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initial states or input sequences. It exploits symbolic manipulation by a modi�ed form of symbolicsimulation. The Boolean expressions appearing in the system speci�cation are converted intosymbolic patterns for the simulator. Like a conventional simulation, a single run of the trajectoryevaluator models the system behavior over a single state sequence, although this sequence is bothsymbolic and partially-ordered.1.1 Partially-Ordered System ModelingIn earlier work, we demonstrated the utility of ternary modeling for verifying a variety of circuits[11, 12]. Our methodology was based on ternary simulation of VLSI circuits, where a third valueX is added to the set f0; 1g of possible signal values, indicating an unknown or indeterminate logicvalue. Assuming a monotonicity property of the simulation algorithm, one can ensure that anybinary (i.e., 0 or 1) values resulting when simulating patterns containing X's would also result whenthe X's are replaced by any combination of 0's and 1's. Thus, the number of patterns that mustbe simulated to verify a circuit can often be reduced dramatically by representing many di�erentoperating conditions by patterns containing X's. For example, we can verify that a particularsequence of actions will yield a 1 (or 0) on some node regardless of the initial state by verifyingthat this value results when starting from an initial state where all nodes are set to X. This requiresfar less e�ort than analyzing the e�ect of the action on all possible initial binary states.Ternary modeling is a special case of a more general abstraction technique based on partially-ordered system models. That is, the actual state space of the circuit (in this case all possiblecombinations of binary values) is extended with values representing sets of circuit states, such thatthe resulting state set is partially ordered. With ternary simulation, a state with some nodes setto X covers those circuit states obtained by replacing the X values with all combinations of 0 and1. The state with all nodes set to X thus covers all possible actual circuit states. By extending thenext-state function of the circuit to one over the expanded state set, we can verify circuit behaviorfor a set of di�erent operating conditions with a single simulation run. By suitable restrictions ofthe speci�cation syntax and the extended next-state function, we can guarantee that any propertyveri�ed on this more abstract form of simulation must also hold for the original circuit.In this paper we generalize our previous results on ternary simulation to a wider class ofpartially-ordered system models. This generalization simpli�es the presentation by allowing usto focus on the essential properties of the abstraction technique while eliminating artifacts speci�cto ternary modeling. It also allows us to apply our methods to higher level data domains thansimple binary-valued signals.1.2 Symbolic SimulationAlthough ternary modeling, or its generalization, allows us to cover many conditions with a sin-gle simulation sequence, it lacks the analytic power required for complete veri�cation, except forrestricted classes of circuits such as memories [11]. We have shown that by combining ternary mod-eling with symbolic simulation [1], we can model even more complex sets of behaviors with a singlesimulation run. With ternary symbolic simulation, the simulation algorithm designed to operate onscalar values 0, 1, and X, is extended to operate on a set of symbolic values. Each symbolic valueindicates the value of a signal for many di�erent operating conditions, parameterized in terms ofa set of symbolic Boolean variables. In essence, ternary symbolic simulation allows us to combinemultiple ternary simulation sequences into a single symbolic sequence.Simulators that support ternary modeling intentionally err on the side of pessimism for the sakeof e�ciency. That is, they will sometimes produce a value X even where exhaustive case analysiswould indicate that the value should be binary (i.e., 0 or 1). For example, most ternary simulators2



evaluate logic functions in a ternary algebra created by extending the standard Boolean operators.This algebra does not obey the law of excluded middle, because X + X = X, where + and areternary extensions of Boolean sum and complement, respectively. On the other hand, symbolicsimulation avoids this pessimism, because it can resolve the interdependencies among signal values,and compute a+ a = 1 (the Boolean function that always yields 1). By combining the expressivepower of symbolic values with the computational e�ciency of ternary values, we can trade o�precision for ease of computation.1.3 Symbolic Trajectory EvaluationSymbolic trajectory evaluation takes the notion of ternary symbolic simulation one step further byproviding a concrete means of specifying and verifying the desired behavior of the system operatingover time. In earlier papers [9, 13], we introduced the notion of symbolic trajectory evaluation forternary system models and demonstrated its utility on several actual circuits. In this paper wegeneralize the technique to a wider class of system models and speci�cations. We also make ourprevious, informal claims more precise and rigorous.Our speci�cations take the form of symbolic trajectory formulas mixing Boolean expressions andthe temporal next-time operator. The Boolean expressions provide a convenient means of describingmany di�erent operating conditions in a compact form. By allowing only the most elementary oftemporal operators, the class of properties we can express is relatively restricted, as compared toother temporal logics [16, 32]. Nonetheless, we have found that we can readily express many aspectsof synchronous digital systems at various levels of abstraction. It is quite adequate for expressingmany of the subtleties of system operation, including clocking conventions and pipelining.Our decision algorithm is based on a generalized symbolic simulation. In its simplest formit tests the validity of an assertion of the form [A =) C], where both A and C are trajectoryformulas. That is, it determines whether or not every state sequence satisfying A (the \antecedent")must also satisfy C (the \consequent"). It does this by generating a symbolic simulation sequencecorresponding to the antecedent, and testing whether the resulting symbolic state sequence satis�esthe consequent.A more complex condition of the form [A =) C]� ;G can also be veri�ed, where A and C aretrajectory formulas and G is an assertion. Intuitively, the formula is deemed to hold if and only iffor every sequence of states the system may go through, if the state sequence satis�es some numberof iterations of A, then it must also satisfy the same number of iterations of C and furthermorethe remaining sequence must satisfy G. Assertions of this form are useful for verifying circuitsthat may remain in an idle state for an unbounded amount of time, e.g., for a processor held ina \wait-state" by the memory subsystem. Our veri�cation method proves invariants of this formby using symbolic simulation to compute a �xed-point which intuitively serves as a \summary" ofwhat states the system can be in after it has gone though any number of iterations of A.An important property of our algorithm is that it requires a comparatively small amount ofsimulation and symbolic manipulation to verify an assertion. The restrictions we impose on the for-mula syntax guarantee that there is a unique weakest symbolic sequence satisfying the antecedent.Furthermore, the symbolic manipulations involve only variables explicitly mentioned in the asser-tion. Unlike other symbolic circuit veri�ers [5], we do not need to introduce extra variables denotingthe initial circuit state or possible primary inputs. Finally, the length of the simulation sequencedepends only on the depth of nesting of temporal next-time operators in the assertion and thespeed of convergence of the �xed-point calculations.3



Symbolic? Model Patterns VariablesNo Binary 2n 0Yes Binary 1 nNo Ternary n+ 1 0Yes Ternary 1 dlog(n+ 1)eTable 1: Requirements for Verifying n-input and gate.Scalar Cases SymbolicSignal 0 1 2 3 4 5 6 7 High Lowin0 0 X X X X X X 1 i2 i1 i0 i2 i1 i0in1 X 0 X X X X X 1 i2 i1 i0 i2 i1 i0in2 X X 0 X X X X 1 i2 i1 i0 i2 i1 i0in3 X X X 0 X X X 1 i2 i1 i0 i2 i1 i0in4 X X X X 0 X X 1 i2 i1 i0 i2 i1 i0in5 X X X X X 0 X 1 i2 i1 i0 i2 i1 i0in6 X X X X X X 0 1 i2 i1 i0 i2 i1 i0out 0 0 0 0 0 0 0 1 i2 i1 i0 i2 + i1 + i0Table 2: Veri�cation of 7-input And Gate by Ternary Modeling1.4 Illustrative ExampleTo illustrate the combined use of partially-ordered system modeling and symbolic simulation,consider the task of using a simulator to verify that a given circuit has the functionality of ann-input and gate. Four approaches are tabulated in Table 1, according to whether the simulationis conventional or symbolic, and whether it uses a binary or a ternary system model. With binarymodeling, we would need to simulate either 2n conventional patterns, or a single symbolic patternof n variables|one per input. In either case, we must, in e�ect, exhaustively evaluate the circuitfunctionality.With ternary modeling, we can exploit the property that if at least one of the inputs to the gateis 0, the output should be 0 regardless of the other inputs. Even with a conventional simulator,we can verify the circuit with just n + 1 patterns. These are illustrated for the case of n = 7 inTable 2. First, there are n patterns that set one input to 0, the remaining to X, and checks thatthe output is 0. The remaining pattern sets all inputs to 1 and checks that the output is 1.By the method of symbolic indexing, our ternary symbolic simulator can encode all of thesecases with a single symbolic pattern [1]. That is, we think of the patterns as being indexed from0 to n. These index values are then encoded in binary and represented symbolically by a set ofdlog(n+ 1)e index variables. In our example with n = 7, we require three index variables: i2, i1,and i0. The signal values are then functions over these index variables mapping to the set f0; 1;Xg.We can in turn represent each of these functions as a pair of Boolean functions, indicating the caseswhere the signal is 1 (\High") or 0 (\Low"), with the signal otherwise being X. Table 2 shows theencoding of the eight ternary patterns by symbolic indexing. The High function is satis�ed onlywhen all index variables are assigned value 1, corresponding to the binary representation of 7. TheLow function for each signal is satis�ed when the index value matches the input number. Thus,each decoding of the index variables corresponds to one of the scalar ternary patterns.4



This simple example illustrates how multi-valued modeling can be combined with symbolicsimulation. By this method, we can e�ciently cover a wide range of circuit operating conditionswith a single symbolic simulation pattern involving far fewer variables than would be required fora complete binary symbolic simulation. In the case of an and gate, we have reduced the numberof variables to be logarithmic in the circuit size. For large systems involving many state variables,such reductions can lead to a dramatic improvement in symbolic manipulation e�ciency.Note also that even though we model circuit operation over multiple-valued signals, we utilizebinary encodings of these signals so that they can be represented symbolically with OBDDs. Thisavoids the need to implement special data structures and manipulation algorithms for multi-valuedfunctions. In general, we think of the Boolean variables of the symbolic simulator as providing a setof index variables. Each decoding of the variables covers one of the cases required for veri�cation.1.5 Related WorkOur approach to veri�cation relates most closely to the symbolic model checking algorithms devisedby a number of researchers [5, 15, 19]. Like our program, these algorithms verify that a �nite statesystem, modeled symbolically, obeys a property expressed in temporal logic. Despite these generalsimilarities, however, there are signi�cant di�erences in the capabilities and complexities of thealgorithms. In particular, our method is the most restricted in terms of the class of systems thatcan be modeled and in the properties that can be veri�ed. For example, other symbolic modelcheckers [15] can model an arbitrary, nondeterministic system, since the system is described bya transition relation. The symbolic veri�er for Lustre programs [25] is based on a next-statefunction representation of system behavior, but allows the inputs on each time step to be chosennondeterministically. In computing circuit behavior by a form of simulation, our method e�ectivelymodels system behavior in terms of the next-state functions for the circuit state elements. Further-more, we do not choose inputs nondeterminstically, but rather constrain the inputs according tothe antecedents of the assertion formulas. We can model some forms of nondeterministic behaviorby encoding a set of possible states with the value corresponding to the greatest lower bound in thepartial ordering. This form of modeling would yield overly pessimistic results for highly divergentsystem behaviors.Although our method does not compare favorably to symbolic model checking for verifyinghighly nondeterministic systems, we can e�ciently model circuit behavior with more detailed circuitand timing models. In particular, we can handle most of the techniques found in (discrete) circuitsimulators, including switch-level models, arbitrary clocking schemes, and various delay models forthe circuit elements. Our veri�er is thus one of the few that can model system behavior at a levelof timing granularity �ner than complete clock cycles.In its most general form, veri�cation by symbolic model checking can decide a class of formulasconsisting of a complete branching time, propositional temporal logic. Our method can only be usedto verify properties of bounded state sequences, intermixed with periods of invariant behavior. Ourrestrictions on the formulas to be checked allow us to verify system behavior by simulating circuitbehavior over a single, symbolic state sequence. There are other precedents for restricting the classof formulas that can be checked in order to improve the e�ciency of the veri�er. For example,Clarke, Grumberg, and Long [17] have shown that by restricting the use of negation and existentialoperators, they can reliably replace a detailed system model by a more simpli�ed abstraction. Anyproperty proved of the abstract model is guaranteed to hold for the more detailed one. Similarly, weprohibit negation and even disjunction in our logic to make it possible to conservatively approximatethe circuit behavior by a single, symbolic state sequence.One can view the combined e�ect of these research projects as providing a spectrum of checking-5



