware oat)mode, for omparison with the time for software oat mode.> hf_time := time( LinearSolve(A, b) );hf time := 0:059> x := LinearSolve(A, b);x := 26666664 100 Element Column VetorData Type: oat[8℄Storage: retangularOrder: Fortran order 37777775The environment variable UseHardwareFloats ontrols whether hardware oats or softwareoats are used for the omputation. Determine the omputation time to solve the samelinear system in software oats. Note that the speedup obtained by using hardware oats issigni�ant.> UseHardwareFloats := false:> sf_time := time( LinearSolve(A, b) );sf time := 2:793> hf_SpeedUp := evalf[3℄( sf_time / hf_time );hf SpeedUp := 47:3> UseHardwareFloats := true: 7



1.2.2 Example 1.6. A determinant relationshipHere we illustrate the following determinant relationship: if A = P LU then det(A) =det(P ) det(L) det(U).> (P,L,U) := LUDeomposition(A):> L; 266666666664 100 x 100 MatrixData Type: oat[8℄Storage: triangular[lower,strit℄Shape: triangular[lower,unit℄Order: Fortran order 377777777775> Determinant(L); # We know that the value is 11:0> U; 266666666664 100 x 100 MatrixData Type: oat[8℄Storage: triangular[upper℄Shape: triangular[upper℄Order: Fortran order 377777777775> Determinant(U); 0:1763815879 10255det(U) is simply the produt of the diagonal elements:> detU := mul(U[i,i℄, i=1..n);detU := 0:1763815879 10255> time_detA := time( Determinant(A) );time detA := 0:299> Determinant(A); 8



�0:1763815879 10255det(A) is equal to det(U) up to the sign determined by the permutation matrix, so det(P ) =�1 in this example.Sine P is an exat integer matrix whereas A is a hardware oating point matrix, theomputation time for expliitly omputing det(P ) is large ompared with the omputationtime for omputing det(A). Of ourse, one does not expliitly form the permutation matrixand ompute its determinant in the manner shown here as part of a method for omput-ing det(A). The omparison of omputation times is shown here to illustrate the speedadvantages of hardware oating point mode.> P; 26666664 100 x 100 MatrixData Type: integer[1℄Storage: sparseOrder: Fortran order 37777775> time_detP := time( Determinant(P) );time detP := 2:253> Determinant(P); �1> TimeRatio := evalf[3℄( time_detP / time_detA );TimeRatio := 7:521.3 QR DeompositionIn this setion we illustrate the solution of a linear least squares problem via QR deompo-sition. The problem being solved is simple and the point is to onvey some of the failitiesin Maple for problem solving (and for teahing).Consider the problem of alulating a least squares �t by a polynomial to a set of data.For the purposes of this demonstration, reate a set of \experimental data" by �rst generatinga random polynomial and then for a hosen list of data points, let the orresponding funtionvalues be perturbations of the values of the polynomial at these data points.9



1.3.1 Example 1.7. Generate data values using RandomToolsGenerate a random polynomial p(x) of degree n� 1 (i.e., the number of oeÆients is n).> with(RandomTools):> n := 3:> p := unapply( Generate(polynom(integer(range=1..10), x, degree=n-1)), x );p := x! 2 + x+ 8x2Choose a number, Npts, of data points in a spei�ed range lo::hi for the independent variable.De�ne the orresponding funtion values for the \experimental data" to be the values of p(x)at these data points, perturbed by random perturbations in a hosen range �"::".> Npts := 7: lo := 0.0: hi := 3.0:> inr := evalf[2℄( (hi-lo)/(Npts-1) ):> X := [ seq(lo + (i-1)*inr, i = 1..Npts) ℄;X := [0:; 0:50; 1:00; 1:50; 2:00; 2:50; 3:00℄> epsilon := 0.2; " := 0:2> perturb := Generate(list(float(range=0..2*epsilon, digits=2), Npts)):> perturb := map(t -> t-epsilon, perturb);perturb := [0:03; 0:03; �0:112; �0:187; 0:07; �0:181; 0:19℄> data := [ seq([X[i℄, p(X[i℄)*(1+perturb[i℄)℄, i=1..Npts) ℄;data := [[0:; 2:06℄; [0:50; 4:635000℄; [1:00; 9:7680000℄; [1:50; 17:4795000℄;[2:00; 38:520000℄; [2:50; 44:6355000℄; [3:00; 91:630000℄℄> DataPlot := plot(data, x=lo..hi, style=point,symbol=BOX,symbolsize=14):10



1.3.2 Example 1.8. Polynomial �t to the data via QR deompositionLet the vetor a of size n represent the oeÆients of the polynomial �t:p(x) = a1 + a2 x+ : : :+ an xn�1 .In matrix formulation, we must solve an overdetermined linear system Aa = b for a. Morepreisely, we wish to �nd the vetor a whih minimizes Aa � b in the least squares norm,where the matrix A and right-hand-side vetor b are formed from the data values as shownbelow. We apply the QR deomposition of A to solve this linear least squares problem.> with(LinearAlgebra):> A := Matrix(Npts, n, (i,j) -> data[i℄[1℄^(j-1));A := 2666666666664 1: 0: 0:1: 0:50 0:25001: 1:00 1:00001: 1:50 2:25001: 2:00 4:00001: 2:50 6:25001: 3:00 9:0000 3777777777775> b := Vetor(Npts, i -> data[i℄[2℄);b := 2666666666664 2:064:6350009:768000017:479500038:52000044:635500091:630000 3777777777775> (Q,R) := QRDeomposition(A):> Q;2666666666664 �0:377964473009227308 �0:566946709513840962 0:545544725589981460�0:377964473009227252 �0:377964473009227252 �0:666133814775093924 10�15�0:377964473009227252 �0:188982236504613654 �0:327326835353988544�0:377964473009227252 0: �0:436435780471984724�0:377964473009227252 0:188982236504613654 �0:327326835353988654�0:377964473009227252 0:377964473009227252 0:138777878078144568 10�15�0:377964473009227252 0:566946709513840962 0:545544725589981128 3777777777775> R; 11



