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Abstract
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1. Introduction

Thebinary search tre€BST) is one of the classic data structures in computer
science. One of the fundamental problems in this area is how to build an
optimal binary search tree where the items stored in the tree have some
observed frequencies of access. In addition, there may be failure frequencies for
unsuccessful searches. In the traditional problem each node in the binary search
tree is labeled with an item. In a search for an item, when the node labeled
with a is encountered there are three possible outcomesz, x = a, andx > a.

In the first case the search proceeds to the left subtree, in the second case the
search ends at the node, and in the third case the search proceeds to the right
subtree. A disadvantage of this three-way branching is that it takes two computer
instructions to determine the outcome. Knuth [7, Problem 33, p. 457] suggests
that it would be interesting to explore an alternative binary tree structure where
nodes are labeled with either an equality comparison or a less-than comparison.
The resulting tree has two-way branching instead of three-way branching. We call
such treedinary comparison search trees BCSTs for short.

A very simple example demonstrates the benefit of having equality compar-
isons. Consider the example of three items with weig8t4, 0). The optimum
with equality has cost 1 while the optimum without equality has cost 2. (We can
replace the 0’s by arbitrarily smadls to make this example less pathological.)
Thus it is interesting to design an algorithm for finding the optimal tree when
both types of comparisons are allowed.

Several years ago, Spuler [10] exhibited@m®)-time algorithm to find the
optimal BCST. His algorithm was based on earlier algorithms to find an optimal
split tree [4,6,8]. (One node in a split tree [9] has one less-than comparison
and one equality comparison, possibly on different items, leading to 3-way
branching.)

In this paper we revisit the problem of finding the optimal BCST in the case
of just success frequencies. Using a new approach we show that the optimal
BCST can be computed in tim@ (n%). The algorithm’s correctness depends on
our result that if all the frequencies are less than one fourth of the sum of the
frequencies then the root of an optimal BCST cannot be an equality comparison.

1.1. Practical motivation

One motivation for our study comes from an increased interest in high
performance method dispatching that is required for object-oriented programs.
Chambers and Chen [2] describadmspatch tree with both equality and less-
than comparisons, to efficiently look up methods in object-oriented programs.
A method is always found so there is no chance of failure. Chambers and Chen
employ an interesting and effective heuristic to find a good dispatch tree. They
left open the question of how to find an optimal dispatch tree. Dispatch trees are
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actually slightly more general than our BCSTs. We focus on the more restricted
problem of finding an optimal BCST.

1.2. Traditional binary search trees

There are several efficient algorithms for finding optimal BSTs. A standard
0 (n®)-time dynamic program can be used, but the time can be improved to
0 (n?) by using a clever technique [7]. In the case where the success probabilities
are all 0, the running time can be reduced @nlogn) by one of two
algorithms [3,5]. Note that these latter two algorithms effectively employ only
two-way comparisons and hence are “reasonable” from our point of view.

It is interesting to examine the reason why the problem of computing the
optimal BCST appears to be more difficult than computing the optimal BST. In
a BCST, after a few equality comparisons are done, the resulting subproblem,
with its “holes” due to failed equality comparisons, corresponds to anything
but an interval{i,i + 1,i + 2,..., j} of indices. The traditional dynamic-
programming algorithm relies on the fact that the only subproblems that arise are
intervals{i,i +1,i + 2, ..., j}; one calculates the cost of an optimal tree for all
intervals using dynamic programming.priori, with equality comparisons, one
could recursively generate a subproblem corresponding to an arbitrary subset of
{1,2,...,n}, and there are too many of them to give a polynomial-time algorithm.
We will demonstrate that the number of subproblems needed to find the optimal
BCST isO (1nd).

However, we show that there is always a tree having only less-than compar-
isons which has cost at most one more than the optimum when both types of
comparisons are allowed.

2. Preliminaries

An input is specified by a sorted sequertieg ay, ..., a,) with corresponding
nonnegative weightéw1, wo, ..., wy,). A solution is a binary comparison search
tree (BCST) which is a binary tree with nodes labeled with eitheeaqumality
comparisorof the formx = g;? or aless-than comparisoaf the formx < a;?.

For both types of comparisons the two outcomes are “yes” and “no” and we will
assume canonically that the left branch of the node representing the comparison
corresponds to the “yes” answer. For any BCB;Tthere is a bijection between

the leaves of the tree and the input items. For a fregve let £(T') denote the

leaf set ofT'.