based veri�ers that trade o� between expressiveness and performance.Most other automated approaches to sequential circuit veri�cation are based on testing statemachine equivalence [18, 21]. Such methods are useful for comparing two di�erent (but hopefullyequivalent) representations of the system, such as one at a register-transfer level and one at agate level. However, they do not work well for verifying the correctness of incompletely speci�edsystems, nor for reasoning about systems that employ methods, such as pipelining, that shift thesequencing of activities in time. Furthermore, most of these methods assume that the system startsin some known initial state. In actual circuits, the initial state usually cannot be predicted.Symbolic simulation has been proposed by others as a hardware veri�cation technique. Boseand Fisher have shown that these methods can be applied to complex circuits, including ones withpipelining [4]. Their method, however, requires a complete characterization of the system by binarysymbolic simulation. That is, the user identi�es each place state is stored in the circuit, either ascharge on a node, or as a pair of complementary values within a static memory element. Theythen symbolically simulate a single clock cycle, where each state variable and each input signal isrepresented by a distinct Boolean variable, yielding a complete characterization of the next-statefunctions for every state variable. This process of extracting the explicit next-state function can bequite costly. In contrast, our method represents the next-state function implicitly as a combinationof circuit structure and simulation algorithm. We only compute the next-state behavior for theparticular patterns required to verify a given assertion. These patterns involve far fewer variablesthan is required by Bose and Fisher's functional extraction.Other researchers have suggested symbolic simulation as a means of circuit veri�cation [20, 33].None of this work has presented a clear methodology for sequential circuit veri�cation, however.1.6 Outline of PaperThis paper presents the theoretical basis for symbolic trajectory evaluation. Following a summary ofthe mathematical foundations, we describe the concept of partially-ordered system models and howa system can be represented by the language consisting of all possible compatible state sequences,referred to as trajectories. Next we introduce a \scalar" version of the speci�cation notation,where only constant expressions are permitted. We show that any assertion in this notation canbe veri�ed by simulating the (unique) weakest state sequence satisfying the antecedent and testingadherence to the consequent. We then show that the concepts generalize to the symbolic case,where the speci�cations may contain expressions over a set of Boolean variables. One can view asymbolic assertion as simply encoding a number of scalar assertions that can then be evaluatedsimultaneously through symbolic simulation. Finally, we discuss some of the practical issues ofimplementing and applying our theory to real-life digital circuits.2 Mathematical BackgroundIn this section we give concise de�nitions of many concepts used throughout the paper. Readersunfamiliar with the notation of lattice theory may wish to refer an introductory text for additionalinformation.In general, we use calligraphic letters A;B; : : :, to denote sets and lower case letters, a; b; : : :, todenote individual elements of sets. Unless otherwise stated, all sets are assumed to be �nite.The cartesian product A � B of two sets A and B is the set of all ordered pairs (a; b), wherea 2 A and b 2 B. A binary relation on a set B is any subset of B�B. Let R be a binary relation onB, i.e., R � B � B. We say that R is re
exive i� aRa for all a 2 B. Similarly, R is antisymmetrici� aRb and bRa implies a = b for all a; b 2 B. Finally, R is transitive i� aRb and bRc implies aRc6



for all a; b; c 2 B. A binary relation on B which is re
exive, antisymmetric, and transitive is calleda partial order on B.A poset (partially ordered set) is an ordered pair hS; v i, where S is a set and v is a partialorder on S. Intuitively, we will view a partial order as ordering the values by their \informationcontent." That is, elements less than others \contain less information".If hS; v i is a poset, A � S, and b 2 S, then b is a lower bound of A i� bv a for all a 2 A. Alower bound a of A is called greatest lower bound of A, written glb(A), if and only if bv a for everylower bound b of A. The concept of upper bound and least upper bound of A, written lub(A), arede�ned dually. If A = fa; bg, we will write glb(a; b) (lub(a; b)) rather than glb(fa; bg) (lub(fa; bg)).Clearly, if glb(A) exists, it is unique, and the same holds for lub(A).A poset hS; v i is said to have a universal lower bound ?2 S i� ? v a for every element a 2 S.A poset is said to have a universal upper bound > 2 S i� av > for every element a 2 S.A poset hS; v i is a complete lattice if lub(A) and glb(A) exist for every subset A � S. Giventhat S is a �nite set, one can show [37] that if lub(a; b) and glb(a; b) exist for every a; b 2 S, thenhS; v i is a complete lattice. Note that, by de�nition, every complete lattice has a universal upperbound > 2 S and a universal lower bound ?2 S.If hS1; v1i; : : : ; hSn; vni are n complete lattices let S = S1 � : : :� Sn and for any a; b 2 S letav b i� ai v i bi for 1 � i � n. It is easy to verify that hS; v i forms a complete lattice.A mapping f :A ! B consists of a function f assigning an element b from the codomain B toeach element a of its domain A, written as b = f(a).Given a poset hS; v i and a mapping f :S ! S, we say that f is monotone i�av b =) f(a)v f(b)This monotonicity de�nition is consistent with our use of information content. If a mapping ismonotone, we cannot \gain" any information by reducing the information content of the argumentsto the function.A predicate over S is a special type of mapping S to the complete lattice with elements false andtrue, with false as the universal lower bound and true as the universal upper bound. A predicatep is said to be simple i� p is monotone and there is a unique element p 2 S, called the de�ningvalue, such that p(t) = true i� pv t for all t 2 S. Another way of stating this property is that p isa simple predicate i� p is monotone and p(glb(fs 2 Sjp(s) = trueg)) = true.A �xed-point of a mapping f :S ! S is a value a such that a = f(a). Furthermore, if hS; v iis a complete lattice and f is monotone, then the mapping has a unique greatest �xed-point, i.e., a�xed-point a such that a0 v a for any other �xed-point a0. This �xed-point is denoted Gfp a: f(a).Furthermore, for the case where S is �nite, this �xed-point can be derived by iteratively computinga0 = >, and ai = f(ai�1) for i > 0. Eventually some iteration step will yield ai = ai�1; this valueis the greatest �xed-point [37].To express the behavior of a system working over time, we will reason about sequences ofelements from some set S. Conceptually, we will consider the sequences to be in�nite, althoughthe properties we will express can always be determined from some bounded length pre�x of thesequence. Given a poset hS; v i, we extend the relation v to sequences pointwise. That is, if� = �0�1 : : : and � = �0�1 : : : are two in�nite sequences of elements from S, then � v � i� �i v � ifor i � 0. Similarly, the de�nitions of lub and glb are extended pointwise. Finally, for notationalconvenience, if � = �0�1�2 : : : we will often write � as �0~�, where ~� = �1�2 : : :.7



3 Model StructureThe model we use of a system is simple and general. A model structure is a tupleM = [hS; v i; Y ],where hS; v i is a complete lattice and Y is a monotone successor function Y :S ! S. Intuitively,the successor function is used to express constraints on the permissible sequences. In other words,given that the system is in state s 2 S, we view Y (s) as denoting the least speci�ed state thesystem can be in one time unit later. Here, \least speci�ed" is de�ned in terms of the partial orderv .3.1 Structure ExampleIn order to make the theory easier to follow but also to provide a concrete application for thegeneral theory, we will use switch-level circuit veri�cation as a running example throughout thepaper. There are several reasons for this. First, there is a historical reason since this work grewout of switch-level simulation and veri�cation. Secondly, there is a very close connection betweenour notion of a model structure and the type of models that are used in switch-level simulation.Nonetheless, the underlying concepts apply to more general classes of systems, examples of whichwill be given later.In switch-level models it is useful to allow each circuit node to take on one of three distinctvalues. Let T = f0; 1;Xg denote such a set of values. There are several advantages in extending thedomain from f0; 1g to T . As a �rst advantage, this extension makes it possible to model an increasedrange of circuit phenomena. For example, we can deal with circuits in which nondigital voltages aregenerated in the course of normal circuit operation. This occurs frequently when modeling circuitsat the switch-level [8], due to (generally transient) short circuits or charge sharing. We can alsodeal with circuits in which indeterminate behavior occurs due either to timing hazards or to circuitoscillation. In all of these cases, the modeling algorithm expresses this uncertainty by assigning avalue X to the o�ending circuit nodes, indicating that the actual digital value cannot be determined[14, 28]. Thus the value X is introduced to denote an \unknown" and possibly indeterminate value.
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X Figure 1: The � partial order.In order to formalize this concept of an \unknown" value, de�ne the partial order � on T asfollows: a � a for all a 2 T , X � 0, and X � 1. In Fig. 1 we show the Hasse diagram for the partialorder. We can view this partial ordering as ordering values by their \information content." Thatis, X indicates an absence of information while 0 and 1 represent speci�c, fully-de�ned values.Let T m, m � 1, denote the set of all possible vectors of ternary values of length m, i.e.,fha1; : : : ; amijai 2 T ; 1 � i � mg. The partial order � is extended to T n pointwise: ~a � ~b i�ai � bi for 1 � i � m. Unfortunately, hT m;�i is not a complete lattice, since the least upperbound does not exist for every pair of elements in T m. We solve this by introducing a new topelement. In other words, let C = T m [ f>g. Intuitively, one can view > as representing an\overconstrained" state, i.e., a state vector in which some node is both 0 and 1 at the same time.Let v be the partial order on C de�ned as follows: s v> for every s 2 C and if ~s;~t 2 T m then8



~sv ~t i� ~s � ~t. Clearly, hC; v i forms a complete lattice in which ? = X; : : : ;X. Thus we now havethe �rst half of a model structure.The underlying model of a switch-level circuit we use is quite simple, as well as general. Acircuit is a tuple (N ; ~y), where N is a set of nodes and ~y is a vector of excitation, or next-state,functions. In the mathematical presentation we will refer to the nodes as n1; n2; : : : ; nm, whereasin our examples we often will use more descriptive names.Since X is meant to denote an unknown value, a gate with an X on its input must treat thisvalue in a conservative way. Consequently, the excitation functions are required to be monotonewith respect to the partial order �. This monotonicity requirement is consistent with our use ofinformation content. If a function is monotone, we cannot \gain" any information by reducing theinformation content of the arguments to the function. In other words, changing some signals frombinary values to X will either have no e�ect on the next-state values, or it will change some binaryvalues to X.The excitation functions are de�ned in a non-traditional way. We view them as expressing\constraints" on the values the nodes can take on one time unit later given the current values onthe nodes. By constraint we mean speci�c binary values, whereas the value X indicates that noconstraint is imposed. Since the value of an input is controlled by the external environment, thecircuit itself does not impose any constraint on the value; hence the excitation of an \input node"is X. More formally, if node ni corresponds to an input to the circuit then yni(~a) = X for every~a 2 T m. Nodes that do not correspond to inputs are called function nodes. For a function nodeni the excitation function is a monotone ternary function yni : T m ! T determined by the circuittopology and functionality.
in out Figure 2: CMOS inverter.To illustrate our notion of excitation function, consider the CMOS circuit shown in Fig. 2. InFig. 3 we give a graphical representation of the next-state function assuming the circuit behavioris analyzed using a unit-delay model. Note that no matter what the current state is, the next-statefunction for the input is X. Also, if the current input is binary, it is easy to see that the outputone time unit later will be the complement of this value.It should be pointed out that the \time unit" referred to above is the smallest period of timethat is distinguishable in the circuit model. The minimum delay in any individual component ofthe circuit can be signi�cantly larger. Thus we are not limited to unit delay circuit models. Forexample, by using the transformation technique described in [34], both nominal delay and boundeddelay circuit models can be used. However, to make our example as simple as possible, we will use9
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0•0 1•0Figure 3: Excitation function of unit delay inverter (in � out).a unit delay model unless otherwise stated.In order to obtain a model structure, we only need to de�ne a monotone next time functionmapping C to C. We do this by extending ~y from T m ! T m to C ! C in the obvious way. Thusde�ne: Y (a) = ( ~y(a) if a 2 T m> otherwiseClearly, Y is monotone and thus MC = [hC; v i; Y ] forms a model structure.3.2 TrajectoriesLet us now return to the more general theory in which [hS; v i; Y ] is any model structure. Let S!denote the set of all in�nite sequences of elements from S. In general, sequences are useful whenreasoning about model behaviors. However, not all sequences represent possible behaviors of amodel. The successor function generally restricts the possible sequences signi�cantly. We formalizethis property by introducing the concept of a trajectory. Given a model M and an arbitrarysequence � = �0�1 : : : 2 S! we say that the sequence is a trajectory if and only ifY (�i)v �i+1 for i � 0:This rule for trajectories is consistent with our view of the successor function, i.e., a functioncomputing a constraint on the possible value of the successor state. Another way of describing thenext-state function is to view it as computing the most general state the system can evolve intoduring the next time step given its current state.The set of all trajectories of modelM is denoted L(M). Occasionally it is convenient to restrictthe set of trajectories by requiring the �rst state in the trajectory to be greater than or equal tosome element in S. Consequently, de�neL(M; z) = f�0� j �0� 2 L(M) and z v �0g:Note that L(M;?) = L(M).The following proposition follows trivially from the de�nition of trajectories:Proposition 1 If � = �0�1�2 : : : 2 L(M) then �1�2 : : : 2 L(M). In other words, the set L(M)is su�x-closed, i.e. every su�x of every trajectory in L(M) is also in L(M).10
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Assume hS; v i is a lattice with universal lower bound ?. Let P denote a set of simple predicatesover S. A trajectory formula is de�ned recursively as:1. Simple predicates: p is a trajectory formula if p 2 P .2. Conjunction: (F1 ^ F2) is a trajectory formula if F1 and F2 are trajectory formulas.3. Domain restriction: (e ! F ) is a trajectory formula if F is a trajectory formula and e iseither 0 or 1.4. Next time: (NF ) is a trajectory formula if F is a trajectory formula.A trajectory formula is said to be instantaneous if it contains no next-time operators. Such aformula expresses system properties at only a single point in time. For convenience, we oftendrop parentheses when the intended precedence is clear. The domain restriction appears at �rstsomewhat strange. Its usefulness will not become apparent until later when we extend the trajectoryformulas to a symbolic domain. Observe also that our language does not include either disjunctionor negation operations. The motivation and implications of this restriction will be discussed later.The set of simple predicates is arbitrary. However, for convenience, we will always assume thatthe predicate p0(s) � true is in P . Observe that p0 is indeed a simple predicate with de�ning value?. In switch-level veri�cation the natural simple predicates are of the following form:1. (ni is 0) where ni 2 N , and2. (ni is 1) where ni 2 N .In other words, our simple predicates ask whether a node in the circuit is known to be 0 or 1. Itis easy to see that (ni is 0) and (ni is 1) are indeed simple with de�ning valueshX; : : : ;X; 0;X; : : : ;Xiand hX; : : : ;X; 1;X; : : : ;Xi;where the 0 (1) is in position i. The only somewhat strange property of these predicates is thatthey are both true in the (arti�cially introduced) > state. We ask the reader to simply accept thisfor the time being. We will discuss the rami�cations of this later. For our example circuit of Fig. 2we will use the �ve simple predicates: true, in is 0, in is 1, out is 0, and out is 1 with de�ningvalues hXXi, h0Xi, h1Xi, hX0i, and hX1i respectively.A trajectory formula describes constraints on some pre�x of a trajectory. In order to refer tothe length of this pre�x, we introduce the concept of \depth" for trajectory formulas. The depthof a formula F , written d(F ), is de�ned recursively.1. d(p) = 1 if p 2 P is a simple predicate.2. d(F1 ^ F2) = max(d(F1); d(F2)).3. d(e! F ) = d(F ).4. d(NF ) = 1 + d(F ). 12