264 �2:64575131106459072 �3:96862696659688608 �8:598691760959919600: 2:64575131106459028 7:937253933193773040: 0: 2:29128784747792036 375Sine A = QR, solve Ra = QT b for the vetor a. Note that R is upper triangular.> a := BakwardSubstitute(R, Transpose(Q).b);a := 264 4:47510714285715672�9:2766428571428818412:0794285714285792 375The desired polynomial �t is as follows, where we hoose to round the oeÆients to foursigni�ant digits.> a := map(evalf[4℄, a):> poly := add(a[i℄*x^(i-1), i=1..n);poly := 4:475 � 9:277x + 12:08x2Plot both the \experimental data" and the polynomial �t.> PolyPlot := plot(poly, x=lo..hi):> plots[display℄( {DataPlot, PolyPlot} ); # Figure 1Of ourse, given the matrix A and the vetor b, we ould have solved the linear least squaresproblem by diretly invoking the LeastSquares funtion as follows.> anew := LeastSquares(A, b):> map(evalf[4℄, anew); 264 4:475�9:27712:08 375
12
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xFigure 1: Polynomial �t to data.1.4 Large (Strutured) Matries1.4.1 Example 1.9. Large sparse matriesThe following ommand will generate, very quikly, a random sparse matrix with sparsityspei�ed by the density option and with oating point entries in the range spei�ed by thegenerator option.> with(LinearAlgebra):> n := 1000:> M1 := RandomMatrix(n, n, generator=0.0..1.0, density=0.05,outputoptions=[storage=sparse,datatype=float[8℄℄);M1 := 26666664 1000 x 1000 MatrixData Type: oat[8℄Storage: sparseOrder: Fortran order 37777775The following ommand generates a symmetri, banded matrix.> M2 := RandomMatrix(n, n, generator=0.0..1.0, density=0.1,outputoptions=[shape=symmetri,storage=band[0,5℄,datatype=float[8℄℄);13



M2 := 266666666664 1000 x 1000 MatrixData Type: oat[8℄Storage: band[0,5℄Shape: symmetriOrder: Fortran order 377777777775In an interative Maple session, by right-liking on the plaeholder output seen above onean use the Matrix Browser to view the struture of the matrix (Figure 2).Figure 2: Matrix browser for M2
Operations on strutured matries are performed eÆiently. Here we multiply matrix M2by the vetor of size n with all entries 1.0 .> b := Vetor(1..n, 1.0):> M2.b; 26666664 1000 Element Column VetorData Type: oat[8℄Storage: retangularOrder: Fortran order 3777777514



1.4.2 Example 1.10. Operations on a banded matrixFor this example, onsider the following banded matrix of order 100.> n := 100:> B := LinearAlgebra:-RandomMatrix(n, n, generator=0.0..1.0, density=0.05,outputoptions=[shape=symmetri,storage=band[0,5℄,datatype=float[8℄℄);B := 266666666664 100 x 100 MatrixData Type: oat[8℄Storage: band[0,5℄Shape: symmetriOrder: Fortran order 377777777775By right-liking on the output B in an interative Maple session, the following are some ofthe operations whih an be invoked from the ontext menu:� Browse (to see the band struture)� Determinant� Rank� Singular Values (and Browse the vetor of singular values)For example, let us ompute the singular values of B and then alulate the numerialrank [5℄ of the matrix as follows.> singvals := LinearAlgebra:-SingularValues(B);singvals := 26666664 100 Element Column VetorData Type: oat[8℄Storage: retangularOrder: Fortran order 37777775> delta := evalhf(DBL_EPSILON) * LinearAlgebra:-Norm(B);Æ := 0:3161404587 10�15Sine the singular values are ordered from largest to smallest, we may apply the followingbisetion method to �nd the last \numerially nonzero" singular value.15



> lo := 1: hi := n:> while hi-lo > 1 domid := iquo(lo+hi, 2);if singvals[mid℄ > delta then lo := mid else hi := mid end ifend do:> num_rank := lo; num rank := 43By looking at a few singular values near the uto�, we see that the numerial rank is well-de�ned in this example.> singvals[num_rank-1 .. num_rank+2℄;26664 0:04973062190055448780:009823950114867268180:315472208202137882 10�170:493038065763132379 10�31 377752 Symboli Solution of ODEsThe dsolve ommand in Maple is a general ODE solver whih handles various types of ODEproblems inluding:� losed form solutions of a single ODE or a system of ODEs� losed form solutions of ODEs with given initial or boundary onditions� formal power series solutions of a linear ODE with polynomial oeÆients� solutions obtained via integral transforms� trunated series solutions� numerial solutionsSome of these types of solutions are illustrated in the following setions.2.1 Solution Tehniques for a Single ODEFor the task of omputing losed form solutions of a single ODE, two general strategies areemployed [2℄:� Classi�ation methods{ determine whether the given ODE mathes a reognizable pattern16



