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Abstract. Deep classiﬁcation networks have shown great accuracy in
classifying inputs. However, they fall prey to adversarial inputs, random
inputs chosen to yield a classiﬁcation with a high conﬁdence. But perception is a two-way process, involving the interplay between feedforward
sensory input and feedback expectations. In this paper, we construct a
predictive estimator (PE) network, incorporating generative (predictive)
feedback, and show that the PE network is less susceptible to adversarial
inputs. We also demonstrate some other properties of the PE network.
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Introduction

Adversarial input is input chosen speciﬁcally to yield a classiﬁcation with high
conﬁdence, and yet not resemble any typical members of that class. For example,
a search process found random images (as well as generic patterns) that, when
fed into AlexNet [1], were classiﬁed with greater than 99.99% conﬁdence [2].
Recent work has looked into overcoming the issue of adversarial input [3,4].
Our hypothesis is that a network with built-in generative capabilities might
be able to overcome such adversarial input. Most perceptual networks are feedforward, taking in sensory input and generating a classiﬁcation as its output [1].
But some networks are also generative; Hinton et al. used RBMs to model the
two-way process of recognizing and generating images of hand-written digits,
trained on the MNIST dataset [5].
Perception is a two-way process, where sensory inputs interact with expectations, attempting to ﬁnd a network state that is consistent with both. For
example, when you are looking at a raisin, and you are told it looks like a person’s face, it shifts your perception; your expectations impinge on the process
and your network shifts into a state in which the sensory input of the raisin is
meshed with your expectation of a face. You try to see the raisin as a face.
The anatomy of the sensory cortices supports the notion that feedback plays
an important role in perception, since most connections between cortical regions
are reciprocal (two-way) [6].
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A predictive estimator (PE) is an architecture that has built-in feedback [7].
The higher layers in the perceptual hierarchy send down predictions of what
the lower layer should be experiencing, and the lower layers send up the error
between that predication and their actual state. However, previous work on PEs
have used copied connection weights, where the feedforward connection weights
are also used as the feedback connection weights.
In this paper, we aim to generate a predictive estimator network (without
weight copying) and see whether the back-and-forth operation of the PE network
could be used to combat adversarial inputs. After all, the feedback projections
in a PE network contain predictions. These predictions might increase the classiﬁcation speciﬁcity.

2

Methods

Our approach to creating a deep predictive estimator (PE) network is to train
a bidirectional network and then use its connections in our PE network.
2.1

Training a Bidirectional Network

Consider the bidirectional network shown in Fig. 1. The network has feedforward
connection weights, W and P, and corresponding biases, a and b, as well as
feedback connection weights, R and M, and biases, c and d.

Fig. 1. Simple bidirectional network

If we set the feedback connections to zero (i.e. M, R, c and d are all zeros),
then the network simply behaves as a feedforward network. We can train that
network using a dataset of (x, y) samples, so that
y = σ (Phﬀ + b) , where
hﬀ = σ (Wx + a) ,

(1)
(2)

where σ is the logistic activation function. Likewise, if all of the feedforward
connections are zero (i.e. W, P, a and b are all zero), then the network behaves
in a purely feedback manner. Such a network can be trained so that
x = σ (Mhfb + d) , where
hfb = σ (Ry + c) .

(3)
(4)
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However, notice that hﬀ is not necessarily the same as hfb . The intermediate
(hidden) representation for the two directions does not have to be the same,
especially if the feedforward and feedback connections are learned independently
of each other.
Let us suppose that the feedforward and feedback networks were trained
using backpropagation so that
h = σ(Wx + a)
y = σ(Ph + b)

(5)
(6)

h = σ(Ry + c)
x = σ(Mh + d).

(7)
(8)

It is not suﬃcient to train W and P using simple backpropagation, followed
by training M and R using backpropagation in the opposite direction. The
problem is that the activity in the intermediate layers need to be approximately
the same for the feedforward and feedback modes of operation.
Instead of training one direction at a time, we trained one layer at a time
as an autoencoder [8]. This is now a fairly common practice. According to the
simple network depicted in Fig. 1, we ﬁrst learn the connection weights (W, a)
and (M, d) by minimizing the reconstruction error,



C x, σ Mσ(Wx + a) + d ,
where C is a cost function such as sum-of-squares, or cross entropy. That is, we
project the input x up to the hidden layer, and then project the activity in the
hidden layer back down to the input layer. The diﬀerence between the input and
the reconstruction is used to update the up and down connections between those
two layers.
After the ﬁrst layer is trained as an autoencoder, we train the next layer. If
the next layer reaches the output layer of the network, then we train it as an
associative memory. This method for learning bidirectional connection weights
and biases is similar to the method outlined in [9].
2.2