The depth of a formula is simply the maximum number of nested next time operators plus one.As a notational convenience, we de�ne for any trajectory formula FF [i] = ( F if i = 1F ^Nd(F )(F [i�1]) otherwise,where NkF denotes (N(N(: : :(F ) : : :))) with k next-time operators. This notation allows us toexpress a condition that repeats over time. For example, the formula (in is 0)[3] states that nodein stays at 0 for 3 consecutive time units. This is more concise than writing out the formula as(in is 0) ^N(in is 0) ^N(N(in is 0)).For our example circuit of Fig. 2 we can thus write trajectory formulas like:(in is 0)^N(out is 1)and (0! ((in is 0)^N(out is 1)))^ (1! ((in is 1)^N(out is 0))):The truth semantics of a trajectory formula is de�ned relative to a model structure and atrajectory. In particular, given a model structure M and a trajectory �, the truth of a trajectoryformula F , written � j=M F , is de�ned recursively. In the following, assume that both � and �0~�are members of L(M).1. �0~� j=M p i� p(�0) = true.2. � j=M (F1 ^ F2) i� � j=M F1 and � j=M F23. (a) � j=M (1! F ) i� � j=M F(b) � j=M (0! F ) holds for every �.4. �0~� j=MNF i� ~� j=M F .For example, given the trajectory � = h00ih01ihXXihXXi : : : for the circuit shown in Fig. 2, itis easy to verify that � j=M (in is 0) ^N(in is 0), but that� 6j=M (0! ((in is 0)^N(out is 1)))^ (1! ((in is 1)^N(out is 0))):5 Properties of Trajectory FormulasWe can extend the de�nition of simplicity from predicates to formulas in the obvious way, i.e., givena model structure M, a formula F is said to be simple i� there is a de�ning trajectory � 2 L(M)such that � j=M F i� � v �. In this section we �rst show that trajectory formulas are simple.We then show how the de�ning sequence can be constructed. The construction is direct and verye�cient. As a result, if the main veri�cation task can be phrased in terms of \for every trajectory� that satis�es the trajectory formula A, verify that the trajectory also satis�es the formula C", itbecomes obvious how the veri�cation can be carried out: compute the de�ning trajectory for theformula A and check that the formula C holds for this trajectory.Before we can continue, we need a monotonicity result for trajectory formulas. The followinglemma states that if a trajectory formula holds for some trajectory �, then it also holds for everytrajectory � such that � v � . 13



Lemma 1 If �; � 2 L(M) and � v � then� j=M F =) � j=M FProof: We prove the claim by induction on the formula structure. For the basis case, if F = p, forsome simple predicate p 2 P with de�ning value p, then if � = �0~� and � j=M F it follows from thetruth semantics of F that p(�0) = true. By the de�nition of a simple predicate it thus follows thatpv �0. If � = �0~� it follows from the fact that � v � that pv �0 v �0. Hence, we can concludethat �0~� j=M F .If F = (F1 ^ F2) then � j=M F implies that � j=M F1 and � j=M F2. Assuming inductivelythat the claim holds for the formulas F1 and F2, it follows that � j=M F1 and that � j=M F2. This,together with the truth semantics for F , imply that � j=M F .If F = (1! F1) and � j=M F then, by the truth semantics, it follows that � j=M F1. Assuminginductively that the claim holds for F1, i.e., that � j=M F1, it follows directly that � j=M F . Onthe other hand, if F = (0 ! F1) then the claim follows trivially since (0 ! F1) holds for everytrajectory in L(M).Finally, if F = NF1 then, by the truth semantics, �0~� j=M F implies that ~� j=M F1. Assuminginductively that the claim holds for F1, i.e., that ~� j=M F1, it follows immediately that �0~� j=M F .Before stating our next result, it is convenient to introduce an in�x \choice" function mappingf0; 1g� S! to S! and which is de�ned as:e?� = ( � if e = 1?? : : : otherwiseWe now show that given a trajectory formula F we can construct its de�ning sequence �F . Thissequence is the weakest possible in the sense that � j=M F i� � v �. Note that �F is not necessarilya trajectory. We de�ne �F recursively as follows:1. �p = p ?? : : : if p 2 P is a simple predicate with de�ning value p.2. �F1^F2 = lub(�F1 ; �F2).3. �e!F = e?�F .4. �NF =?�F .For the particular case of switch-level veri�cation and the model structure MC, consider thetrajectory formula: F = (in is 0)^N(in is 0). It is straightforward to see that�in is 0 = h0Xi hXXi hXXi : : :�N(in is 0) = hXXi h0Xi hXXi hXXi : : :�(in is 0)^N(in is 0) = h0Xi h0Xi hXXi hXXi : : :Note that �F is not a trajectory as can be seen from Fig. 4. However, it is clearly smaller than severaltrajectories. For example, �F v h0Xi h01i hX1i hXXi : : : and �F v h0Xi h01i h01i hX1i hXXi : : :.Our prohibition of disjunction and negation is partially justi�ed by our desire to have a uniqueweakest sequence for each formula. For example, we can �nd a sequence weaker than any othersequence satisfying the formula F = (in is 0) _N(in is 0) by taking the greatest lower bound ofthe sequences for (in is 0) and N(in is 0). This would yield the sequence hXXi hXXi hXXi : : :.Unfortunately, this sequence does not itself satisfy F , and hence the veri�er would yield overly14



pessimistic results. One can also see that there is no unique weakest sequence satisfying theformula :(in is 0). More typically, the user really wants to use the formula (in is 1), in any case,and hence this restriction is not as serious as it may initially seem.In general, we have the following result.Lemma 2 For any trajectory formula F let �F be constructed as above. Then for every � 2 L(M)� j=M F () �F v �Proof: Assume that � 2 L(M), � j=M F , and that � = �0~�. We �rst prove that �F v � byinduction on the formula structure.For the basis, if F = p, for some simple predicate p 2 P with de�ning value p, then, byde�nition, �0~� j=M F implies that pv �0. Since �F = p ?? : : : v �0~� = �, the basis holds. Thusassume inductively that the claim holds for formulas F1 and F2.If F = (F1^F2) then � j=M F implies that � j=M F1 and � j=M F2. By the induction hypothesisit thus follows that �F1 v � and that �F2 v �. Hence, � is an upper bound on both �F1 and �F1 .Consequently, � is also an upper bound on lub(�F1 ; �F2), i.e., �F = lub(�F1 ; �F2)v �, and the claimfollows.If F = (1 ! F ) then � j=M F implies that � j=M F1, and thus, by the inductive assumption,that �F1 v �. However, by de�nition, �F = �F1 and the result follows. On the other hand, ifF = (0! F ) then �F =?? : : : and the result follows trivially.Finally, if F = NF1 then �0~� j=M F implies that ~� j=M F1. By Proposition 1 it follows that~� 2 L(M). Therefore, by the induction hypothesis, it follows that �F1 v ~�. Since �F =?�F1 v �0~�the result follows, and the induction step goes through.Conversely, we now show that if � = �0~� is a trajectory in L(M) and �F v �, then � j=M F .Again, we show this by induction on the structure of F .For the basis, if F = p, for some simple predicate p 2 P with de�ning value p, then, byde�nition, �F = p ?? : : :. Since, by assumption, �F v �0~� it follows that pv �0 and thus that� j=M F and the basis holds. Hence, assume inductively that �F1 v � and �F2 v � implies � j=M F1and � j=M F2.If F = (F1 ^ F2) then �F = lub(�F1 ; �F2). This together with the assumption �F v � and thede�nition of lub imply that �F1 v � and that �F2 v �. Hence, by the induction hypothesis, � j=M F1and � j=M F2. By the truth semantics it thus follows that � j=M F .If F = (1 ! F ) then �F = �F1 . Since, by assumption, �F v � it follows that �F1 v �. Hence,by the induction hypothesis, it follows that � j=M F1. Together with the truth semantics we canconclude that � j=M F . On the other hand, if F = (0 ! F ) then then the result holds triviallysince � j=M F holds for every � 2 L(M).Finally, if F = NF1 then �F =? �F1 . Since, by assumption, �F v � = �0~� it thus followsthat �F1 v ~� and thus, by the induction hypothesis, that ~� j=M F1. Consequently, by the truthsemantics, we can conclude that � j=M F and the induction goes through and the claim follows.From the above lemma we know that any trajectory satisfying F must be greater than or equalto its de�ning sequence �F . Thus computing �F and then determining if a trajectory is greater thanor equal to �F allows us to quickly test whether the trajectory satis�es the formula F . However, �Fis not necessarily itself a trajectory. In the following we will show how to combine the constraintson a state sequence implied by �F with those imposed by the system's excitation function to givea trajectory. In fact, we will show that the obtained trajectory is the weakest possible trajectorysatisfying F . 15



It turns out that a slightly more general concept than a de�ning trajectory is often useful.Thus, assume �F = �0F �1F : : : is the de�ning sequence for a formula F . De�ne �F (z) = �0F (z)�1F (z) : : :inductively as follows: � iF (z) = ( lub(�0F ; z) if i = 0lub(�iF ; Y (� i�1F (z))) otherwiseTo illustrate the above construction, let us return to the trajectory formulaF = (in is 0)^N(in is 0)with de�ning sequence �F = h0Xi h0Xi hXXi hXXi : : :. Assume we would like to compute �F (?) =�F (XX). From the construction above, it follows immediately that�0F (?) = 0X�1F (?) = lub(�1F ; Y (0X)) = lub(0X;X1) = 01�2F (?) = lub(�2F ; Y (01)) = lub(XX;X1) = X1�3F (?) = lub(�3F ; Y (X1)) = lub(XX;XX) = XX� iF (?) = XX for i � 4and thus that �F (?) = h0Xi h01i hX1i hXXi hXXi : : :. Note that from Fig. 4 we can immediatelysee that �F (?) is a trajectory. It is more di�cult to verify, but from Fig. 4 and the truth semanticsof F , it can be seen that �F (?) is the weakest trajectory that satis�es F and that every othertrajectory that satis�es F is greater than �F (?). This is in fact no coincidence as we now show.Before we establish the main properties of �F (z), the following monotonicity property will beneeded.Lemma 3 If sv t then �F (s)v �F (t), for any trajectory formula F .Proof: We prove that � iF (s)v � iF (t) by induction on i. For the base case we have that�0F (s) = lub(s; �0F )v lub(t; �0F ) = �0F (s)by the monotonicity of lub. Assume now inductively that � iF (s)v � iF (t) for some i � 0. It followsfrom the de�nition of � i+1F (z), the induction hypothesis, and the monotonicity of lub and Y that� i+1F (s) = lub(�i+1F ; Y (� iF (s)))v lub(�i+1F ; Y (� iF (t))) = � i+1F (t) and the claim follows.The second key lemma of this section states that there is a de�ning trajectory for every trajec-tory formula F and start condition z. More formally:Lemma 4 Assume �F (z) is de�ned as above, then:1. �F (z) 2 L(M; z),2. �F (z) j=M F , and3. for every � 2 L(M; z) � j=M F () �F (z)v �Proof: In order to prove that �F (z) 2 L(M; z) it is su�cient to show that z v �0F (z) and thatY (� i�1F (z))v � iF (z) for i � 1. Since �0F (z) = lub(z; �0F ), we can immediately conclude that z v �0F (z).On the other hand, by the de�nition of lub it follows that for i � 1,Y (� i�1F (z))v lub(�iF ; Y (� i�1F (z))):16