{ if yes, apply a known solution method for that pattern{ Speial ase: Linear ODE, for whih deision proedures are implemented� Symmetry methods{ look for generators of the symmetry groups of the given ODE{ use this information to integrate the ODE, or at least to redue the order of theODE2.1.1 The odeadvisor ommand and the lassi�ation typesThe odeadvisor ommand is an innovative addition to Maple:� espeially for teahing and learning� lassi�es a given ODE aording to standard textbook lassi�ations� provides user aess to the lassi�ation strategies used by the dsolve ommandThe goal of the odeadvisor ommand is to lassify a given ODE aording to standardtextbooks [6℄, [9℄. The lassi�ation types known to this ommand are desribed in the helppage ?odeadvisor and they are as follows.� First order ODEsAbel, Abel2A, Abel2C, Bernoulli, Chini,Clairaut, dAlembert, exat, homogeneous, homogeneousB,homogeneousC, homogeneousD, homogeneousG, linear, patterns,quadrature, rational, Riati, separable, sym impliit� Seond order ODEsBessel, DuÆng, ellipsoidal, ellipti, Emden,erf, exat linear, exat nonlinear, Gegenbauer, Halm,Hermite, Jaobi, Lagerstrom, Laguerre, Lienard,Liouville, linear ODEs, linear sym, missing, Painleve,quadrature, reduible, sym Fx, Tithmarsh, Van der Pol� High order ODEsquadrature, missing, exat linear, exat nonlinear, reduible,linear ODEs 17



2.1.2 Example 2.1. A Riati equationConsider the following �rst-order nonlinear equation.> with(DEtools):> ode[1℄ := x*diff(y(x),x)+a*y(x)^2-y(x)+b*x^2;ode1 := x ddx y(x) + a y(x)2 � y(x) + b x2Ask for information about the ODE.> odeadvisor(ode[1℄);[[ homogeneous; lass D℄; rational ; Riati℄Solve the ODE. Note: It is not neessary to invoke odeadvisor prior to invoking dsolve.> dsolve(ode[1℄, y(x));y(x) = �tan �xpb a+ C1 pb a� xpb aa2.1.3 Example 2.2. An Abel equationThis is another �rst-order nonlinear equation.> ode[2℄ := (2*y(x)-x)*diff(y(x),x)-y(x)-2*x;ode2 := (2 y(x)� x) ddx y(x)� y(x)� 2x> odeadvisor(ode[2℄);[[ homogeneous; lass A℄; exat ; rational ; [ Abel ; 2nd type; lass A℄℄> dsolve(ode[2℄, y(x));y(x) = x C12 + q5x2 C1 2 + 42C1 ; y(x) = x C12 � q5x2 C1 2 + 42C118



2.1.4 Example 2.3. A Bessel equationConsider the following seond-order linear equation.> ode[3℄ := x^2*diff(y(x),x,x)+x*diff(y(x),x)-(x^2+n^2)*y(x);ode3 := x2 d2dx2 y(x) + x ddx y(x)� (x2 + n2) y(x)> odeadvisor(ode[3℄); [[ Bessel ; modi�ed ℄℄> dsolve(ode[3℄, y(x));y(x) = C1 BesselI(n; x) + C2 BesselK(n; x)2.1.5 Example 2.4. A Van der Pol equationThe following seond-order nonlinear equation an be lassi�ed, but the general symbolisolution an only be expressed in an impliit form.> ode[4℄ := diff(y(x),x,x)-mu*(1-y(x)^2)*diff(y(x),x)+y(x) = 0;ode4 := d2dx2 y(x)� � (1 � y(x)2) ddx y(x) + y(x) = 0> odeadvisor(ode[4℄);[[ 2nd order; missing x ℄; Van der Pol ℄Numerial solutions of Van der Pol's equation are onsidered in Example 4.4.2.1.6 Example 2.5. Solving via Lie symmetry methods> ode[5℄ := diff(y(x),x) = F((y(x)-x*ln(x))/x) + ln(x);ode5 := ddx y(x) = F y(x)� x ln(x)x !+ ln(x)Lie symmetry methods [2℄ are used to express the solution, in this ase in an impliit formin terms of Maple's RootOf onstrut.> dsolve(ode[5℄, y(x)); 19



y(x) = RootOf  ln(x)� Z Z 1� a � 1 + F( a) d a � C1! x+ x ln(x)For the following partiular hoie of the funtion F , the above ODE is a Riati equation.> F := u -> u^2:> ode[5℄; ddx y(x) = (y(x)� x ln(x))2x2 + ln(x)> odeadvisor(ode[5℄, y(x));[[ 1st order; with linear symmetries℄; Riati℄Request that Lie symmetry methods be used to ompute the solution.> dsolve(ode[5℄, y(x), 'Lie');y(x) = 110 x (2p5 ln(x) +p5 � 5 tanh �12 �ln(x) + C1 )p5�� p5Show the symmetry generators (a set of in�nitesimals whih leave the ODE invariant).> symgen(ode[5℄); [ � = x; � = x+ y℄2.2 Hypergeometri Solutions of Seond-order Linear ODEsMaple's dsolve an resolve the equivalene between a given ODE and one having 2F1; 1F1or 0F1 hypergeometri solutions, whenever that equivalene involves power omposed withM�obius transformations (see the help page ?dsolve,hypergeometri).
20