Definition 1. The weight of a nodey (denotedw(v)) in a BCSTT is defined
as follows. If v is a leaf thenw(v) is the weight of the input item labeling.
Otherwise, theweight of a nodds the sum of the weights of its children. In
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other words, the weight of is the sum of the weights of all leaves which are
descendants af. Similarly, define theveight of a tre¢o be the sum of the weights
of its leaves.

Definition 2. Thecostof a BCSTT is defined to be

c(T)= > w(e)depthe),
LeL(T)
where thedepthof a node is the length of the path from the root to that node.
Equivalently

o(T) = Z w(l).

eV (T)—L(T)

An optimal BCSTis one with minimal cost. We need several more definitions
and preliminary lemmas leading to our optimal BCST algorithm.

Definition 3. Thedepthof a subtree is the depth of its root.

A technical definition that will be important for our approach is the following
one.

Definition 4. The side-weighof a nodev (denotedsw(v)) in a BCST is defined
as follows. Ifv is a leaf, thersw(v) = 0. If v is a node representing an equality
comparison (henceforth referred to aseguality nodg, sw(v) = w(a;) wherea;

is the input item tested for equality at If v is a less-than node with children
andy, thensw(v) = min{w(x), w(y)}.

We now prove two lemmas which will be central to the paper.

Lemma 1. Let S be a sequence of items with associated weights arf] &b be
a “partition” of S into two complementary subsequences.lLbe a BCST fos.
There there are BCSTH for S1 and T for So with ¢(Th) + ¢(T2) < (7).

Proof. LetT be a BCST forS. Let Ty be obtained fronT by removing all leaves
which are inS; and repeatedly “shorting out” any node with one child. Clearly
Ty is a BCST forS;. Similarly obtain BCSTI> for S». It is immediate from the
(first) definition of the cost of a BCST thatTi) + ¢(T2) < ¢(T) and the lemma
follows. O

Note that if7 does not have equality comparisons, then neitheficend 7>.

Lemma 2. Let T be an optimal BCST. li: is the parent ofv in T, then
swu) = sw(v).
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Proof. Since the side-weight of a leaf is 0, we may assume that neitiner v
is a leaf. There are four cases according to whether eaghuwis a less-than or
equality comparison.

Case 1. Both u, v are less-than comparisons. Assume without loss of generality
thatv is a right child ofu. Let Ty be the subtree rooted at the childwofvhich is
notv. Let T, T3 be the subtrees rooted, respectively, at the left and right children
of v. Let o; denote the weight of;, 1 <i < 3. Nowsw(u) = min{a1, a2 + a3}

and sw(v) = min{a2, a3}. For a contradiction, assumeaw(u) < sw(v), i.e.,
min{a1, a2 + a3} < Min{az, az}, which implies that; < a2, @1 < 3. Now rotate

v upward along the edge to its parent. WHilestays at the same depth, moves
down andT3 moves up, each by one level. The increase in costis a3 < 0.

This contradicts the optimality ¢f .

Case2. Nodeu is a less-than comparisan< a1? andv is an equality comparison
x = az?. LetTy, of weight, sayg1, be the subtree rooted at the childuwofvhich is
notv. Letas = wo and letaz be the weight of the subtre® rooted at the child of
v not corresponding tas. We havesw (u) = min{as, a2 + a3}, sw(v) = az. For
a contradiction, assume thab (u) < sw(v), i.e., mifa1, az + a3} < a2. Hence
a1 < o2.

Again, rotatev up along the edge ta, i.e., replacex by the comparison
x = a2?. Replaceu’s right child by x < a1?. From that node’s left and right
children, respectively, hanfy and7s. TreeTy moves down one levels stays at
the same level, yet,, of weightao, moves up one level. The net increase in cost
is a1 — a2 < 0, contradicting the optimality df .

Case 3. Both u, v are equality comparisons, say,with an itemas of weight
a1, v with an itemaz of weight ap. We havesw(u) = a1, sw(v) = a2. For a
contradiction, assume; < a2. Swap the comparisonsinandv. Nodea; moves
down,az moves up. The increase in costis — a2 < 0, a contradiction.