Predictive Estimator Network

We want to use the learned bidirectional network to generate a continuous-time
predictive-estimator network, like the one shown in Fig. 2. The ﬁgure shows three
PE units. Each PE unit contains a state node, denoted x, h and y in the ﬁgure,
and an error node, denoted δ, ε and γ in the ﬁgure. Within each PE unit (shown
as a shaded box), the state node and the error node are reciprocally connected.
The parameter β can be used to adjust the relative weight of sensory input
(coming from the lower levels of the hierarchy on the left) and expectation input
(coming from the higher levels on the right). When β is 0, the input to the state
nodes comes solely from the feedforward projection. When β is 1, the opposite
is true, and the state nodes only receive input from the error node. Hence, when
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Fig. 2. Diagram of part of a network

β = 1, the PE network operates in a feedback mode where the state nodes only
receive input from higher levels in the hierarchy.
The equations that govern the dynamics of the central PE unit in Fig. 2 are,
dz
= Wδ − (ρ + β)z
dt


dh
τ
= (1 − β) σ(z + a) − h − βε
dt
dε
τ
= h − σ(Ry + c) − ε
dt
τ

(9)
(10)
(11)

where τ represents a time constant. The variable z represents the input current
coming from the error node below, and ρ is its default decay coeﬃcient. Roughly
speaking, (9) integrates the unit’s input current z, (10) converts the input current
to an activation h, and (11) tracks the unit’s error ε, which is the diﬀerence
between the unit’s state, h, and the predication being sent down from above.
Note that if β is large (close to 1), then the network is operating in a primarily
feedback mode, and the last term in (9) causes z to decay quickly and have little
inﬂuence on h. On the other hand, if β is small (close to 0), then the network
is operating in a primarily feedforward mode, and (9) behaves more like an
integrator that accumulates the errors being sent from below.
Perhaps the best way to understand the functioning of the PE unit is to
study the equilibrium solutions of Eqs. (9)-(11). Consider the equilibrium state
of the feedforward system (i.e. set all three derivatives on the left to zero, and
let β = 0). Then Eq. (10) can be written
h = σ(z + b) .
This would match (5) if we could show that z must be Wx. Suppose, for now,
that ρ = 0, and consider what happens if we let z = Wx + Δz. A perturbation
analysis (not shown here) seems to suggest that the feedback loop through δ (see
1
Fig. 2) would result in dz
dt ∝ −Δz. Thus, z would be pushed back towards Wx.
Equation (11) implies that ε → 0 since we know that h = σ(Ry+c) from (7).
Finally, δ would also have to be zero.
If β is equal to 1 instead, we can follow a similar argument to show that
Wδ
. But δ must be zero for
ε = 0 (from Eq. (10)), and h = σ(Ry + c), and z = β+ρ
the same reason ε is zero. Hence, z = 0.
1

The default decay rate of ρ would eventually drive z → 0, but our analysis is relevant
as long as ρ is small.
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This equilibrium is the goal state of the PE network, in which the error nodes
are zero, and the state nodes encode the data to translate between the input and
the output (bottom and top) layers.