2.2.1 Example 2.6. 2F1 hypergeometri type of solution> PDEtools[delare℄(y(x), prime=x);y(x ) will now be displayed as yderivatives with respet to : x of funtions of one variable will now be displayed with 0> ode := diff(y(x),x,x) =3/16*(x^2+10)*(4*x^6+16*x^4+23*x^2-10)/(x^2+2)^2/(x^2+5)^2/x^2*y(x);ode := y 00 = 3 (x2 + 10) (4x6 + 16x4 + 23x2 � 10) y16 (x2 + 2)2 (x2 + 5)2 x2> sol := dsolve(ode);sol := y = C1 hypergeom �12 ; 12� ; �34� ; 2 (x2 + 5)5 (x2 + 2)! x(3=4) (x2 + 5)(3=8)+ C2 hypergeom �34 ; 34� ; �54� ; 2 (x2 + 5)5 (x2 + 2)! x(3=4) (�x2 � 5)(1=4) (x2 + 5)(3=8)(x2 + 2)(1=4)2.2.2 Example 2.7. 1F1 hypergeometri type of solution> ode := diff(y(x),x,x) = 27*x*y(x)/(2*x+1)/(x-1)^4;ode := y 00 = 27x y(1 + 2x) (x � 1)4> sol := dsolve(ode);sol := y = C1 (1 + 2x) e(�1�2 xx�1 )KummerU�32 ; 2; 2 + 4xx� 1 �+ C2 (1 + 2x) e(�1�2xx�1 ) hypergeom��32� ; [2℄; 2 + 4xx� 1 �> onvert(sol, StandardFuntions);y = C1 (1 + 2x) e(�1�2 xx�1 )KummerU�32 ; 2; 2 + 4xx� 1 �+ C2 (1 + 2x) e(�1�2 xx�1 ) e( 2+4 x2 (x�1) )BesselI(0; 2 + 4x2 (x � 1)) + e( 2+4 x2 (x�1) ) BesselI 1; 2 + 4x2 (x� 1)!!21



2.2.3 Example 2.8. 0F1 hypergeometri type of solution> ode := diff(y(x),x,x) =1/20/x^2*(405*x^6-5670*x^4+58604*x^2+13720)/(3*x^2-14)^3*y(x);ode := y 00 = (405x6 � 5670x4 + 58604x2 + 13720) y20x2 (3x2 � 14)3> sol := dsolve(ode);sol := y = C1 p9x2 � 42 hypergeom [℄; [1℄; 14x25 (3x2 � 14)! px+ C2 pxp9x2 � 42 BesselK0BBBB�0; 2s x23x2 � 14 p705 1CCCCA> onvert(sol, Bessel);y = C1 p9x2 � 42 BesselJ 0; 28xp�210x2 + 980! px+ C2 pxp9x2 � 42 BesselK0BBBB�0; 2s x23x2 � 14 p705 1CCCCAAn example with frational power oeÆients, whose solution an be expressed in elementaryform.> ode := diff(y(x),x,x) = 1/4*(2/3*1/(x^(5/6))+2/x^(2/3))/x*y(x) +1/2*(-1+x^(1/6))/x*diff(y(x),x);ode := y 00 = � 23x(5=6) + 2x(2=3)� y4x + ��1 + x(1=6)� y 02x> sol := dsolve(ode);sol := y = C1 e(�3x(1=6)) + C2 pxhypergeom�[3℄; [4℄; 9x(1=6)� e(�3x(1=6))> onvert(sol, elementary);y = C1 e(�3x(1=6)) � 2243 C2  1� e(9x(1=6))  1 � 9x(1=6) + 81x(1=3)2 !! e(�3x(1=6))22



2.3 Formal Power Series SolutionsThere are algorithms in Maple to ompute various types of formal power series solutions [1℄for a linear ODE with polynomial oeÆients. The following examples will serve to illustrate.2.3.1 Example 2.9. Formal power series with polynomial oeÆients> ode := (3*x^2-6*x+3)*diff(y(x),x,x) + (12*x-12)*diff(y(x),x) + 6*y(x);ode := (3x2 � 6x + 3) d2dx2 y(x) + (12x � 12) ddx y(x) + 6 y(x)> dsolve(ode, y(x), formal_series, oeffs=polynomial);y(x) = 1Xn=0 ( C1 + n C2 )xn2.3.2 Example 2.10. Formal power series with hypergeometri oeÆients> ode := 2*x*(x-1)*diff(y(x),x,x) + (7*x-3)*diff(y(x),x) + 2*y(x) = 0;ode := 2x (x� 1) d2dx2 y(x) + (7x � 3) ddx y(x) + 2 y(x) = 0> dsolve(ode, y(x), type=formal_series, oeffs=hypergeom);y(x) = C1 0BB�1Xn=0 ��n + 12� (x+ 1)nn! 1CCAp� ; y(x) = C1  1Xn=0 (n+ 1)xn2n + 1 ! ;y(x) = C1 0BB�1Xn=0 (�1)n ��n + 12� (x� 1)n�(n+ 1) 1CCAp�2.3.3 Example 2.11. Formal m-sparse m-hypergeometri power series> ode := diff(y(x),x,x) + (x-1)*y(x);ode := d2dx2 y(x) + (x� 1) y(x)> dsolve(ode, y(x), type=formal_series, oeffs=mhypergeom);23



y(x) = 29 C1 �p3 0BBB�1Xn=0 �� 13�n (x� 1)(3n+1)3n ��43 + n� �(n + 1)1CCCA��23� ;y(x) = C1 ��23� 0BBB�1Xn=0 �� 13�n (x� 1)(3n)�(n+ 1) 3n ��n + 23�1CCCA2.4 The DEtools Pakage
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xFigure 3: DEplot for an IVP.The DEtools pakage provides user tools for manipulating ODEs inluding:� funtions for visualization{ e.g. DEplot, dfieldplot, phaseportrait� general manipulation of di�erential equations{ e.g. Dhangevar, onvertsys, indiialeq, redueOrder� funtions for onstruting losed form solutions24