Case4. Nodeu is an equality comparison=a1? andv is a less-than comparison

x < a2?. Letay be the weight ofz;, and letT> and 73 of weight o2 and a3,
respectively, be the subtrees hanginguof®nce again assume for a contradiction
that sw(u) < sw(v); i.e., a1 < minf{ao, a3}. Rotatev upward and make the
comparisonx = a1? at the appropriate child af. Then exactly one of> and

T3 moves up whilea; moves down. The increase in cost is again negative,
a contradiction. O

Some immediate corollaries of Lemma 2 are the following:
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Corallary 3. If n > 2 and the root of an optimal BCST is an equality node, then
the item tested for equality must be a largest-weight itemf2, then any BCST
without redundant comparisons has the same cost.

Proof. Suppose that the root is an equality comparison wijtlso the root has
side-weightw;), yetw; > w;. Nodea; appears somewhere as a leain the
tree. If its parenw is an equality comparison with; itself, then its side-weight
is w; > w;, contradicting Lemma 2. If its parentis an equality comparison
x =a?,t # j, thenn > 2 means thab is not the root. Replace the = q,?
comparison irv by anx = a;? comparison, getting a contradiction to Lemma 2.
If, on the other handy is a less-than comparison, replace it by the equality
comparisornx = a;?, and get a contradiction.

If n =2, anirredundant BCST has a single internal node and any such tree can
be seen to have the same cost: K 1, the BCST consists of a single node and
there is only one irredundant BCSTO

Corollary 4. If there is an iten,, such thatw,, > %2?:1 w;, then there is an
optimal BCST with an equality comparison with at the root.

Proof. If the root comparison is a less-than comparison, then its side-weight,
being the minimum of two terms which add up ¥ := }""_; w;, is at most
W/2. Howevera,, appears as a leaf somewhere in the tree. lf’'s parentv

is an equality comparisom = a,,?, thenv is not the root and’s side-weight
exceeddV /2, contradicting Lemma 2. lf’s parentv is an equality comparison

x =a,?,t #+m, we can replace it by = a,,? and get a contradiction. {f is a
less-than comparison, then replace it by the companisen,,?. If v is the root,

we are done. Otherwise, its side-weight is ney > W/2, which exceeds the
side-weight of the root, contradicting Lemma 22

We will see later that this factor of/2 can be reduced to/8.

3. Thresholds

Although we have not made the assumption that the weights of the input items
sum to 1, in this section it is convenient to speak about weights that have been
so normalized. So for the remainder of this section we will make this assumption
and we will refer to the weights as probabilities.

Intuitively, if the maximum probability is large, there should be an optimal
BCST whose root comparison is an equality comparison, which, by Corollary 3,
must be with an item of maximum probability. Analogously, one would expect
that if the maximum probability is small, there should not exist an optimal BCST
with a root equality comparison. We study in this section the relationship between
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the maximum probability and the existence of an optimal BCST with a root
equality comparison.

If the maximum is very small, (we will see that) there cannot be an optimal
BCST with an equality comparison at the root. Let us defit@be the supremum
of all p such that for any input whose maximum probability is at mpsthere
is no optimal BCST with an equality comparison at the root. We will prove that
if the maximum probability is less thary4, then there is no optimal BCST with
an equality comparison at the root (henge:> 1/4), and there is an instance
with maximum probability 14 which has an optimal BCST with a root equality
comparison (hence,< 1/4). Sor =1/4.

How large should the maximum probability be, in order to guarantee the
existence of an optimal BCST with a root equality comparison? By Corollary 4, if
the maximum probability exceedgAthen there is a BCST in which the rootis an
equality comparison. Must there be an optimal BCST with an equality comparison
in the root if, instead, the maximum probability is, say, 0.4? Let us defiteebe
the infimum of all p such that for any input whose maximum probability is at
least p, there is an optimal BCST with an equality comparison at the root. We
will prove that if the maximum probability is at least®, then there is an optimal
BCST having an equality comparison at the root (hepc€,4/9), whereas there
are instances with maximum probability approaching 8om below which have
no optimal BCST with an equality comparison at the root (hepce, 3/7). So
3/7< u<4/9.

Later, we will use the fact that > 1/4 to design a polynomial-time algorithm
to find the optimal BCST.

We will useleft or right subtree ofl’ to mean the subtree @f rooted at the left
or right child of the root off".