However � iF (z) = lub(�iF ; Y (� i�1F (z))), and thus Y (� i�1F (z))v � iF (z) for i � 1. Altogether, �F (z) 2L(M; z).By the de�nition of lub it also follows that�iF v lub(�iF ; Y (� i�1F (z))) = � iF (z) for i � 1:Hence, �F v �F (z). This, together with the fact that �F (z) 2 L(M; z) � L(M), means thatLemma 2 apply. Thus, �F (z) j=M F .Now assume � 2 L(M; z). Since �F (z) is a trajectory and �F (z) j=M F we can apply Lemma 1.Hence, if �F (z)v � then � j=M F .Finally, we establish the converse by showing that for any � 2 L(M; z), �F (z)v �. Thus,assume � = �0�1 : : : is a trajectory, z v �0, and that � j=M F . We prove by induction on i that� iF (z)v �i.Since � = �0~� is a trajectory, Lemma 2 applies. Consequently, �0~� j=M F implies that �F =�0F �1F : : : v �0~� = �. Furthermore, since � = �0~� 2 L(M; z) it follows that z v �0. In other words,�0 is an upper bound for both z and �0F and thus lub(z; �0F )v �0. However, since �0F (z) = lub(z; �0F )it follows directly that �0F (z)v �0 and the basis case holds.Now assume inductively that � iF (z)v �i for some i > 0. Since � is a trajectory, it followsthat Y (�i)v �i+1. Also, by Lemma 2 we know that �F v � and thus that �i+1F v �i+1. To-gether, these facts imply that �i+1 is an upper bound to both Y (�i) and �i+1F . Consequently,lub(�i+1F ; Y (�i))v �i+1. However, by the induction hypothesis, � iF (z)v �i. Hence, by the mono-tonicity of Y and lub, it follows that� i+1F (z) = lub(�i+1F ; Y (� iF (z)))v lub(�i+1F ; Y (�i))v �i+1and the induction step goes through and the lemma follows.Another way of stating this lemma is that every trajectory formula F is simple with de�ningtrajectory �F (?).The above lemmas give a simple method for computing the de�ning trajectory and the de�ningsequence for a trajectory formula. Unfortunately, there is a practical di�culty, since both thede�ning trajectory and the de�ning sequence are theoretically in�nite sequences. The followingtechnical lemma will be useful later to show that only a �nite pre�x of the de�ning trajectories andsequences are needed.Lemma 5 Let F be a trajectory formula and let �F = �0F �1F : : : be the de�ning sequence for formulaF . Then �iF = ? for i � d(F ).Proof: We prove the claim by induction on the formula structure. For the basis, if F = p, for somesimple predicate p with de�ning value p, then �F = p ?? : : :. Since, d(p) = 1, it follows directlythat �iF =? for i � d(F ) and the basis holds.Assume inductively that �iF1 =? for i � d(F1) and that �iF2 =? for i � d(F2) for some trajectoryformulas F1 and F2. If F = F1 ^ F2 then d(F ) = max(d(F1); d(F2)). Consider any i � d(F ). Sinced(F ) � d(F1) and d(F ) � d(F2) it follows from the induction hypothesis that �iF1 =? and that�iF2 =?. Furthermore, since �F = lub(�F1 ; �F2) we can conclude that �iF =?.If F = e ! F1 then there are two cases to consider. If e = 0 then �F =?? : : : and the claimfollows trivially. On the other hand, if e = 1 then �F = �F1 . By the induction hypothesis, �iF1 =?for every i � d(F1). Since, d(F ) = d(F1), we can conclude that �iF =? for every i � d(F ).Finally, if F =NF1 then �F =? �F1 . By the induction hypothesis, �iF1 =? for every i � d(F1).Consequently, �iF =? for every i � d(F1)+1. However, d(F ) = 1+d(F1) and thus �iF =? for every17



i � d(F ).From this result we immediately get the following corollary.Corollary 1 Assume A and C are two trajectory formulas. Let �A = �0A�1A : : : be the de�ningtrajectory for formula A and let �C = �0C�1C : : : be the de�ning sequence for formula C. Then�C v �A i� �iC v � iA for 0 � i < d(C)6 Veri�cation MethodologyOur speci�cation language describes a property of the systemM as a \trajectory assertion". Again,we have chosen a quite limited language in order to gain e�ciency. We have three types of con-structs: simple assertions, sequences, and iterations. Simple assertions are of the form \if thesystem ever goes through a sequence of states satisfying trajectory formula A, then the sequenceof states better also satisfy the trajectory formula C". Sequences of assertions allow representingsystem behaviors that shift from one \mode" to another. For example, it is convenient to use indescribing the desired behavior during each clock cycle for a microprocessor during the executionof a multi-cycle instruction. Finally, a simple assertion can also be iterated an arbitrary number oftimes. This construct is primarily useful for, automatically, establishing and proving invariants ofthe system. For example, a typical use of the iteration construct is when specifying the possibilityof an arbitrary number of wait-states in a microprocessor. More speci�cally, we may want to verifythat the processor works correctly no matter how many wait-states the external memory interfaceimposes. This could be accomplished by describing the constraints on the inputs during \waitcycles" and iterate this simple assertion an arbitrary number of times.More formally, a trajectory assertion is de�ned recursively as:1. Simple assertions: [A =) C], where A and C are trajectory formulas and d(A) = d(C).2. Sequences: [A =) C] ;G1, where A and C are trajectory formulas, d(A) = d(C), and G1 isa trajectory assertion.3. Iterations: [A =) C]� ;G1, where A and C are trajectory formulas, d(A) = d(C), and G1is a trajectory assertion.A trajectory assertion that does not contain any iteration, is said to be iteration-free.The de�nition of a trajectory assertion is somewhat restrictive. For example, it does not allowa trajectory assertion to end with an iteration. The reason for this restriction is to simplify thede�nition of the truth semantics of trajectory assertions. In practice, it turns out not to be a seriousrestriction since one can always append [true =) true] to an assertion that otherwise would endwith an iteration.To illustrate trajectory assertions, consider �rst our inverter circuit of Fig. 2. The followingtwo assertions can constitute our speci�cation of a unit-delay inverter:[in is 0^Ntrue =) Nout is 1]and [in is 1^Ntrue =) Nout is 0] :Note that the Ntrue parts in the antecedents are simply there in order to make the depth ofthe antecedent equal the depth of the consequent. In a practical system, these \�ller" functions18



would be added automatically by the veri�cation system and thus would not have to be expressedexplicitly. However, in order to simplify the presentation of the general theory we have opted torequire the depth of the antecedent to be equal to the depth of the consequent.
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n4 n5 Figure 5: Switch-level latch.Our next example shows the use of the sequence construct. Consider the switch-level circuitshown in Fig. 5. Intuitively, n1 is the input to a latch, n3 is the clock signal, n4 is the electricalnode that stores the state when the clock is low, and n5 is the output of the output bu�er. If thestate of the circuit currently is t 2 T 5, a typical switch-level analysis of the circuit would derivethe excitation functions:y1(t) = X y2(t) = t1 y3(t) = X y4(t) = t1t4 + t3t1 + t3t4 y5(t) = t4where all operators are assumed to be ternary. That is, nodes n1 and n3, being input nodes, haveexcitation X. Nodes n2 and n5 are the outputs of simple inverters. Depending on the control signalon n3, node n4 will either retain its stored charge (t3 = 0), or get the value from the �rst inverter(t3 = 1). If t3 = X, node n4 will have a binary excitation only if the inverter output matchesthe value already on the node, and value X otherwise. Such excitation functions can be derivedautomatically from the transistor representation of the circuit by symbolic circuit analysis [8].Since the latch is a sequential circuit and the clock signal changes the behavior quite drastically,it is natural to specify the desired behavior as a sequence of sub-behaviors|one for each clock phase.For example, the following assertion expresses the desired behavior of the circuit when each clockphase has a duration of two time units:G1 = h((n1 is 1)^ (n3 is 1))[2] =) true[2]i ; h(n3 is 0)[2] =) (n5 is 1)[2]i :Recall that F [2] = F ^NF for an instantaneous trajectory formula F .The above assertion only veri�es the circuit behavior for one particular clock timing. In general,the desired behavior of a latch can be expressed informally as: \given that the clock cycle is longerthan some minimum time, the circuit can load an input when the clock is high and retain it whenthe clock goes low". The iteration construct can be used to formulate such a speci�cation, yieldingthe assertion:G2 = h((n1 is 1) ^ (n3 is 1))[2] =) true[2]i ; [(n1 is 1)^ (n3 is 1) =) true]� ;[(n3 is 0) =) (n5 is 1)]� ; [true =) true] :19



Intuitively, we are here stating that if the clock is high and the input is 1 for at least two time unitsand then the clock goes low, the output will remain 1. Note that any circuit passing G2 will passG1, but the opposite does not necessarily hold.The example above illustrates our motivation for introducing the iteration construct. It allowsthe veri�cation of systems that are characterized by periods of activity interspersed by periods inwhich the circuit is waiting for some external event before continuing. With a single trajectoryevaluation we can verify correct circuit behavior for all possible durations of these idle periods.In the above example, the external events correspond to transitions of the clock, with the circuitremaining in a stable state until the clock changes. The antecedent of the iteration construct is aninstantaneous formula specifying inputs that will be held �xed for the remainder of the clock phase,while the consequent speci�es state values that should remain stable as long as the clock and inputsare held �xed. In other cases the iteration construct includes temporal operators indicating someperiodic behavior of the system, such the cycling of clocks while a processor is in a wait state. Notethat this construct should not be confused with the operators of temporal logic denoting \eventual"behavior, such as the F or U operators of CTL [16]. We require the consequent of the iterationconstruct to hold for any number of repetitions (including 0) as long as the antecendent is satis�ed.Before we de�ne the truth semantics of a trajectory assertion we need to introduce a functionthat removes some of the �rst elements in a sequence. Let the su�x of a sequence � be de�nedrecursively as follows: su�x(n; �0~�) = ( �0~� if n = 0su�x(n� 1; ~�) otherwise.Intuitively, the su�x function applied to some sequence removes the �rst n elements in the sequence.The truth semantics of a trajectory assertion is de�ned relative to a model structure and a setof trajectories in this model structure. In particular, given a model structure M and a set L oftrajectories, the truth of a trajectory assertion G, written L j=MG, is de�ned recursively as follows:1. L j=M [A =) C] holds i� � j=MA implies � j=MC for all � 2 L.2. L j=M [A =) C] ;G1 holds i� L j=M [A =) C] and ~L j=MG1, where~L = f~� j ~� = su�x(d(A); �); � 2 L and � j=MAg:3. L j=M [A =) C]� ;G1 holds i� L j=MG1 and 8i � 1: L j=M hA[i] =) C [i]i ;G1.Since we often require a trajectory assertion to hold for all possible trajectories, we use theshorthand j=MG to denote L(M) j=MG.Returning to our examples of trajectory assertions above, we can easily see from Fig. 4 thatL(MC) j=M [in is 0 ^Ntrue =) Nout is 1] ;and that L(MC) j=M [in is 1 ^Ntrue =) Nout is 0] :What we will show in this section is how to determine the validity of a trajectory assertion withouthaving to compute the complete state space as was done in Fig. 4.The following, rather technical, lemma will be useful later.Lemma 6 Given a model structure M, an initial state z 2 S, and a trajectory formula F withde�ning trajectory �0F (z)�1F (z) : : :, let ~L = f~� j ~� = su�x(d(F ); �); � 2 L(M; z) and � j=M Fg.Then ~L = L(M; �d(F )F (z)). 20