{ e.g. onstoeffsols, exatsol, expsols, linearsol, ratsols, separablesol� funtions for di�erential operators{ e.g. DFator, adjoint, formal_solSome examples using the funtions for visualization are presented below.2.4.1 Example 2.12. DEplot> with(DEtools):> de1 :=os(x)*diff(y(x),x$3)-diff(y(x),x$2)+Pi*diff(y(x),x)=y(x)-x;de1 := os(x) d3dx3 y(x)� d2dx2 y(x) + � ddx y(x) = y(x)� x> DEplot(de1, y(x), x=-2.5..1.4,[[y(0)=1,D(y)(0)=2,(D��2)(y)(0)=1℄℄, y=-4..5, stepsize=.05); # Figure 32.4.2 Example 2.13. d�eldplot
Lotka-Volterra model
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xFigure 4: d�eldplot: Lotka-Volterra model.> de2a := diff(x(t),t) = x(t)*(1-y(t));de2b := diff(y(t),t) = .3*y(t)*(x(t)-1);25



de2a := ddt x(t) = x(t) (1� y(t))de2b := ddt y(t) = 0:3 y(t) (x(t)� 1)> dfieldplot([de2a,de2b℄, [x(t),y(t)℄,t=-2..2, x=-1..2, y=-1..2,arrows=LARGE, title="Lotka-Volterra model",olor=[.3*y(t)*(x(t)-1),x(t)*(1-y(t)),.1℄); # Figure 4> de3 := diff(y(x),x) = 1/2*(-x-(x^2+4*y(x))^(1/2));de3 := ddx y(x) = �x2 � 12 qx2 + 4y(x)> dfieldplot(de3, y(x), x=-3..3, y=-3..2,title="Restrited domain", olor=1/2*(-x-(x^2+4*y))); # Figure 5
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Figure 5: d�eldplot: Restrited domain.26



2.4.3 Example 2.14. phaseportrait> de4a := D(x)(t) = y(t)-z(t);de4b := D(y)(t) = z(t)-x(t);de4 := D(z)(t) = x(t)-y(t)*2;de4a := D(x)(t) = y(t)� z(t)de4b := D(y)(t) = z(t)� x(t)de4 := D(z)(t) = x(t)� 2 y(t)> phaseportrait([de4a,de4b,de4℄, [x(t),y(t),z(t)℄,t=-2..2, [[x(0)=1,y(0)=0,z(0)=2℄℄, stepsize=.05,sene=[z(t),x(t)℄, lineolour=sin(t*Pi/2),method=lassial[foreuler℄); # Figure 6
0.5

1

1.5

2

x(t)

–1 –0.5 0.5 1 1.5 2
z(t)Figure 6: An example of phaseportrait.> de5 := D(y)(x) = -y(x)-x^2;de5 := D(y)(x) = �y(x)� x2> phaseportrait(de5, y(x), x=-1..2.5,[[y(0)=0℄,[y(0)=1℄,[y(0)=-1℄℄,title="Asymptoti solution",olour=magenta,lineolor=[gold,yellow,wheat℄); # Figure 727



Asymptotic solution
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Figure 7: phaseportrait: Asymptoti solution.3 Hybrid Symboli-Numeri IntegrationThe Maple sienti� omputation environment supports both symboli and numeri mathe-matial omputation, as previous setions have illustrated. In this setion a new paradigm,hybrid symboli-numeri omputation, is employed to ahieve an enhaned level of ompu-tational power. The overall strategy is to apply an appropriate ombination of symbolimathematial analysis and numerial omputation.The hybrid symboli-numeri methods illustrated here are part of an automated nu-merial integration strategy [3℄, [4℄ implemented in Maple for the numerial evaluation ofde�nite integrals. In partiular, symboli analysis tehniques are used to deal with integrandsingularities.3.1 Example 3.1. Finite and in�nite interval of integration> f := x^2*ln(x)*exp(-x^2); f := x2 ln(x) e(�x2)> plot( f, x=0..4 ); # Figure 8Form the integral on (0; 4) and attempt to evaluate in symboli mode.> intf := Int( f, x=0..4 ):> value( intf ); 28
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Figure 8: Graph of integrand for Example 3.1.Z 40 x2 ln(x) e(�x2) dxThe integral does not evaluate in symboli mode. Apply diret numerial integration (atstandard preision).> evalf( intf ); # Invokes ompiled NAG routines.0:008084270850Or at higher preision.> evalf[25℄( intf ); 0:008084270849929287342315724Notie from the graph that the integral on (0; 1) will have approximately the same numer-ial value. Curiously, for the in�nite integral a losed form expression an be obtained!> newintf := Int( f, x=0..infinity ):> newintf = value( newintf ); 29



Z 10 x2 ln(x) e(�x2) dx = p�4 � p� 8 � 14 p� ln(2)Of ourse, this symboli formula an be evaluated numerially.> evalf( rhs(%) ); 0:0080845993Or, we may apply diret numerial integration to the in�nite integral.> evalf( newintf ); # Invokes ompiled NAG routines.0:008084599362Note: Numerial evaluation of the exat formula loses some preision. The result fromnumerial integration is orret to 10 signi�ant digits.
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Figure 9: Graph of integrand for Example 3.2.30



3.2 Example 3.2. Logarithmi singularity at left endpoint> g := sin(x)*ln(x)*exp(-x^3);g := sin(x) ln(x) e(�x3)> plot( g, x=0..3 ); # Figure 9Form the integral on (0; 3), attempt symboli evaluation, and apply numerial integration.> intg := Int( g, x=0..3 ):> value( intg ); Z 30 sin(x) ln(x) e(�x3) dx> evalf( intg ); �0:1957885158Evaluating numerially to 25 digits yields the following result.> evalf[25℄( intg ); �0:1957885158488077265323200Note that the integrand has a logarithmi singularity at x=0 as the following series expansionshows.> series( g, x=0 );ln(x)x� 16 ln(x)x3 � ln(x)x4 + 1120 ln(x)x5 +O(x6)The hybrid symboli-numeri tehnique inludes the onept of term-by-term integration ofsuh a series expansion.
31
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Figure 10: Integrand with logarithmi singularity.3.3 Example 3.3. Subtrating o� a singularity> h := ln(1 - os(2*x)):> Int(h, x=0..1); Z 10 ln(1� os(2x)) dxNote that the graph of this integrand goes to �1 at x = 0. However, this is an integrablesingularity { it behaves like ln(x) near x = 0.> plot(h, x=0..1); # Figure 10Note: The tehnique of subtrating o� a singularity illustrated below, takes plae automat-ially within Maple's numerial integration routines.Suppose it is desired to ompute the result to 25 digits of auray. The generalizedseries expansion of h at x = 0 takes the following form.> Digits := 25:> series(h, x=0, 8);(ln(2) + 2 ln(x))� 13 x2 � 190 x4 � 22835 x6 +O(x8)The non-regular part is 32