Theorem 5. If A is the supremum over alp such that for any input whose
maximum probability i, there is no optimal BCST with an equality comparison
at the root, therk. = 1/4.

Proof. First we prove thak > 1/4. Suppose, for a contradiction, thatis an
optimal BCST where input iterbg (= a; for some:) with weight less than M4 is
tested for equality at the root.

Then the side-weight of the root is equaht@bg), which is less than 4. By
Lemma 2 the side-weight of every other node in the tree is less than 1

For any internal equality comparisan= g;? in a nodey, let us call the branch
leading to the child ob having leafa; the side branchand the other branch the
main branch For a less-than comparisan< «;? at nodev, we call the branch
leading to the child of of lesser weight theide branchbreaking a tie arbitrarily,
naming the other branch timeain branch The weight of the child along the side
branch fromwv is alwayssw (v).
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Letr = vo, v1, v2, v3, ..., v; be the nodes, in order, along the unique path from
the root to the leaf; along main branches. Let, 0<i <! — 1, be the child of;
on the side branch. Thenmw(v;) = w(s;). Furthermoresw(v;) < sw(vo) < 1/4,
by Lemma 2. Now

w(T) = [w(so) + wis1) + wls2) + -+ + wlsi—1) | + w(vp).

By Corollary 3,w(v;) < w(so) = sw(vg) < 1/4. Hencew(T) < (I + Dsw(vo).
If 1 <3, thenw(T) <4-sw(vg) < 1, contradicting the fact that(7) = 1. Hence
[>4.

Now let Ty, T», T3 be the trees hanging off the side branches figanvz, vs,
respectively, and lefy be the tree hanging off the main branch frarg
Note specifically thatv(bg) > w(T1) > w(T2) > w(T3). Figure 1 illustrates this
configuration. In this and other figures in this section, we have departed from the
usual convention and chosen to depict the side branches as left children and the
main branches as right children, since there may be insufficient information to pin
down which branch is the “yes” branch.

A convention will be useful in the proof. Since the identities of the items are
actually irrelevant—only the weights matter—we assume that i, i =1, 2,
...,n. When we speak of weights; andw; for anyi < j, it is implicit that
the first element is smaller than the second. Now each mpddéong the main
branch from the root has either the compariseab; ? or the comparison < b;?,
whereb; € {1, 2, ...,n}. In either case we will defing; € {1,2,3,...,n} to be
the cut-pointassociated with the comparisomat Pictorially, we will represent
the cut-points on a number line with & marking a cut-point corresponding
to an equality node and a vertical line marking the cut-point corresponding to
a less-than node. Thus our picture has a number line with four cut-points labeled
bo, b1, b2, andbs, corresponding to verticag, v1, vz, v3, respectively.

5 0

Fig. 1. TreeT expanded along main branches to 4 levels.
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Note the following fact: Ifv; is a less-than node with comparisen< b;?
having cut-point;, then for all j > i, the cut-point$; must occur on the same
side ofb;, the side which is along the main branchvat In other words, if the
main branch corresponds o> b;, the “no” branch, theb; > b; for all j > i,
and if the main branch correspondsde: b;, thenb; < b; for all j > i. The tree
T; contains only items from the other sideipf

SinceTs and T4 are symmetrically located ifi, we will assume without loss
of generality thafl3 contains items to the left dfs and T, containsbz and items
to the right.

The idea of the proof is to show that we can rebalance the “skinny” tree
shown in Fig. 1 (making the root node a less-than), and reduce its cost,
thereby contradicting the optimality of this tree. Since there are four cut-points
corresponding to the tree in Fig. 1 it is natural that the balancedrtrestould
have at its root a less-than node which splits these cut-points equally. We will call
the less-than comparison at the rooffdfthedividing cut

There are two main cases.

(1) Ifthe middle two cut-points of , b; andb;, i, j € [0, ..., 3], both correspond
to equality nodes, then we will let the dividing cut be< b;? whereb; > b;.

(2) Otherwise, (at least) one of the middle cut-points corresponds to a less-
than comparisonx < b;?. In this case, (choose one and) let this less-than
comparison be the dividing cut.