Proof: Assume �rst that ~� 2 ~L. This implies that there is a � 2 L(M; z) such that � j=M F and~� = su�x(d(F ); �). Since ~� = su�x(d(F ); �) and � 2 L(M; z) � L(M) we can conclude fromProposition 1 that ~� 2 L(M). Hence, in order to prove that ~� 2 L(M; �d(F )F (z)) it su�ces toshow that �d(F )F (z)v ~�0. By Lemma 4 we know that �F (z)v � i� � j=M F for all � 2 L(M; z). Inparticular, �d(F )F (z)v �d(F ) = ~�0 and the claim follows.Conversely, assume ~� 2 L(M; �d(F )F (z)). De�ne � = �0�1 : : : as follows:�i = ( � iF (z) if i < d(F )~�i�d(F ) otherwiseClearly su�x(d(F ); �) = ~�. If we now can show that � 2 L(M; z) and that � j=M F it would followthat ~� 2 ~L and the claim of the lemma would be established.In order to prove that � 2 L(M; z) we must establish that z v �0 and that Y (�i)v �i+1 fori � 0. To show the former, note that, by de�nition, d(F ) > 0 and thus �0 = �0F (z) = lub(z; �0F )and therefore z v �0. In order to prove the latter we need to consider three cases. If 0 � i �d(F ) � 2, then �i+1 = � i+1F (z) = lub(�i+1F ; Y (�i)) and thus Y (�i)v �i+1. On the other hand,if i � d(F ) then �i+1 = ~�i+1�d(F ) and �i = ~�i�d(F ). Since ~� 2 L(M; �d(F )F (z)) � L(M) itfollows that Y (�i) = Y (~�i�d(F ))v ~�i+1�d(F ) = �i+1. Finally, since ~� 2 L(M; �d(F )F (z)) it followsthat �d(F )F (z)v ~�0 = �d(F ). This, together with the fact that �d(F )F (z) = lub(�d(F )F ; Y (�d(F )�1F (z))),implies that Y (�d(F )�1) = Y (�d(F )�1F (z))v �d(F )F (z)v �d(F ). Altogether, Y (�i)v �i+1 for i � 0and thus � 2 L(M; z).By Lemma 4 we know that �F (z) j=M F . If we can prove that �F (z)v � then, by Lemma 1,it would follow that � j=M F . We prove that � iF (z)v �i for i � 0 by induction on i. For thebasis, �0 = �0F (z) and the claim holds trivially. Now assume inductively that the claim holds forsome i � 1 � 0 and consider i. There are three cases to consider. If 0 � i � d(F ) � 1 then�i = � iF (z) and the claim follows trivially. On the other hand, if i = d(F ) then �d(F ) = ~�0.Since ~� 2 L(M; �d(F )F (z)) it follows that �d(F )F (z)v ~�0 and the claim follows. Finally, if i > d(F )then � iF (z) = lub(�iF ; Y (� i�1F )). However, by Lemma 5, �iF = ? for i > d(F ). Consequently,� iF (z) = Y (� i�1F ). Since we already has established that � 2 L(M; z) � L(M) it follows thatY (�i�1)v �i. This, together with the induction hypothesis and the monotonicity of Y , impliesthat � iF (z) = Y (� i�1F )v Y (�i�1)v �i. In all cases the induction step goes through and the claimfollows.From the above lemma and the de�nition of L(M; z) the following proposition follows directly.Proposition 2 Given a model structure M, an initial state z, and a trajectory assertion G, thevalidity of L(M; z) j=MG can be computed recursively as follows:1. L(M; z) j=M [A =) C] holds i� � j=MA implies � j=MC for all � 2 L(M; z).2. L(M; z) j=M [A =) C] ;G1 holds i� L(M; z) j=M [A =) C] and L(M; �d(A)A (z)) j=MG1.3. L(M; z) j=M [A =) C]� ;G1 holds i� L(M; z) j=MG1 and for all i � 1:L(M; z) j=M hA[i] =) C [i]i ;G1:In view of the properties of de�ning sequences and trajectories derived in the previous section,our main veri�cation method is captured in the following \satisfaction" predicate for trajectoryassertions. The predicate is de�ned recursively as:21



1. SAT(z, [A =) C]) i� �C v �A(z).2. SAT(z, [A =) C] ;G1) i� SAT(z, [A =) C]) and SAT(�d(A)A (z), G1).3. SAT(z, [A =) C]� ;G1) i� SAT(~z, G1) and SAT(~z, [A =) C]), where~z = Gfp �: glb(z; �d(A)A (�)):The greatest �xed-point above is well de�ned and can be computed iteratively since the domain Sis a �nite lattice and glb(z; �d(A)A (�)) is monotone in �.Again returning to our inverter example, we will illustrate the computation ofSAT(?, [(in is 0)^Ntrue =) N(out is 1)]):First, from Section 5 we get that�N(out is 1) = hXXi hX1i hXXi hXXi : : :and that �(in is 0)^Ntrue(?) = h0Xi hX1i hXXi : : : :Consequently, we have �N(out is 1) v �(in is 0)^Ntrue(?) and, from the de�nition of v and SAT,that SAT(?, [(in is 0)^Ntrue =) N(out is 1)]) holds.To illustrate the computation of SAT for a more complex trajectory assertion, consider againthe circuit shown in Fig. 5 and the assertionG1 = h((n1 is 1)^ (n3 is 1))[2] =) true[2]i ; h(n3 is 0)[2] =) (n5 is 1)[2]i :For convenience, let A1 = ((n1 is 1) ^ (n3 is 1))[2], C1 = true[2], A2 = (n3 is 0)[2], and C2 =(n5 is 1)[2]. Note that d(A1) = d(C1) = 2 and d(A2) = d(C2) = 2. In order to compute SAT(?, G1),we �rst compute �A1(?) = �A1(hXXXXXi). From the de�nition of de�ning sequence, we get that�A1 = h1X1XXih1X1XXihXXXXXihXXXXXi : : :and thus�0A1(hXXXXXi) = lub(�0A1 ; hXXXXXi) = h1X1XXi�1A1(hXXXXXi) = lub(�1A1 ; Y (h1X1XXi)) = lub(h1X1XXi; hX0X0Xi) = h1010Xi�2A1(hXXXXXi) = lub(�2A1 ; Y (h1010Xi)) = lub(hXXXXXi; hX0X01i) = hX0X01i�3A1(hXXXXXi) = lub(�3A1 ; Y (hX0X01i)) = lub(hXXXXXi; hXXXX1i) = hXXXX1i�4A1(hXXXXXi) = lub(�4A1 ; Y (hXXXX1i)) = lub(hXXXXXi; hXXXXXi) = hXXXXXi� iA1(hXXXXXi) = hXXXXXi for i � 5:In particular, �d(A1)A1 (?) = hX0X01i. Also, since C1 = true[2], and thus �C1 = ?? : : :, it follows that�C1 v �A1(?) and therefore that SAT(?, [A1 =) C1]) holds. Similarly, we get�A2 = hXX0XXihXX0XXihXXXXXihXXXXXi : : :Since, �d(A1)A1 (?) = hX0X01i, we get that �A2(�d(A1)A1 (?)) = �A2(hX0X01i) equals�0A2(hX0X01i) = lub(�0A2 ; hX0X01i) = hX0001i�1A2(hX0X01i) = lub(�1A2 ; Y (hX0001i)) = lub(hXX0XXi; hXXX01i) = hXX001i�2A2(hX0X01i) = lub(�2A2 ; Y (hXX001i)) = lub(hXXXXXi; hXXX01i) = hXXX01i�3A2(hX0X01i) = lub(�3A2 ; Y (hXXX01i)) = lub(hXXXXXi; hXXXX1i) = hXXXX1i�4A2(hX0X01i) = lub(�4A2 ; Y (hXXXX1i)) = lub(hXXXXXi; hXXXXXi) = hXXXXXi� iA2(hX0X01i) = hXXXXXi for i � 5: 22



Since �0C2 = hXXXX1ihXXXX1ihXXXXXihXXXXXi : : :it follows immediately that SAT(hX0X01i, [A2 =) C2]) holds. Altogether, we have thatSAT(?, [A1 =) C1] ; [A2 =) C2]):Finally, we illustrate the computation of SAT for an assertion containing an iteration by com-puting SAT(?, G2), whereG2 = h((n1 is 1) ^ (n3 is 1))[2] =) true[2]i ; [(n1 is 1)^ (n3 is 1) =) true]� ;[(n3 is 0) =) (n5 is 1)]� ; [true =) true] :Again for convenience, let A1 = ((n1 is 1) ^ (n3 is 1))[2], C1 = true[2], A2 = ((n1 is 1) ^ (n3 is 1)),C2 = true, A3 = (n3 is 0), and C3 = (n5 is 1). As above, we get that SAT(?, [A1 =) C1]) holdsand that �d(A1)A1 (?) = hX0X01i. We now must compute the greatest �xed point value to representthe set of all reachable states after some iterations matching A2, i.e., we need to computeGfp �: glb(hX0X01i; �d(A2)A2 (�)):We do this by iterating starting from >. Note that Y (>) = > and thus � iA(>) = > for all trajectoryformulas A and i � 1. Thus:�0 = >�1 = glb(hX0X01i; �d(A2)A2 (�0)) = glb(hX0X01i; �d(A2)A2 (>)) = hX0X01i�2 = glb(hX0X01i; �d(A2)A2 (�1))= glb(hX0X01i; �d(A2)A2 (hX0X01i))= glb(hX0X01i; hX0X01i) = hX0X01iand thus ~z = Gfp �: glb(hX0X01i; �d(A2)A2 (�)) = hX0X01i. Since C2 = true, and thus �C2 = ?? : : : itfollows immediately that SAT(~z, [A2 =) C2]). These computations indicate that the circuit wasalready in the stable state hX0X01i after the �rst 2 unit steps and will remain in this state as longas n1 and n3 are held at 1.In a similar fashion, we now compute the �xed point for the set of reachable states after someiterations of A3. In other words, we computeGfp �: glb(hX0X01i; �d(A3)A3 (�)):Here we get: �0 = >�1 = glb(hX0X01i; �d(A3)A3 (�0)) = glb(hX0X01i; �d(A3)A3 (>))= glb(hX0X01i;>) = hX0X01i�2 = glb(hX0X01i; �d(A3)A3 (�1)) = glb(hX0X01i; �d(A3)A3 (hX0X01i))= glb(hX0X01i; hXXX01i) = hXXX01i�3 = glb(hX0X01i; �d(A3)A3 (�2)) = glb(hX0X01i; �d(A3)A3 (hXXX01i))= glb(hX0X01i; hXXX01i) = hXXX01iand thus ~w = Gfp �: glb(hX0X01i; �d(A3)A3 (�)) = hXXX01i. This computation shows that as long asclock signal n3 is held low, node n4 will retain its stored value of 0, and n5 will remain at 1.23



It is easy to verify that�A3( ~w) = hXX001ihXXX01ihXXXX1ihXXXXXihXXXXXi : : :Since �C3 = hXXXX1i?? : : : it thus follows that SAT( ~w, [A3 =) C3]). Finally, it follows triviallythat SAT( ~w, [true =) true]). Altogether, we can conclude that SAT(?, G2) holds.We now return to the general theory by characterizing the satisfaction function. First weestablish the following monotonicity property.Proposition 3 Given a trajectory assertion G, if sv t and SAT(s, G) then SAT(t, G).Proof: We prove the claim by induction on the structure of G. For the basis, G = [A =) C],we have that SAT(s, [A =) C]) implies that �C v �A(s). However, by Lemma 3, it follows that�A(s)v �A(t) and thus �C v �A(t), which implies that SAT(t, [A =) C]). Now assume inductivelythat the claim holds for s, t and trajectory assertions [A =) C] and G1. If G = [A =) C] ;G1 thenSAT(s, G) implies that SAT(s, [A =) C]) and SAT(�d(A)A (s), G1). By the induction hypothesis itfollows that SAT(t, [A =) C]). Furthermore, by Lemma 3 it follows that �d(A)A (s)v �d(A)A (t). This,together with the induction hypothesis, implies that SAT(�d(A)A (t), G1) and the claim follows. Fi-nally, if G = [A =) C]� ;G1 then SAT(s, G) implies that SAT(~s, [A =) C]) and SAT(~s, G1) for~s = Gfp �: glb(s; �d(A)A (�)). It follows directly from the de�nition of greatest �xed point thatGfp �: glb(s; �d(A)A (�))vGfp �: glb(t; �d(A)A (�)) = ~t. Hence, by the induction hypothesis it followsthat SAT(~t, [A =) C]) and SAT(~t, G1) and therefore that SAT(t, G) and the induction step goesthrough and the claim follows.The following theorem constitutes one of the corner-stones in our veri�cation methodology.Theorem 1 If G is an iteration-free trajectory assertion then for every z 2 S we haveL(M; z) j=MG i� SAT(z, G):Proof:We prove the claim by induction over the structure of G. For the basis case, G = [A =) C],we �rst show that if � j=M A implies that � j=M C for every � 2 L(M; z) then �C v �A(z). Toestablish this, let � = �A(z). By Lemma 4 we know that �A(z) 2 L(M; z), and that �A(z) j=MA. Hence, by assumption, �A(z) j=M C. However, by Lemma 2 it follows that �A(z) j=M C i��C v �A(z). Together, �C v �A(z).To prove the converse, assume �C v �A(z). Consider an arbitrary � 2 L(M; z). There are twocases to consider: If �A(z) 6v � then by Lemma 4 it follows that � 6j= A, and the claim follows.Hence, assume �A(z)v �. This, together with our assumption that �C v �A(z), implies that �C v �.Since � 2 L(M; z), Lemma 2 applies, and thus � j=MC.Now assume inductively that for any x 2 S we have L(M; x) j=M G1 i� SAT(x, G1) and thatL(M; x) j=M [A =) C] i� SAT(x, [A =) C]). If G = [A =) C] ;G1 then, by the truth semantics ofG and Proposition 2, we have L(M; z) j=MG i� L(M; z) j=M [A =) C] and L(M; �d(A)A (z)) j=MG1.Together with the induction hypothesis we get that L(M; z) j=M G i� SAT(z, [A =) C]) andSAT(�d(A)A (z), G1). However, the latter holds i� SAT(z, G). Consequently the induction step goesthrough and the claim follows.Our next theorem is the second major result of this section and provides the basis for ourveri�cation methodology. It shows that one direction of the claim made in Theorem 1 for iteration-free formulas also holds for general formulas. However, our �xed-point method for verifying formulaswith iteration can cause overly pessimistic results, and therefore the other direction may not hold.24