> q := 2*ln(x); q := 2 ln(x)The new expression> newh := h - q; newh := ln(1� os(2x)) � 2 ln(x)is analyti on the interval [0, 1℄. Thus it an be integrated easily by the default numerialintegration method.> r1 := evalf(Int(newh, x=0..1));r1 := 0:5797067685767754431529296Integrating q is easy beause it has the inde�nite integral> int(q, x); 2x ln(x)� 2xand its de�nite integral an therefore be omputed symbolially.> r2 := int(q, x=0..1); r2 := �2Finally, summing the two values, we obtain the value for the original de�nite integrationproblem.> Int(h, x=0..1) = r1 + r2;Z 10 ln(1� os(2x)) dx = �1:42029323142322455684707033



3.4 Example 3.4. Algebrai transformation of variables> F := sqrt(sin(x)):> Int(F, x=0..2); Z 20 qsin(x) dxNote: The hange of variables illustrated below takes plae automatially within Maple'snumerial integration routines.The generalized series expansion of the integrand F at x = 0 is of the form> series(F, x=0, 5); px� x(5=2)12 + O(x(9=2))Applying the hange of variables t = px yields> r3 := Int( eval(F, x=t^2) * diff(t^2, t), t = 0..sqrt(2) );r3 := Z p20 2qsin(t2) t dtThe new integrand is analyti on the interval of integration. Therefore it an be integratedeasily by the default numerial integration method, even at high auray. Suppose that theresult is desired to 50 digits of auray.> evalf[50℄(r3);1:62072340831996650507931060791593353622113718775923.5 Example 3.5. Integrating a series term-by-term> G := exp(v - v^2/2) / (1 + 1/2*exp(v)):> Int(G, v=0..infinity); Z 10 e(v�1=2v2)1 + 12 ev dvNote: The development of the integrand in a generalized series expansion and its integra-tion term-by-term as illustrated below takes plae automatially within Maple's numerialintegration routines.Suppose it is desired to ompute the integral to 20 digits of auray. First, the intervalof integration is split into 0::1 and 1::1. For the �nite interval, the default numerialintegration method has no diÆulty. 34



> Digits := 20:> r01 := evalf(Int(G, v=0..1));r01 := 0:75805648290182466780For the in�nite interval, the hange of variables v = 1x transforms the problem into thefollowing new integration problem.> r1inf := Int( -eval(G, v=1/x) * diff(1/x, x), x = 0..1 );r1inf := Z 10 e( 1x� 12 x2 )�1 + 12 e( 1x )� x2 dxLet the integrand appearing here be named g. The �rst few terms of the generalized seriesexpansion of g are as follows.> g := op(1, r1inf):> n := 6:> s := `evalf/int/genseries`(g, x, n);s := 2qe(� 1x2 )x2 � 4qe(� 1x2 ) e(� 1x )x2 + 8qe(� 1x2 ) (e(� 1x ))2x2 � 16qe(� 1x2 ) (e(� 1x ))3x2+ 32qe(� 1x2 ) (e(� 1x ))4x2 � 64qe(� 1x2 ) (e(� 1x ))5x2 +O((e(� 1x ))6)Note that s is a series in inreasing powers of e� 1x . Maple's symboli integrator determinesthat the �rst two terms of s have the following inde�nite integrals.> terms := [seq(simplify(op(i,s),symboli), i=1..n)℄:> int(terms[1℄, x); �p�p2 erf  p22x!> int(terms[2℄, x); 2p� e(1=2)p2 erf  p22x + p22 !Similarly, the integral of eah term an be omputed symbolially. If we ompute the de�niteintegral over [0, 0.25℄ of the suessive terms of the generalized series expansion of g, we �ndthat the suessive values are as follows. For the numerial evaluation of the symboli formulafor eah term, and for the addition of the terms to get an aurate oating point result, it isgenerally neessary to set the working preision higher for this stage of the omputation.35



> Digits := 2*Digits:> seq( int(terms[i℄, x=0..0.25), i = 1..n ):> evalf( [ % ℄ );[0:0001587760605431491075123703626650328373637;�0:4738615755254568689505501798704846841832 10�5;0:14618558751626870771092071306440237944 10�6 ;�0:4620419923888812140879472189094576 10�8 ;0:1487487129599759512988874240391 10�9 ;�0:485832446976082646823140969 10�11℄Clearly, the series representation is onverging reasonably quikly on this interval (the mag-nitude of suessive terms is dereasing at a good rate).To obtain a numerial result aurate to 20 digits, it is neessary to sum more than sixterms of the series as an be seen from the magnitude of the terms above. For this example,20 terms is more than neessary.> n := 20:> s := `evalf/int/genseries`(g, x, n):> terms := [seq(simplify(op(i,s),symboli), i=1..n)℄:The following loop adds suessive terms until the magnitude of the terms beomes negligiblefor 20 digit auray.> Digits := 2*Digits:> epsilon := 1e-20:> t := evalf( int(terms[1℄, x=0..0.25) ): val := t:> for i from 2 to n while abs(t/val) > epsilon dot := evalf( int(terms[i℄, x=0..0.25) );val := val + tend do:> number_of_terms := i-1; number of terms := 15We now have the following result for the integral of g over [0, 0.25℄.> Digits := 20:> r1 := evalf(val); r1 := 0:00015417915400122159463For the remaining interval [0.25, 1℄, ordinary numerial integration methods enounter nodiÆulties beause there are no nearby singularities.36