Case 1. Note that in this case there are two cut-points to be dealt with on either
side of the dividing cut. Letz, p, 0 < m < p < 3, be such that the set of two cut-
points to the left ofb; is {b,,, b,}. Then we perform the comparison occurring
in nodew,, of T at the left child of the root off’ and perform the comparison
occurring in nodev,, of T at the appropriate child of this left child. At the other
subtree of this left child, put the optimal BCST for the appropriate set of items. We
similarly handle the right side of the dividing cut: Where the rightmost two cut-
points areb,, b, with ¢ < r, do the comparison with, and then the comparison
with b,. Intuitively, sincem < p, w(T;,) = w(T,) and we want to havé,, occur
higher inT’. This is the reason for the above ordering of comparisons.

Note that in this case, the dividing cut introduces a new split and thereby
fractures one of the subtreesTh Note also that the subtree fractured must be
T3 or T4. To see this, note that in order f@y to be fracturedy; must be a less-
than comparison (otherwisg consists of a single node) and herigamust be
one of the two end cut-points. H; is the leftmost cut-point and < 3, then
since b3 occurs to the right ob;, T; must be to the left and is not fractured.

A similar argument holds ib; is the rightmost cut-point. Whichever @g or 74
is fractured, we will letS1 and S, denote the subtrees for the two pieces obtained
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(b)

Fig. 2. Example scenario where the middle two cut-points are equalities and the resultifi§ tree

using Lemma 1. Figure 2 shows one example scenario that falls within this case,
and the resulting”’.

We will compare the costs df andT’ by looking at the changes in the depths
of (the leaf corresponding t@p and the roots ofy, 7>, andT3. The depth obg
goes from 1 to 2 since the comparisos= bg? will be done at a child of the root
of T'. There are two cases for the change in the depth off b1 occurs on the
same side of the dividing cut @, then the depth of the root & goes from
2 to 3. Otherwise, it remains 2. In the former case, the depth gfoes from 3
to 2, while in the latter case, the depthfremains 3. Sincev(T1) > w(T?), the
worst possible improvement is when the deptlTofyoes from 2 to 3. Note that
the depth of all three pieces that constitute the origiaand7,; goes from 4 to 3.

Using Lemma 1 for the fractured subtree,

c(T") — e(T) < w(bo) + [w(T1) — w(T2)| — w(T3) — w(Ty)
= w(bo) + w(T1) — (1 — w(bo) — w(T1))
= 2(w(bo) + w(T1)) — 1.

Sincew(T1) < w(bo) < 1/4, the bound above is negative, showing that the cost
of T’ is less than the cost @f and contradicting the assumption tifais optimal.

Case 2. Since one of the four cut-points @f has already been dealt with as the
dividing cut, we will have two cut-points to take care of on one side of the dividing
cut and only one to take care of on the other. Just as in Case 1, the two cut-points
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on one side of the dividing cut are sequenced in the same ordé@ainT. The
subtreed;, i =1, ..., 4, will not be fractured in this case since the cuts we will
use inT’ are the same as the cuts used’in

Consider first the situation where the dividing cut corresponds to cut-pgint
Sinceb, and b3 are on the same side éfi, bop must be the lone cut-point on
one side and, and b3z must be on the other side. In the resulting t#&e the
depth ofbg goes from 1 to 2, the depth df; stays at 2, the depth df, goes
from 3 to 2 and the depths @f and 7, go from 4 to 3. Thus(T’) — ¢(T) <
w(bg) — w(T2) — w(T3) — w(Ty) < 0, a contradiction.

Next consider the case where the dividing cut corresponds to cut-pgint
An example of this situation whebg is the lone cut-point on one side of the
dividing cut is shown in Fig. 3. In this case, the depths@andT increase by 1,
the depth ofT> is unchanged and the depths®f and 7, decrease by 2. Since
w(T3) + w(Ty) is at least 14 andw (bo) + w(T1) is less than 12, the net change
in cost is negative, again contradicting the optimality7oflf the lone cut-point
on one side of the dividing cut is eithkg or b1, then in the resulting”’ the depth
of bg increases by 1, the depth Bf is unchanged and the depthsief 75 and Ty
decrease by 1, again yielding a net reduction in cost.

Finally consider the situation where the dividing cut corresponds to cut-
point b3. If by is the sole cut on one side of the dividing cut, then the depths
of bg and Ty increase by 1, the depth @ drops by 1 and the depths & and T,
drop by at least 1 giving a net reduction in costxdfor b1 is the sole cut-point on

b

)

1

(b)

Fig. 3. Example scenario whebe is the dividing cut and the resulting trg&.
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| o | |
| O |
b2 bO b3 b]

(2
>
>

Fig. 4. Example scenario whebg is the dividing cut and the resulting trg&.

one side of the dividing cut, then the depthhgfincreases by 1, the depths Bf
andT>, are unchanged and the depthgefand T, drop by at least 1, again giving
us the result. Figure 4 depicts one case of this situation.

