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ABSTRACT
In grid-based fluid simulation, discrete incompressibility of each
cell is enforced by the pressure projection. However, pointwise velocities constructed by interpolating the discrete velocity samples
from the staggered grid are not truly divergence-free, resulting in
unphysical local volume changes that manifests as particle spreading and clustering. We present a new velocity interpolation method
that produces analytically divergence-free velocity fields in 2D using a stream function. The resulting fields are guaranteed to be
divergence-free by a simple calculus identity: the curl of any vector
field yields a divergence-free vector field. Furthermore, our method
works on cut cell grids to produce fields that strictly obey solid
boundary conditions. Therefore, no artificial gaps are created between fluid particles and solids, and fluid particles do not trespass
into solid regions.
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(1)

The benefit of this expression is that basic vector calculus ensures
the velocity u is divergence-free by construction:
∇·u=∇·∇×Ψ=0

(2)
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Figure 1: Constructing an interpolated stream function field.
Left: Discrete stream function values (blue circles) are constructed from discrete velocity values (red squares). Right:
Once discrete nodal stream function values are known, use
an interpolation scheme to obtain a pointwise stream function value
The main advantages of our stream function-based interpolation
method are:
• the interpolated pointwise velocity field is continuously (analytically) divergence-free;
• the velocity field strictly obeys fluid-solid boundary conditions;
• the distribution of advected particles tends to be well-preserved;
• the interpolant integrate straightforwardly into standard
grid-based 2D fluid solvers.

INTRODUCTION

Grid-based and hybrid Eulerian fluid schemes have gained popularity in part due to the ease with which they enforce global
incompressibility. Although discrete incompressibility of each grid
cell is satisfied by pressure projection, the pointwise velocities inside each cell, induced by standard interpolants, turn out not to
be divergence-free. Consequently we cannot advect particles or
fluid quantities with continuously divergence-free velocities. As
an alternative advection scheme, we propose the use of a stream
function approach.
If we express the velocity field u as the curl of the vector potential
Ψ, then Ψ is called a stream function.
u=∇×Ψ
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OUR APPROACH ON UNIFORM GRIDS

To simulate our fluid, we solve the incompressible Euler equations
[Batchelor 1967]
∂u
f ∇p
= −u · ∇u + −
∂t
ρ
ρ

(3)

with the usual operator splitting approach [Bridson 2015; Stam
1999]. Our approach only affects the advection steps. We adopted
the usual staggered grid structure [Harlow and Welch 1965] where
the velocity component samples lie on cell edges (in 2D). After
the pressure projection step, we have a discretely divergence-free
velocity field, but instead of interpolating the discrete grid velocities
directly we apply several steps:
• convert the discrete velocity values to discrete stream function values (Section 2.1),
• determine the (continuous) stream function at a point using
an interpolation method (Section 2.2),
• convert the stream function at the point to the final (continuously divergence-free) velocity (Section 2.3).
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Constructing The Discrete Stream Function

The stream function vector in 2D has only one non-zero component:
Ψ = (0, 0,ψ ). Therefore (1) can be simplified to
!
∂ψ ∂ψ
u=
(4)
,−
∂y ∂x
Using the notation in Figure 1, we further discretize (4) for the four
faces of each grid cell as
ψ2 − ψ0
ψ3 − ψ1
ψ1 − ψ0
ψ3 − ψ2
ul =
, ur =
, vb = −
, vt = −
,
∆y
∆y
∆x
∆x

(5)
where ∆x and ∆y represent the width and height of the cell, respectively. The small system of four equations in (5) contains a
one-dimensional null space, so it has an infinite number of solutions which differ by a constant offset. We assign an arbitrary
value to one variable (i.e., ψ 0 = 0) and find a solution to the reduced
system of three equations. This can be carried out separately per
cell.

2.2

ψ (x, y) = (1 − α (x ))(1 − β (y))ψ 0 + α (x )(1 − β (y))ψ 1
+ (1 − α (x ))β (y)ψ 2 + α (x )β (y)ψ 3 ,

RESULTS

(a) Direct interpolation from grid velocities.

(6)

where α (x ) and β (y) are the length fractions shown in Figure 1.
For bicubic interpolation we
use the four nodal stream function values and the (approximate)
(x, y)
partial derivative of ψ . The partial
derivatives are estimated by averψ 0A
ψ 1A ψ 0B
ψ 1B
aging the slopes of ψ in the two
adjacent cells in the derivative direction, where the slopes are found
∂ψ
by simple finite differencing. For example, ∂x at the red vertex is
!
A
A
ψ B − ψ 0B
∂ψ
1 ψ1 − ψ0
≈
+ 1
.
∂x
2
∆x
∆x
Conveniently, this does not require a globally consistent ψ field
since the finite differences do not cross between cells.

Recovering Divergence-Free Velocities

To recover a pointwise incompressible velocity field we apply the
curl operator to the analytical (interpolated) stream function field.
In the bilinear case we can simply apply (4) to (6), and likewise for
the bicubic case.

3
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We compare our stream function method against the corresponding
component-wise velocity interpolation scheme under a free-slip
condition. We use bicubic interpolation (whether for velocity or
stream function) on uniform cells and generalized barycentric interpolation on cut cells. We set the underlying grid velocities to
be identical for both using a semi-Lagrangian method [Stam 1999],
and observe how the blue secondary particles move differently
depending on the interpolation method.

Interpolating The Stream Function

To compute a pointwise stream function value we interpolate the
nodal discrete stream function values obtained in Section 2.1. For
bilinear interpolation we can use the four stream function values
(ψ 0 , ψ 1 , ψ 2 , and ψ 3 ) defined in each cell. The interpolated value at
the point (x, y) becomes

2.3

edges to discrete stream function values on the vertices (similar
to (5)). As the stream function samples are located at the polygon
vertices, we use generalized barycentric coordinates [Meyer et al.
2002; Warren et al. 2007] for interpolation (similar to (6)). Finally, we
analytically calculate the curl of the interpolated stream function
value to obtain a pointwise velocity.

SOLID BOUNDARIES

If a fluid cell contains a (static) solid object our new advection
method can be applied analogously. We adopted a level set representation for solids and a cut-cell scheme for pressure projection
[Batty et al. 2007; Ng et al. 2009]. The fluid part of the cell has a
(convex) polygonal shape with net zero flux across its faces. Using Stokes theorem we again convert the discrete velocities on the

(b) Our stream function interpolation approach better respects solids and preserves particle distributions.

Figure 2: Particle trajectories in a horizontal flow.
Notice that our approach does not generate artificial gaps at the
back side of the solid object, and the particle distribution remains
more uniform with less (erroneously) empty space.
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