> r2 := evalf(Int(g, x=0.25..1));r2 := 0:54730623706268017603Add these two values to get the value of the integral r1inf .> r1inf := r1 + r2; r1inf := 0:54746041621668139762Finally, we have obtained the answer for the original integration problem.> Int(G, v=0..infinity) = r01 + r1inf;Z 10 e(v�1=2v2)1 + 12 ev dv = 1:30551689911850606543.6 Multidimensional Numerial IntegrationThe most signi�ant improvement in numerial integration apabilities for Maple 8 is theaddition of numerial methods for multiple integration. In previous releases, one ould forma multiple integral using nested Int expressions, and then invoke the evalf ommand onthe multiple integration problem. The only solution method was to invoke, reursively, one-dimensional numerial integration methods. This was an ineÆient approah to numerialmultiple integration problems whih would sueed only on the simplest problems.In Maple 8, ompiled C routines whih implement numerialmultiple integration methodsare automatially invoked for suh problems whenever the desired preision is in hardwareoating point range (typially about 15 deimal digits).3.6.1 Speial (list) syntax for multiple integralsA numerial multiple integration problem an be spei�ed in a natural way using nestedone-dimensional integrals, for example:evalf( Int(...(Int(Int(f, x1=a1..b1), x2=a2..b2), ...), xn=an..bn) )where the integrand f depends on x1 ; x2 ; :::; xn . Suh a problem an also be spei�ed usingthe following speial multiple integration notation with a list as the seond argument:evalf( Int(f, [x1=a1..b1, x2=a2..b2, ..., xn=an..bn℄) .Additional optional arguments an be stated just as in the ase of one-dimensional integra-tion. Also as in one-dimensional integration, the integrand f an be spei�ed as a proedurein whih ase the seond argument must be a list of ranges: [a1..b1, a2..b2, ..., an..bn℄. Whether a multiple integration problem is stated using nested integrals or using the list no-tation, the arguments are extrated so as to invoke the same numerial multiple integrationroutines. See the help page ?evalf/int for further details and examples.37



3.6.2 Example 3.6. Multidimensional integrationMultiple integrals may be expressed as nested one-dimensional integrals.> Int(Int(Int(exp(x+y+z)/((5*x+1)*(10*y+2)*(15*z+3)),x=0..4), y=0..3), z=0..sqrt(2));Z p20 Z 30 Z 40 e(x+y+z)(5x+ 1) (10 y + 2) (15 z + 3) dx dy dz> evalf(%); 0:9331611325Numerial multiple integration may also be invoked using a list syntax.> d := (1 - w^2*x^2*y^2*z^2):g := d * os(w*x*y*z) - d * w*x*y*z * sin(w*x*y*z);g := (1 � w2 x2 y2 z2) os(w xy z)� (1� w2 x2 y2 z2)w xy z sin(wxy z)> DesiredIntegral := Int(Int(Int(Int(g, w=0..1),x=0..1), y=0..1), z=0..1);DesiredIntegral :=Z 10 Z 10 Z 10 Z 10 (1 � w2 x2 y2 z2) os(w xy z)� (1 � w2 x2 y2 z2)w xy z sin(w xy z) dw dx dy dzHere we use a list syntax to give the integration ommand, whih would avoid the need toform the nested integral above.> evalf(Int(g, [w=0..1, x=0..1, y=0..1, z=0..1℄));0:9717798177Equivalently, we ould have requested numerial evaluation of the nested integral formedabove.> evalf(DesiredIntegral); 0:9717798177When low auray is suÆient, the Monte Carlo method may be used.38



> h := 1/(2 + sin(Pi*sqrt(87)*(x1+x2+x3+x4+x5+x6)));h := 12 + sin(�p87 (x1 + x2 + x3 + x4 + x5 + x6 ))> evalf(Int(h, [x1=-1..1, x2=-1..1, x3=-1..1, x4=-1..1,x5=-1..1, x6=-1..1℄, method=_MonteCarlo, epsilon=0.5e-2)):Only trust about 3 digits when epsilon=0.5e-2 .> evalf[3℄(%); 36:94 Numerial Solution of IVPsOne may onsult the help page ?dsolve,numeri for details about the numerial ODEsolvers available in Maple. The examples below illustrate some of the apabilities for numer-ially solving initial-value problems.4.1 Example 4.1. A Riati equationConsider the following Riati equation de with initial ondition i.> de := diff(y(x),x) = (y(x) - x*ln(x))^2/x^2 + ln(x);de := ddx y(x) = (y(x)� x ln(x))2x2 + ln(x)> i := y(1)=1/2; i := y(1) = 12For this example, it is possible to ompute an exat symboli solution.> soln := dsolve({de,i}, y(x));soln := y(x) = 110 x �2p5 ln(x) +p5 � 5 tanh �12 p5 ln(x)�� p5> y_exat := unapply(rhs(soln), x): 39