Theorem 2 Let G be a trajectory assertion and let z 2 S. If SAT(z, G) then L(M; z) j=MG.Proof:We prove the result by induction on the structure of G. For the basis, if G = hA[i] =) C [i]i,for some i � 1, the claim follows immediately from Theorem 1. Now assume inductively that forany x 2 S, SAT(x, hA[i] =) C [i]i) implies that L(M; x) j=M hA[i] =) C [i]i for i � 1 and thatSAT(x, G1) implies that L(M; x) j=MG1.If G = [A =) C] ;G1 then SAT(z, G) implies that SAT(z, [A =) C]) and SAT(�d(A)A (z), G1).By the induction hypothesis this implies that L(M; z) j=M [A =) C] and L(M; �d(A)A (z)) j=M G1,which together with Proposition 2 implies that L(M; z) j=MG.If G = [A =) C]� ;G1 then, by Proposition 2, it follows that L(M; z) j=M [A =) C]� ;G1 i�L(M; z) j=M G1 and for i � 1, L(M; z) j=M hA[i] =) C [i]i and L(M; �d(A[i])A[i] (z)) j=M G1. Thus, inorder to establish the induction step and show that SAT(z, [A =) C]� ;G1) implies L(M; z) j=M[A =) C]� ;G1 it su�ces to prove that:1. SAT(z, [A =) C]� ;G1) implies L(M; z) j=MG1,2. SAT(z, [A =) C]� ;G1) implies L(M; z) j=M hA[i] =) C [i]i for i � 1, and3. SAT(z, [A =) C]� ;G1) implies L(M; �d(A[i])A[i] (z)) j=MG1 for i � 1.Before we prove the three cases, the following observations are useful. First, note that, by the de�ni-tion of SAT, we have that SAT(z, [A =) C]� ;G1) implies that SAT(~z, G1) and SAT(~z, [A =) C]),where ~z = Gfp �: glb(z; �d(A)A (�)). Also, it is easy to verify that, by the de�nition of glb and thede�nition of the �xed point equation, we have ~z v z and ~z v �d(A[i])A[i] (z) for i � 1.By Proposition 3 and the fact that ~z v z it follows that if SAT(~z, G1) then SAT(z, G1). This,together with the induction hypothesis implies that L(M; z) j=M G1 and the �rst claim is estab-lished.To prove that L(M; z) j=M hA[i] =) C [i]i for any i � 1, we �rst note that, by de�nition,SAT(~z, [A =) C]) holds i� �C v �A(~z). We will now prove, by induction on i, that if �C v �A(~z)then �C[i] v �A[i](z). Given this result the second claim follows trivially from the de�nition ofSAT and the induction hypothesis. For the basis, i = 1, note that A[1] = A and C [1] = C.Furthermore, since ~z v z and thus, by Lemma 3, we can infer that if SAT(~z, [A =) C]) thenSAT(z, [A =) C]). Altogether, we can conclude that �C[1] v �A[1](z). Now assume inductively thatSAT(~z, [A =) C]) implies �C[i] v �A[i](z) for some i � 1 and consider i + 1. By the de�nition of�C[i+1] and �A[i+1](z) and the assumption that d(A) = d(C) we have �jC[i+1] = �jC[i] and � jA[i+1](z) =� jA[i](z) for 0 � j < d(A[i]). Thus in order to show that �C[i+1] v �A[i+1](z) we only need to showthat su�x(d(A[i]); �C[i+1])v su�x(d(A[i]); �A[i+1](z)). However, from the de�nition of �C[i+1] and�A[i+1](z) it follows that su�x(d(A[i]); �C[i+1]) = �C and su�x(d(A[i]); �A[i+1](z)) = �A(�d(A[i])A[i] (z)).As above ~z v �d(A[i])A[i] (z) and thus, by Lemma 3, it follows that:SAT(~z, [A =) C]) implies SAT(�d(A[i])A[i] (z), [A =) C]):In other words, �C v �A(�d(A[i])A[i] (z)) and therefore �C[i+1] v �A[i+1](z). Altogether, if SAT(~z, [A =) C])then �C[i+1] v �A[i+1](z) and the induction step goes through and the claim follows.Finally, since SAT(~z, G1) and ~z v �d(A[i])A[i] (z) for i � 1, it follows directly from Lemma 3, thatSAT(�d(A[i])A[i] (z), G1). This, together with the induction hypothesis implies that L(M; �d(A[i])A[i] (z)) j=M25



G1 and the third claim follows.The way we are representing sets of states during the �xed point calculation by the greatestlower bound of the states in the set has some undesirable properties. In particular, if the lattice is\too sparse", so that a very general state must be used to represent a set of states, it is quite likelythat we will lose too much information and thus may �nd that SAT does not hold even though amore accurate calculation would show that the trajectory assertion is valid. Of course, from theabove theorems we know that this can only happen if we have iterations in the trajectory assertion.To illustrate the problem of too sparse lattices, assume we have a circuit that contains a \sticky"2-bit wait-state counter that sequences through the states h00i, h01i, and h10i, but no further, nomatter how many input pulses it receives. Suppose we want to check this counter by using aniteration construct. If we �rst use the standard switch-level lattice introduced in Section 3, it iseasy to see that the �xed point calculation will be forced to set both nodes of the counter to Xsince hXXi = glbfh00i; h01i; h10ig. Unfortunately, we have now lost information and thus we mayerroneously report a circuit failure that only could be triggered if the counter ended up in the stateh11i. On the other hand, if we used a more complete lattice the problem would disappear. Forexample, if we use the power-set of fh00i; h01i; h10i; h11ig ordered by set inclusion as the domainof the counter, we can distinguish between the set fh00i; h01i; h10ig and any set that contains thestate h11i. As an alternative to increasing the computational complexity through more detailedlattice structures, we can work around the limited power of our iteration construct by specifyingthe explicit circuit behavior until it stabilizes. For example, we would explicitly check that thecounter goes through states h00i and h01i, and then use an iteration construct to check that thecounter remains in state h10i beyond this point.The above theorem suggests a simple method for verifying a trajectory assertion G: computeSAT(?, G). If G is iteration-free then we will obtain an exact answer in the sense that SAT(?, G)holds if and only if j=M G holds. On the other hand, if there are iterations in G, then we canonly guarantee that if SAT(?, G) then j=M G. Unfortunately, there is a practical di�culty withthis approach since all the de�ning trajectories and the de�ning sequences are, as de�ned in theprevious section, in�nite. Note, however, that the �xed point calculation does not require us tocompute an in�nite de�ning trajectory since we only need to compute �A(�) for various � up tod(A). Also, by Corollary 1, in order to compare a de�ning sequence with a de�ning trajectory incomputing the satisfaction function, it is su�cient to compute a bounded pre�x of the de�ningtrajectories and the de�ning sequences. Hence, we only need to compute a bounded pre�x of anytrajectory. Furthermore, it is easy to see that we never need to store more than three system states:the current state, the next state, and the �xed point state if the assertion contains an iteration. Insummary, we can verify trajectory assertions very e�ciently.
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Out Figure 6: Pseudo XOR circuit.Finally, there is one more, quite subtle, aspect of the veri�cation methodology we need to deal26



with. The problem is that in order to make a non-lattice domain into a complete lattice, we oftenadd \arti�cial" top elements. Since every element is less than the top element, we are in a somewhatdangerous situation if, during the computation of the de�ning trajectory, we end up in such a topstate. To illustrate a typical instance of this problem, consider trying to show that a circuit with in-puts A and B and output Out implements the exclusive-or function. Intuitively, it seems that it wouldbe su�cient to prove that circuit satis�es the assertion [(A is a)^ (B is b) =) N(Out is a� b)], forall a; b 2 f0; 1g. Unfortunately, this is not the case. For example, this assertion is satis�ed by therather useless circuit of Fig. 6, where the two inputs are tied together, and the output is always 0.Whenever a 6= b the antecedent trajectory will end up in >, because inputs A and B are electricallyequivalent. The only values for which the trajectory does not end up in > are ones for which theoutput should be 0, in which case the consequent is also satis�ed.Any checking based purely on testing implications is prone to this sort of \false implies every-thing" error. Problems of this sort have been encountered by researchers using other systems forhardware veri�cation such as HOL [24] and EMC [16]. A solution to this problem in our context,and in fact the solution we have adapted for our prototype tools, is a two-pronged approach. First,the user can only add new top elements in forming a complete lattice. Thus we do not allow theuser to add arti�cial bottom or internal states. Secondly, our veri�cation system ensures that everystate in the de�ning trajectory does not contain any arti�cially introduced top elements. Thesetwo constraints ensure that the de�ning trajectory is a genuine circuit trajectory, and thus there isat least one circuit trajectory satisfying the antecedent.7 Symbolic FormulationIn the previous section we proved that to determine the validity of a trajectory assertion G itsu�ces to compute SAT(?, G). Unfortunately, when verifying all but a limited class of systems(including many memory designs [11]) we would need to write down and verify an exponentiallylarge number of assertions. The coverage of multiple cases by the partially-ordered system modellacks su�cient precision to reliably verify the many distinct operating conditions.In this section we �rst extend the trajectory formulas by introducing symbolic trajectory formu-las. Each symbolic trajectory formula can express a large number of assertions that the behaviorof the system must obey. We then introduce a method of verifying such a collection of assertionsvia symbolic simulation. The key idea is to preserve the symbolic structure of the formulas in theveri�cation algorithm. By doing so, we can replace the need for large amounts of case analysiswith algebraic manipulation. In essence, we will perform the case analysis implicitly rather thanexplicitly.7.1 Symbolic ExpressionsLet V be a set of symbolic Boolean variables. For convenience, let B denote the set f0; 1g. Anassignment, �, is a mapping �:V ! B assigning a binary value to each variable. Let � be theset of all possible assignments, i.e., � = f�:V ! Bg. A domain constraint, D � �, de�nes arestriction on the values assigned to the variables. We will denote such domain constraints byBoolean expressions. That is, let E be a Boolean expression over elements of V1. This expressionde�nes a Boolean mapping e: �! B and thus denotes the domain constraint D = f� j e(�) = 1g.The set of all assignments � is denoted by the constant function _1, de�ned as yielding 1 for allassignments. Expressing domain constraints by Boolean expressions allows us to compactly specifymany di�erent circuit operating conditions with a single formula.1For the sake of brevity, we omit a formal syntax of Boolean expressions. Any standard expression syntax su�ces.27



In general, if D is a scalar domain set we extend it to a symbolic domain set, written D(V), byde�ning D(V) = ff : �! Dg:In other words, D(V) denotes the set of functions mapping an assignment in � to D.For any element a of D, we let _a denote the constant function, yielding _a(�) = a for anyassignment �.We extend all operations from scalar to symbolic domains in a uniform way. Consider anoperation op:D1 �D2 ! D3, de�ned over scalar domains D1, D2, and D3. Its symbolic counterpart_op:D1(V)�D2(V) ! D3(V) is de�ned such that for all _a 2 D1(V) and _b 2 D2(V), we have( _a _op _b)(�) = _a(�) op _b(�).When extending a relation R symbolically, we de�ne the result to be a function specifyingthe assignments under which its arguments are related. In other words, we actually extend thecharacteristic function of the relation. That is, given a binary relation R � D1 � D2, de�ne_R:D1(V)�D2(V)! B(V) as ( _a _R _b)(�) = 1 if and only if _a(�) R _b(�).7.2 Symbolic Trajectory Formulas and AssertionsA (scalar) trajectory formula expresses a constraint on a trajectory. We now extend this ideaby introducing symbolic trajectory formulas. A symbolic trajectory formula expresses a set ofconstraints on a trajectory by representing a set of (scalar) trajectory formulas. More speci�cally,a symbolic trajectory formula will be a function mapping an assignment � 2 � to a trajectoryformula.Trajectory formulas can be extended to symbolic trajectory formulas in several ways. Wewill present one particular de�nition here that is intuitively simple, yet powerful enough to makespeci�cations of desirable system properties fairly natural.Assume hS; v i is a lattice, V is a set of symbolic Boolean variables, and P is a set of simplepredicates over S. A symbolic trajectory formula is de�ned recursively as:1. Simple predicates: p is a symbolic trajectory formula if p 2 P .2. Conjunction: ( _F1^ _F2) is a symbolic trajectory formula if _F1 and _F2 are symbolic trajectoryformulas.3. Domain restriction: (E ! _F ) is a symbolic trajectory formula if _F is a symbolic trajectoryformula and E is a Boolean expression over V4. Next time: (N _F ) is a symbolic trajectory formula if _F is a symbolic trajectory formula.Note that the only change from the de�nition of trajectory formulas is that the domain constraintcan now be a Boolean expression rather than only 1 or 0.For the case of switch-level circuits, we introduce the notation (ni is E) as a shorthand for theformula (E ! (ni is 1)) ^ (E ! (ni is 0)). That is, we constrain node ni to have the particularsymbolic Boolean value denoted by the expression E.The concept of depth is extended to the symbolic domain in the natural way, i.e., the depth ofa symbolic trajectory formula is one greater than the number of nested next time operators.A symbolic trajectory assertion is de�ned recursively as:1. Simple assertions: h _A =) _Ci, where _A and _C are symbolic trajectory formulas and d( _A) =d( _C). 28