3
3.1

Experiments
PE Network Behaviour

To get a feel for how the PE network behaves, we ran some experiments using the
MNIST dataset. A bidirectional network with ﬁve layers (three hidden layers)
was trained using the method outlined in Sect. 2.1. The input layer had 784
nodes (the number of pixels in a 28 × 28 image), and the hidden layers had 100,
80, and 80 nodes. The output layer had 10 nodes. We trained for 30 epochs using
stochastic gradient descent with a batch size of 10. Our learning rate was 0.05.
We used cross entropy as our cost, and we regularized the connection weights
using a decay of 0.001. The parameter τ was set to 0.05 s, and ρ was set to 0.1.
After the training, the feedforward part of the network achieved a test accuracy
of 76%. We know that other neural networks can do better after more training,
but this accuracy was suﬃcient to serve our purposes.
After training the bidirectional network, we used the connection weights and
biases to create our PE network, as outlined in Sect. 2.2. Then we fed a chosen
digit as input and simulated the PE network. Note that the PE network receives
input at both the bottom layer and the top layer. However, if β = 0, the network
operates in feedforward mode and the top-layer input is ignored. Likewise, if
β = 1, the network operates in feedback mode and the bottom-layer input is
ignored.
In these experiments, we ran our network for 1 simulation second, after which
we cut oﬀ the inputs and simulated some more. The inputs were removed by
setting β = 1 for the bottom layer, and setting β = 0 for the top layer (each
layer can have a diﬀerent β). The purpose of this sequence is to ﬁrst allow
the input to set the network state, but then remove the inputs and let the PE
network “deliberate”. After this process, we looked at the top-layer state to see
how it compared to the ideal in the test set.
Our PE network yielded a 71% accuracy with β = 0, using a deliberation
time of 0.
Figure 3 shows one example. The true digit (on the left) is a “4”. The bidirectional network incorrectly classiﬁed this input as a “6” with 41.6% conﬁdence.
However, the PE network correctly classiﬁed it as a “4” with 23.9% conﬁdence.
Figure 4 shows another example. The bidirectional network classiﬁed it as
a “3” with 43.8% conﬁdence. In feedforward mode (β = 0), the PE network
classiﬁed it as either a “2” or “3” with conﬁdence around 25%. However, we
can allow expectation to inﬂuence the perception. If β is set to 0.2, then it
weights the feedforward/feedback with 80/20. Then the PE network favours the
classiﬁcation of “2” with conﬁdence 28.8%. The corresponding generative images
are shown in Fig. 4.
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Fig. 3. MNIST example. The image on the left is the original MNIST sample. The
middle image was generated using the bidirectional network, (setting the top layer to
class 4). The image on the right is the one generated by the PE network.

Fig. 4. MNIST example. The image on the left is the original MNIST sample. The
middle image was generated using the bidirectional network (setting the top layer to
class 2). The image on the right is the one generated by the PE network with β = 0.2.

3.2

Susceptibility to Adversarial Input

One of our hypotheses is that the generative, feedback nature of the PE networks will prevent it from being fooled by many adversarial inputs. To test this
hypothesis, we ran an experiment on a small dataset, in which binary strings of
length 8 are classiﬁed into 5 categories.
[1, 0, 1, 0, 0, 1, 1, 0] ↔ [1, 0, 0, 0, 0]
[0, 1, 0, 1, 0, 1, 0, 1] ↔ [0, 1, 0, 0, 0]
[0, 1, 1, 0, 1, 0, 0, 1] ↔ [0, 0, 1, 0, 0]
[1, 0, 0, 0, 1, 0, 1, 1] ↔ [0, 0, 0, 1, 0]
[1, 0, 0, 1, 0, 1, 0, 1] ↔ [0, 0, 0, 0, 1]
We trained a bidirectional network on that data, and then built the corresponding PE network. The bidirectional network was trained on 300,000 samples,
using stochastic gradient descent with a batch size of 10. We used cross entropy
as our cost function, and the learning rate was 0.01.
Adversarial input was generated by simply choosing random inputs of 8 values, where each value was chosen randomly from a uniform distribution between
0 and 1. Each sample was fed into the bidirectional network and the PE network.
The output of each network was assessed to see if either one yielded a “conﬁdent”
classiﬁcation (ie. if the soft-max output gave a value greater than 0.95).
For this experiment, the PE network was run for 1 simulation second with
β = 0 (feedforward mode).
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In the adversarial input experiment, the feedforward network yielded a 95%
conﬁdence on the random inputs 5% of the time (50 times out of 1000 trials).
The PE network did not show a conﬁdence level of 95% on any of the 1000
random strings. However, both the feedforward network and the PE network
exhibited 100% accuracy in classifying the true binary strings.

4

Conclusions

The predictive encoder network we created from the connection weights of the
bidirectional network exhibited some interesting properties. The feedback inherent in the PE network allowed, in some cases, the network to deliberate and
change its mind on an incorrect classiﬁcation. Moreover, in some cases, allowing
an expectation (by setting β to a non-zero value) helped the network to converge
to the correct class.
As hypothesized, the predictive estimator network was far less susceptible to
adversarial (random) inputs. While the feedforward part of the bidirectional network conﬁdently (mis)classiﬁed random inputs 5% of the time, we never observed
the PE network conﬁdently misclassify any random inputs. This is despite the
fact that both networks exhibited 100% accuracy on the binary dataset.
More study is needed to try to get the accuracy of the bidirectional and PE
networks up to contemporary levels on the MNIST dataset (i.e. greater than 98%
accuracy). However, we note that the MNIST dataset is not invertible; knowing
a digit class is not enough to generate the input image. We plan to investigate
stochastic extensions to our method to allow us to generate a variety of inputs,
similar to RBMs.
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