Compute a solution using the default numerial method whih is a Runge-Kutta Fehlbergmethod rkf45. Look at the solution at some spei� points.> y_numeri := dsolve({de,i}, type=numeri, range=1..4):> y_numeri(1.5); [x = 1:5; y(x) = 0:646309187179596068℄> y_numeri(4.0); [x = 4:0; y(x) = 3:45869339601487890℄Comparing with the exat answer at x = 4, we see that the default numerial solution isaurate to about 5 digits.> evalf[15℄( y_exat(4) ); 3:45866042407752The numerial solution an be plotted eÆiently beause all neessary data has already beenomputed and stored in the proedure y numeri.> plots[odeplot℄(y_numeri); # Figure 114.2 Example 4.2. A pendulum problem> de := diff(x(t),t,t) = g/l*sin(x(t));de := d2dt2 x(t) = g sin(x(t))l> g := 32; l := 2; g := 32l := 2> inits := x(0)=0, D(x)(0)=1/10;inits := x(0) = 0; D(x)(0) = 110For this example, the symboli solution is expressed in a somewhat ompliated impliitform whih involves the RootOf onstrut and an unevaluated integral.40
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xFigure 11: Numerial solution of a Riati equation.> soln := dsolve({de,inits}, x(t));soln := x(t) = RootOf 0��Z Z0 10q�3200 os( f ) + 3201 d f + t1A> x_exat := unapply(rhs(soln), t):Computing numerial values of x exat is quite ineÆient beause fsolve and evalf/intare repeatedly invoked!> for tval from 0.0 by 0.2 to 0.6 do't' = tval, 'x_exat' = evalf( x_exat(tval) )end do; t = 0:; x exat = 0:t = 0:2; x exat = 0:02220259912t = 0:4; x exat = 0:05938654256t = 0:6; x exat = 0:1366102790In this ase, a numerial solution an be omputed muh more eÆiently.41



> x_numeri := dsolve({de,inits}, type=numeri, range=0..4):> for tval from 0.0 by 0.2 to 0.6 do't' = tval, 'x_numeri' = eval(x(t), x_numeri(tval))end do; t = 0:; x numeri = 0:t = 0:2; x numeri = 0:0222025997741837761t = 0:4; x numeri = 0:0593864864151269420t = 0:6; x numeri = 0:136610116474530196Plot the numerial solution.> plots[odeplot℄(x_numeri); Figure 12
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tFigure 12: Numerial solution of a pendulum problem.4.3 Example 4.3. Numerial solution as a pieewise-polynomialinterpolantThe result omputed by the numerial solver rkf45 is a pieewise-polynomial interpolant. Itis the interpolant whih gets plotted by odeplot. For instrutional purposes, we an requestthe Maple solver to return the pieewise-polynomial solution as the output. Here we restritto a smaller range so that the output is not too large.42



> x_pwpoly := dsolve({de,inits}, type=numeri, output=pieewise,range=0..0.2):Extrat the x(t) solution and display it using 5-digit format.> x_pwpoly := eval(x(t), x_pwpoly):> evalf[5℄(x_pwpoly);8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
Float(unde�ned) t < 0:�0:85776 10�5 + 0:10051 t + 0:020216 (t � 0:025238)2+0:26830 (t � 0:025238)3 + 0:034011 (t � 0:025238)4 t � 0:050477�0:00029911 + 0:10545 t + 0:066910 (t � 0:082173)2+0:28165 (t � 0:082173)3 + 0:097913 (t � 0:082173)4 t � 0:11387�0:0013632 + 0:11503 t + 0:11369 (t � 0:13540)2+0:30695 (t � 0:13540)3 + 0:15776 (t � 0:13540)4 t � 0:15694�0:0031888 + 0:12658 t + 0:15520 (t � 0:17847)2+0:33774 (t � 0:17847)3 + 0:21345 (t � 0:17847)4 t � 0:20000Float(unde�ned) otherwiseCompare values of x pwpoly with x exat .> for tval from 0.0 by 0.1 to 0.2 do't' = tval, 'x_pwpoly' = eval(x_pwpoly, t=tval),'x_exat' = evalf( x_exat(tval) )end do; t = 0:; x pwpoly = 0:30 10�15; x exat = 0:t = 0:1; x pwpoly = 0:01026880738; x exat = 0:01026880675t = 0:2; x pwpoly = 0:02220259336; x exat = 0:02220259912Compute the pieewise-polynomial solution for range=0..4 and plot it. Of ourse, it is thesame plot as previously displayed.> x_pwpoly := dsolve({de,inits}, type=numeri, output=pieewise,range=0..4):> x_pwpoly := eval(x(t), x_pwpoly):> plot(x_pwpoly, t=0..4): # Output suppressed; same as Figure 12.43
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Figure 13: Numerial solution of a sti� IVP.4.4 Example 4.4. A Sti� Problem: van der Pol's equationThe Van der Pol equation in relaxation osillation is a famous example of a sti� nonlinearproblem.> mu := 1000:> de := diff(y(x),x,x)-mu*(1-y(x)^2)*diff(y(x),x)+y(x) = 0;de := d2dx2 y(x)� 1000 (1 � y(x)2) ddx y(x) + y(x) = 0> inits[1℄ := y(0)=2, D(y)(0)=0;inits1 := y(0) = 2; D(y)(0) = 0The following attempt to ompute a numerial solution by the default non-sti� method leadsto trouble.> soln[0℄ := dsolve({de,inits[1℄}, type=numeri, range=0..3000):Warning, annot evaluate the solution further right of 6.1339278,maxfun limit exeeded (see ?dsolve,maxfun for details)Speify the option stiff=true so that the default sti� method will be used, namely animpliit Rosenbrok third-fourth order Runge-Kutta method.44



1.996

1.997

1.998

1.999

2

y

0 1 2 3 4 5 6
xFigure 14: Aborted attempt to solve a sti� IVP.> soln[1℄ := dsolve({de,inits[1℄}, type=numeri, range=0..3000,stiff=true):A plot of the solution shows that there are regions of sharp hange. The IVP is sti� wherethe solution is slowly varying.> plots[odeplot℄(soln[1℄, [x, y(x)℄); # Figure 13By experimenting with other initial onditions, one an see that all nontrivial solutionsonverge very rapidly to this same limit yle.Finally, let us hek what was omputed in the aborted attempt whih used the defaultnon-sti� method. We see that it was unable to ompute beyond approximately x = 6.> plots[odeplot℄(soln[0℄, [x, y(x)℄); # Figure 14
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