2. Sequences: h _A =) _Ci ; _G1, where _A and _C are symbolic trajectory formulas, d( _A) = d( _C),and _G1 is a symbolic trajectory assertion.3. Iterations: h _A =) _Ci� ; _G1, where _A and _C are symbolic trajectory formulas, d( _A) = d( _C),and _G1 is a symbolic trajectory assertion.With the above development, including our shorthand notation, we can now combine our twotrajectory assertions that constitute our speci�cation of the unit-delay inverter circuit of Fig. 2 intoone symbolic trajectory assertion as follows. Assume V = fxg, then[(in is x)^Ntrue =) N(out is x)] :As a more complex example, consider the following symbolic trajectory assertion for the latchcircuit of Fig. 5. Here, assume that V = fc; ag. We have the symbolic assertionG3 = h(n3 is c)[2] ^ (c! (n1 is a))[2] ^ (c! (n4 is a)) =) N2(n4 is a)i :Informally, the antecedent states that depending on the c (\clock") variable we either load value ainto the latch (by setting n3 to 1 and n1 to a) or we assume that a is already stored in the latch(with n3 set to 0 and n4 to a). The consequent states that value a is stored in the latch on thethird time unit.Given a symbolic trajectory formula _F and an assignment � 2 �, the corresponding trajectoryformula, written _F (�), is de�ned recursively as:1. p(�) def= p if p 2 P .2. ( _F1 ^ _F2)(�) def= ( _F1(�) ^ _F2(�)).3. (E ! _F )(�) def= (e(�)! _F (�)), where e is the Boolean function denoted by E.4. (N _F )(�) def= (N( _F (�))).Similarly, given a symbolic trajectory assertion _G and an assignment � 2 �, the correspondingtrajectory assertion, written _G(�), is de�ned recursively as:1. h _A =) _Ci (�) def= h _A(�) =) _C(�)i.2. (h _A =) _Ci ; _G1)(�) def= h _A(�) =) _C(�)i ; ( _G1(�)).3. (h _A =) _Ci� ; _G1)(�) def= h _A(�) =) _C(�)i� ; ( _G1(�)).Given the above, we can now extend the j=M relation to the symbolic domain in the standardway, i.e., if _F is a symbolic trajectory formula then for every � 2 L(M) we have(� _j=M _F )(�) = 1 i� � j=M ( _F (�)):Similarly, if _G is a symbolic trajectory assertion then for any set L of trajectories we have(L _j=M _G)(�) = 1 i� L j=M ( _G(�)):Now, given a model structureM and a symbolic assertion _G, the task of our checking algorithmis to compute the Boolean function expressing the set of assignments under which the assertionis true. For most veri�cation problems, this should simply be the constant function 1, i.e., theassertion should hold under all variable assignments.29



7.3 Checking Symbolic Trajectory AssertionsIn Section 5, we showed how scalar trajectory assertions can be veri�ed very e�ciently by computingthe satisfaction predicate. By extending the functions and relations used in this process to thesymbolic domain, we can perform the same algebraic manipulations. Rather than a true/falseanswer, we obtain a Boolean function denoting those assignments � for which the assertion holds.De�ne the symbolic domains B(V), S(V), and S!(V) as denoting the set of functions mappingan assignment in � to B, S, and S! respectively. Let _Y , _lub, _glb, _Gfp, and _? denote the symbolicextensions of the successor function Y , the lub operation, the glb operation, the Gfp operation,and the in�x ? operation respectively. Let _v be the extension of the ordering relation v to thesymbolic domain. Recall that a relation over a scalar domain extends symbolically to a functionspecifying the assignments under which its arguments are related. The normal Boolean productoperation � serves as the symbolic extension of the logical \and" connective. That is, for anyassignment � ( _a � _b)(�) = 1 i� _a(�) = 1 and _b(�) = 1. Recall that for a state value a 2 S, _a denotesthe constant function, yielding a for all assignments. In particular, _? denotes the function thatalways yields ?.Given a symbolic trajectory formula _F , we de�ne its de�ning symbolic sequence _� _F recursivelyas follows:1. _�p = _p _? _? : : : if p 2 P is a simple predicate with de�ning value p.2. _� _F1^ _F2 = _lub( _� _F1 ; _� _F2).3. _�E! _F = e _? _� _F , where e is the Boolean function denoted by E.4. _�N _F = _?_� _F .Proposition 4 Let _F be a symbolic trajectory formula and let _� _F be its de�ning symbolic sequence.Then, ( _� _F )(�) = � _F (�), for every � 2 �.Proof: Follows directly from the de�nition of symbolic trajectory formulas and the de�nitions ofS!, _lub and _?.Given a symbolic starting state _z 2 S(V) and symbolic trajectory formula _F with de�ningsymbolic sequence _� _F = _�0_F _�1_F : : :, the de�ning symbolic trajectory _� _F ( _z) = _�0_F ( _z) _�1_F ( _z) : : : is de�nedinductively as follows: _� i_F ( _z) = 8><>: _lub( _�0_F ; _z) if i = 0_lub( _�i_F ; _Y ( _� i�1_F ( _z))) otherwiseProposition 5 If _F is a symbolic trajectory formula and _z 2 S(V) let _� _F ( _z) be the de�ning symbolictrajectory for F . Then ( _� _F ( _z))(�) = � _F (�)( _z(�)) for every � 2 �.Proof: Follows directly from the de�nition of symbolic trajectory formulas, Proposition 4, and thede�nitions of _Y , and _lub.Now, given a symbolic trajectory assertion _G de�ne its symbolic satisfaction predicate _SAT asfollows:1. _SAT( _z, h _A =) _Ci) = ( _� _C _v _� _A( _z)). 30



2. _SAT( _z, h _A =) _Ci ; _G1) = ( _SAT( _z, h _A =) _Ci) � _SAT(�d( _A)_A ( _z), _G1)).3. _SAT( _z, h _A =) _Ci� ; _G1) = ( _SAT(~_z, _G1) � _SAT(~_z, h _A =) _Ci)), where~_z = _Gfp _�: _glb( _z; _�d( _A)_A ( _�)):In view of the above results and Theorems 1 and 2 the following theorem follows immediately.Theorem 3 Assume _G is a symbolic trajectory assertion. Then for every � 2 �:_SAT( _?, _G)(�) = 1 implies ( _j=M _G)(�) = 1;Furthermore, if _G is iteration-free, then_SAT( _?, _G)(�) = 1 i� ( _j=M _G)(�) = 1:To illustrate the practical application of Theorem 3 consider the symbolic trajectory assertionG3 de�ned asG3 = h(n3 is c)[2] ^ (c! (n1 is a))[2] ^ (c! (n4 is a)) =) N2(n4 is a)i :Assume we want to check this formula for the model structure corresponding to the circuit ofFig. 5. We will show the computation of the symbolic de�ning sequence and the symbolic de�ningtrajectory. In order to do so, however, we must introduce an expression syntax for symbolicternary values, i.e., functions mapping Boolean assignments to ternary values. Following our earlierconvention, we will let _X denote the constant function for value X. We will use Boolean expressionsto denote cases where all assignments yield binary node values. Finally, for Boolean expression Et,and symbolic ternary expressions E1, and E0 we will use the notation Et _!E1 j E0 to denote thefunction (et _!e1 j e0)(�) = ( e1(�) if et(�) = 1e0(�) otherwise,where et, e1, and e0 are the functions denoted by the expressions Et, E1, and E0, respectively.First, for the antecedent A = (n3 is c)[2] ^ (c ! (n1 is a))[2] ^ (c ! (n4 is a)), we obtain thefollowing elements for the de�ning sequence and trajectory:i _�iA _Y ( _� i�1A (?)) _� iA(?)n1 n2 n3 n4 n5 n1 n2 n3 n4 n5 n1 n2 n3 n4 n50 c _!a j _X _X c c _! _X j a _X _X _X _X _X _X c _!a j _X _X c c _! _X j a _X1 c _!a j _X _X c _X _X _X c _!a j _X _X a c _! _X j a c _!a j _X c _!a j _X c a c _! _X j a2 _X _X _X _X _X _X c _!a j _X _X a a _X c _!a j _X _X a a3 _X _X _X _X _X _X _X _X _X a _X _X _X _X a� 4 _X _X _X _X _X _X _X _X _X _X _X _X _X _X _XSimilarly, it is easy to see that_�C = h _X _X _X _X _Xih _X _X _X _X _Xih _X _X _Xa _Xih _X _X _X _X _Xih _X _X _X _X _Xi : : :and thus that _�C _v _�A = _1, i.e., the assertion holds for all variable assignments.31



8 Extensions to the LogicThe base logic, as described above, is convenient for deriving the underlying theory. Unfortunately,expressing \interesting" assertions about real systems using only the constructs given in Section 4is very tedious. Two shortcomings make using the logic cumbersome: the �ne granularity of thetiming, and the lack of more powerful logical constructs. We have already introduced severalshorthand notations that take partial steps in remedying these limitations. In general, one canincrease the expressive power of the logic greatly by introducing further shorthands. The semanticsof each such extension is de�ned by a syntactic translation into the base logic, and hence has awell-de�ned semantics and implementation.In order to de�ne a language for writing speci�cations we need to de�ne three entities: the syntaxof the language, the semantics of the language, and a compilation algorithm that can translate thehigh-level constructs to the core logic. Furthermore, in order not to get astray in the process, aproperly de�ned compiler function should also be proven correct in the sense that the semantics ofthe higher-level constructs are preserved by the compilation process. Although we will describe theextensions we have made in fairly informal terms, Joyce and Seger [27, 35] has in fact formalizeda very similar language in higher-order logic and there proven that the compilation algorithm iscorrect. Also, as a side e�ect of properly formalizing the semantics of the added constructs, weopen up the possibility of reasoning about the speci�cations themselves [35].8.1 Timing ExtensionsWe have already introduced the notation F [k] to denote that property F should hold for k successivetime intervals, where each interval has duration given by the depth d(F ). This concept can begeneralized to other sequencing constructs such as during, from{to, then, and for. With these wecan, for example, write ((p1 for 100)^ (p2 for 100)) then (p3 for 10) rather than having to write(p1 ^ p2) ^N(p1 ^ p2) ^N2(p1 ^ p2) ^ : : :^N99(p1 ^ p2) ^N100p3 ^ : : :N109p3:Each of these constructs has a straightforward de�nition in terms of our existing notation. As anillustration, the duration construct, written during (s; e; F ), has as arguments a start time s, anend time e and an instantaneous trajectory formula F that is to hold over this interval. This canbe translated simply as true for e < s, or NsF [e�s+1] for e � s.We have also seen that for most sequential circuits, reasoning at the unit step level is far tootedious. Instead, we would like to write and verify speci�cations at a more abstract timing level.For example, with phase-level timing, we view each period when the clocks are held at �xed valuesto be a phase, and assume that each phase has some minimum length k [7]. For simplicity, we will�rst assume that all phases have the same duration. A naive approach to phase-level timing wouldbe to translate an instantaneous phase formula F into F [k], and introduce A \next phase" operatorNp de�ned simply as Nk. That is, any property F should hold throughout the phase, and eachsuccessive phase starts exactly k time units from its predecessor.Although the above attempt at phase-level timing frees us from describing the desired behaviorsfor every basic time unit, it has a serious drawback. The problem lies in the fact we must specifythe precise length of the phase. As a result, we overspecify the desired behavior. In fact, we onlyshow that the system works when all phases are exactly k basic time units long. Instead, we wouldlike to verify that the system works correctly as long as each phase is at least k time units long.As was shown in Section 6 this can be accomplished by using the iteration construct of trajectoryassertions.To illustrate the problem with �xed length phases and how it can be remedied, consider theswitch-level circuit of Fig. 7. Intuitively, n1 is the (inverted) input to a latch, n3 is the clock signal,32



n1 
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n4 n5 n6 Figure 7: Circuit illustrating the use of iteration.n4 is the electrical node that stores the state when the clock is low, and n6 is the output of theoutput bu�er. Suppose we are trying to determine whether a 0 stored in the latch will remain tothe end of the phase even if the clock goes high. Clearly, this is a property that a latch shouldnot satisfy, but if we assume that each phase is exactly 2 time units long, we could arrive at thisfalse conclusion. In order to check the validity of the statement by our naive model, the followingassertion would be used:h(n4 is 0)^ (n3 is 0)[2] =) true[2]i ; h(n3 is 1)[2] =) (n6 is 0)[2]i :The circuit in Fig. 7 satis�es this assertion, because there is a 2 unit propagation delay from storagenode n4 to output n6. If we assume the phases to be 3 time units, and thus we try to check theassertion h(n4 is 0)^ (n3 is 0)[2] =) true[3]i ; h(n3 is 1)[3] =) (n6 is 0)[3]i ;it is easy to see that the circuit in Fig. 7 does not satisfy the assertion. In order to avoid thisapparently \non-monotonic" behavior, it is preferable to check an assertion like:h(n4 is 0) ^ (n3 is 0)[2] =) true[2]i ; [n3 is 0 =) true]� ;h(n3 is 1)[2] =) (n6 is 0)[2]i ; [(n3 is 1) =) (n6 is 0)]� [true =) true] :where we have used the iteration construct to make sure the property we are checking holds nomatter how long the phases are. It is easy to see that this assertion will fail for the circuit shownin Fig. 7. In particular, the last iteration assertion will fail.We can generalize the above approach by de�ning a \stable phase assert" command. Assumewe would like to check some assertion [A =) C], where A and C are instantaneous formulas, duringa phase. Assume furthermore that phases are at least k time units long. The \stable phase" assertcommand would be a shorthand for hA[k] =) C [k]i ; [A =) C]�. In essence, we allow the circuitto take k time units to reach a stable state. We then prove that [A =) C] is an invariant of thesystem beyond these k units. The set of invariant conditions beyond the k time units is capturedby a state which is less than or equal to every possible state of the system as long as A continuesto hold. We would continue the veri�cation of further properties from this state.Interestingly, this phase-level timing implements a form of \oscillation control" that was in-cluded in the original cosmos simulator [7]. In the simulator, the user speci�es a limit on the33



phase length k. When simulating a phase, the simulator computes new states for nodes until itreaches a stable state. Once the limit k on unit steps is taken, however, any node changing state isset to X rather than to its excitation. This procedure matches exactly the �xed-point implementa-tion of the iteration construct for the ternary domain. In fact, our symbolic simulator implementsthe �xed-point approach in its full generality.8.2 Data Handling ExtensionsThere are several extensions that simplify the task of writing speci�cations. One powerful approachis to use symbolic indexing, where a vector of Boolean functions is interpreted as the symbolicrepresentation of a bounded integer. This symbolic integer is then used to index into an array ofnodes [1, 9]. This notation provides a powerful technique for specifying and verifying the addressingoperations of a memory where the symbolic integer represents an address, and the vector of nodesrepresents the di�erent memory elements.For example, the e�ect of a write operation for a random-access memory can be speci�ed by anassertion: h( ~Ad is ~A) ^ (write is 1)^ (data is d) ^Ntrue =) N(M[ ~A] is d)iIn this assertion, ~Ad is a vector of the p nodes forming the address inputs to the memory, while ~A isa vector of p Boolean variables. ~M is a vector of 2p nodes forming the memory elements. Informally,the assertion states: \given address and data values A and d on the inputs, a write operation willcause data d to be stored in memory location A. Note that we have interpreted the \next-time"operator as denoting a complete cycling of the memory. In practice we actually operate the memoryat a phase-level, and use the phase-level timing model described above.Memory veri�cation illustrates the e�ciencies our method gains by partially-ordered systemmodeling. To verify the above assertion, the veri�er would execute a simulation with all memorylocations initialized to X, and with the address and data inputs set to Boolean variables, requir-ing a total of p + 1 Boolean variables to verify the behavior of a 2p-bit memory. To check theconsequent, it would compare the resulting state of each memory location i with the function[(ip�1�Ap�1) � � � � (i0� a0)] _?d, where ij is the jth bit in the binary representation of i, Aj is thejth element of the vector of variables ~A, and � represents the Exclusive-Nor operation, i.e.,the complement of Exclusive-Or. For example, for a 4-bit memory (p = 2), the veri�cationconditions for each memory location would be:M[0] M[1] M[2] M[3]a1a0 _!d j _X a1a0 _!d j _X a1a0 _!d j _X a1a0 _!d j _XFull veri�cation of a memory also requires verifying the read operation, as well as verifying thatneither operation a�ects the data in any location other than the one being addressed. All of theoperations can be veri�ed by 3 symbolic simulations, none involving more than 2p + 1 variables.We can exploit the large number of \don't care" conditions that arise in the operation of a memory.In verifying memory behavior for a given location, we don't generally care what values were storedin other memory locations. Similar methods can be used to e�ciently verify more complex systemscontaining embedded memories and register arrays, such as microprocessors and data paths.8.3 User De�ned ConstructsWith the above extensions, it is more convenient to write speci�cations. However, any non-trivialspeci�cation would still be much too large and obscure to be practical. What is needed is someway of structuring the speci�cation. In the prototype tools we have developed [13, 36] this is34



accomplished by using a meta-language [23]. In other words, we use a general purpose language tobuild up the various constructs that our speci�cation language contain.In our original prototype system [13] we used a dialect of Lisp as meta-language. When theLisp program was run, it wrote to a �le the veri�cation conditions expressed in a slightly enrichedversion of the core logic that resulted in the translation of the higher level constructs. This text�le was then fed to a modi�ed version of the cosmos symbolic simulator.In a more recent system, called Voss[36], developed at the University of British Columbia,the meta language is a dialect of ML[31]. Here, the modi�ed version of the symbolic simulatoris incorporated directly in the language and thus the user interacts directly with the evaluatorthrough the ML language. For more details of this system, the reader is referred to [36].Given that the veri�cation system is embedded in a general purpose language, and the useractually writes code in this language, it is easy to de�ne new extensions. In fact, by writingnew functions and procedures it becomes very natural to express the trajectory assertions in ahierarchical way, improving the readability of|and consequently the con�dence in|the assertions.9 Veri�cation Over Other DomainsSo far, all our examples have been related to switch-level (and gate-level) veri�cation. On the otherhand, the theory was developed using a very general model of systems. The question arises whetherthere are other domains for which trajectory evaluation is useful. In this section we will discussone such domain and an application that can bene�cially be modeled in the domain.
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Figure 8: Simple addressable register �le with ALU.Consider verifying the circuit shown in Fig. 8. Intuitively, there are two properties we wouldlike to check: 35



1. If register A holds some value u and register B holds some value v and we request the circuitto add registers A and B and put the result in register D, then u + v should be stored inregister D after the next cycle.2. If register L stores some value u and we request the circuit to add registers A and B and putthe result in register D, where D 6= L, then register L should still contain the value u at theend of the next cycle.The circuit of Fig. 8 can clearly be modeled at a switch-level and be veri�ed using the switch-level model we have used throughout the paper. However, for very wide data path, this couldbe quite expensive. Also, if the circuit contained a multiplier, rather than an adder, we wouldvery quickly encounter di�culties in carrying out the symbolic evaluation since we would mostlikely represent the values on the nodes as some kind of ordered binary decision diagram which hasdi�culties in representing multiplication [10].What makes the above dependency on the word size unfortunate is that, in some sense, thewidth of the data path is unrelated to the functionality of the circuit. In particular, the controllogic is likely to be independent of the width of the data path. The question arises how to verifythe control part for an arbitrary width of the data path. The natural way of verifying the controllerby writing a speci�cation in terms of internal control lines is both cumbersome and error prone.What we would like to do is to replace the detailed implementation of the data path with a moreabstract, and computationally cheaper, version. If we do so, we split up the veri�cation task intoverifying that the abstract version of the data path correspond to the actual data path and thatthe controller together with the abstract data path works as intended. The �rst task is quitestraightforward since the structure of the abstract data path will likely correspond very closelywith the structure of the actual data path. Thus we will focus on the second task. This approachis conceptually similar to the abstraction techniques used in temporal logic model checking [17, 38].
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B Figure 9: Value domain for data path.In order to illustrate the idea of using a more abstract domain and corresponding abstractversion of the data path, consider the 
at domain whose Hasse diagram is shown in Fig. 9. Intu-itively, u and v are used to represent arbitrary values and s is used to represent the sum of u andv. The value B is used to denote an unknown value. A possible next-state function for the adderand a possible next-state function (Ri) for one of the of the register words when the write enablesignal (W ) is 0, 1, and X respectively, are shown in Fig. 10. It is easy to convince oneself that thenext-state function is monotone.The complete lattice for the circuit can now be formed in the same way as for the switch-levelmodel discussed in Section 3, i.e., we form the cross product of all the subcomponents' domainsand then add an arti�cial top element. Also, the next-state function can be derived by extendingthe individual excitation functions to this extended domain. It is easy to verify that the obtainedlattice and next-state function indeed satis�es our requirements for being a model structure. Theonly remaining missing piece is now some simple predicates for this domain. We will use the obviousones: ni is u, ni is v, and ni is s, where ni is a node name in the circuit. Note that \node" in this36
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W=X Figure 10: Monotone next-state functions.context does not correspond to any single electrical node of the circuit but to collections of signalsforming data words.In order to write trajectory assertions that can check the two properties mentioned above, thefollowing shorthands are useful. Let ~I, ~J , ~K, and ~L each denote vectors of p Boolean variables indi-cating possible address values, where p is the number of bits in an address. De�ne Operate(~I; ~J; ~K)to denote the formula ( ~sA is ~I)^ ( ~sB is ~J)^ (~D is ~K), where node vectors ~sA, ~sB, and ~D denote theaddress inputs for the control logic. Similarly, let Stored( ~N; �), for � equal to u, v, and s, denotethe formula (R[ ~N ] is �), where R denotes the set of \nodes" comprising the register �le.With this notation we can express the two desired properties as follows:hOperate(~I; ~J; ~K)^ Stored(~I; u)^ Stored( ~J; v) =) NStored( ~K; s)iand hOperate(~I; ~J; ~K)^ Stored(~L; u) =) N(( ~K 6= ~L)! Stored(~L; u))i :Here we have actually assumed a unit-delay for the complete cycle. An obvious generalization wouldadapt the veri�cation conditions to more realistic timing. Note that the complete veri�cation onlyrequires 3 � log(n) Boolean variables for a register �le with n words. Also, the veri�cation isindependent of the actual width of the data path.In many ways, the idea of using a 
at domain in carrying out the veri�cation is similar to theidea of \generic" speci�cations [26]. In generic speci�cations, which relies on using higher-orderlogic, the actual computation performed by the ALU and the other components in the data path,are simply provided as functions that are not instantiated during the proof of the control logic.In fact, the high-level correctness proof for the circuit of Fig. 8 would be of the form \for everypossible function f of proper type, the circuit will read the contents of registers A and B, apply fto these two values, and write the result into register D. Our approach of using a 
at domain andusing a conservative next-state function can be viewed as Skolemizing the universal quanti�cationin the generic speci�cation and incorporating the computation in the value domain. Thus, thevalue s we added to the domain, corresponds to f(u; v).In general, this use of a 
at domain for parts of the circuit works well for circuits in which thereis a clear distinction between data path and control. The di�cult task of verifying the controllogic can thus be carried out independently of the width of the data path. Of course, in usinghigher-level models such as this, one must generate more abstract system models than does ourcurrent switch-level circuit analyzer. We leave this task as future research.37



10 ConclusionsIn terms of mathematical sophistication, the problem solved by our veri�cation algorithm is farless ambitious than what is attempted by full-
edged temporal logic model checkers. However, webelieve that our language is rich enough to be able to describe many important properties of asystem and to provide a direct path by which such properties may be automatically veri�ed. Bykeeping the goals of our veri�er simple, we obtain an algorithm that is capable of dealing withmuch larger circuits.Despite the limitations of our program, it is suitable for verifying highly complex systems. Re-cently Beatty has developed a methodology for specifying and verifying systems that uses symbolictrajectory evaluation to carry out the actual veri�cation [2, 3]. In his approach the user speci�es thedesired system behavior by assertions of the form [A =) NC], where each timing step representsthe completion of a high level operation, such as the execution of an instruction by a microprocessor.The user gives an \implementation mapping" describing how the state values in the speci�cation(e.g., the values of progrmmer-visible registers) are realized within the circuit, including the exactsignal timing. The veri�er combines these high level assertions with the implementation mappingto generate symbolic assertions that are then evaluated on the circuit model. His method canhandle pipelined implementations in which operations that are viewed as occuring sequentially inthe speci�cation actually execute concurrently in the circuit. He has demonstrated the power ofhis approach by verifying a representative sample of instructions for an actual microprocessor.One interesting property of our algorithm, in fact, is that its computational complexity isrelatively insensitive to the system size. That is, the complexity is determined largely by thecomplexity of the assertion to be veri�ed, measured in terms of the number of symbolic variables,and the depth of nesting of next time operators. We have found that in many circuits, propertiescan be expressed in terms of a surprisingly small number of variables. For example, our formulasproviding a complete speci�cation of of a k-bit random access memory involve only 2 + 2 log kvariables. Thus, we can perform the veri�cation in polynomial time irrespective of the heuristice�ciency of the Boolean manipulator.An interesting question that still is unanswered is whether this type of combination of abstrac-tion and symbolic manipulation can be used in more traditional model checking algorithms. Forexample, is there some suitable domain for which we can approximate the powerset of the real sys-tem by a much smaller complete lattice in such a way that the validity of some temporal formulain the approximate lattice implies the validity of the formula in the real system.Another open question is how to develop a practical veri�cation methodology using the type ofabstract domain veri�cation as was discussed in Section 9. In fact, the general question of whatkinds of methodologies can be used for this type of formal veri�cation is largely unanswered.AcknowledgementsThe �rst author would like to acknowledge the very productive research environment provided bythe Integrated Systems Design Laboratory at the University of British Columbia.References[1] D. L. Beatty, R. E. Bryant, and C.-J. H. Seger, \Synchronous Circuit Veri�cation by SymbolicSimulation: An Illustration," Sixth MIT Conference on Advanced Research in VLSI, 1990,pp. 98{112. 38
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