To prove thath < 1/4, we consider a six-item exampley, az, . . ., ag) With
weights(1/4,0,1/4,1/4,0,1/4). By a case analysis, an optimal BCST has cost
5/2 and at least one optimal tree has root equality compasisenz?. O

Theorem 6. If u is the infimum of allp such that for any input whose maximum
probability is at leastp, there is an optimal BCST with an equality comparison at
the root, therB/7 < u < 4/9.

Proof. We begin with a proof of the upper bound. We prove by induction on
n > 2 (n being the number of items) that if there is some weight which is at
least 49 of the sum of all weights, then there is an optimal BCST whose root is
an equality comparison. By Corollary 3, this equality comparison must be with
a largest-weight item.

Forn = 2, 3, there is an optimal BCST with an equality comparison at the
root. To see this, note that in these cases, for any inequality comparison that
yields useful information, there is an equality comparison that yields the same
information. Also, an optimal BCST cannot perform a comparison which does
not yield useful information. Fix > 4 and assume that for any list of at least 2
and no more than — 1 items having a weight which is at leastdof the sum of
all its weights, there is an optimal BCST with a root equality comparison. For a
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contradiction, assume that there is an instahad itemsaz, . . ., a, with weights
wi, ..., wy, respectively, with largest weight at leagbbf the sum of its weights,
for which no optimal BCST has a root equality comparison.Ldte an optimal
BCST for L. If the first comparison is < a2? orx < a,?, we can replace it by
x =a1? orx = a,?, respectively, a contradiction. So we may assume that the
root comparison is < a,?, where 3 r <n — 1. By symmetry, we can assume
without loss of generality that an instance of the largest-weight item is to the left
of the root less-than comparison. The left subtfgehas between 2 and — 2
items, and has an item of weight at leg$f9w(T) > (4/9w(T). So by the
inductive hypothesis we can replace the left subtree by one which has as its root
an equality comparison= a,,?, wherew,, > (4/9)w(T) is the largest weight.
Let 71 be the subtree rooted at the right child of the equality comparison
x = ay? and letT» be the right subtree of the less-than comparisona,? at
the root of 7. By Lemma 2w(7»2) > w,,. Note thatl> must consist of more than
one node, since there are at least two elements in the right subtree of the root.
There are two cases to consider, depending on whdthés a tree with an
equality comparison at the root, or a tree with a less-than comparison at the root.
In each case we will reach a contradiction by showing that there is &'treth
¢(T") < ¢(T) having root equality comparison= a;,?.

Case 1. If T» has a root equality comparison= q;?, then let73 be the right
subtree of7». Define treeT’ as follows. TreeT’ has root equality comparison
x = a;;?, the right subtree of which has root equality compariseag;?, the
right subtree of which, in turn, has root less-than compariseru,?. The trees
T1 and T3 are the left and right subtrees of the compariscaa, ?, respectively.
Hence,c(T") = 3 — 2w, — w; + ¢(T1) + ¢(T3). By Theorem 5w; > w(7T2)/4.
Sincew(T2) > wy,, we haver(T’) < 3 — (9/4)w;, + c(T1) + ¢(T3). On the other
hand,c(T) = 2+ c(T1) + ¢(T3). Sincew,, > 4/9, c(T") < c(T).

Case 2. If T» has a root less-than comparisor: ¢;?, then letTs and T, be the
left and right subtrees df?, respectively. We consider two cases depending on
whetherw(Ty) > w(T2)/4.

Case 2.1. Supposew(Ts) > w(T2)/4; then we formT’ by a sequence of two
rotations. First, rotate the equality comparisoga a,,? to be the root. Next, rotate
the less-than comparison< a;? to be the right child of the root. As a result,
T’ has rootx = a,,?, the right subtree of which has rook g;?, the left subtree
of which in turn has root < a,?. We have:(T’) = 3 — 2w,, — w(T4) + ¢(T1) +
c(T3) + c(T4). Sincew(Ty) > w(T2)/4 > wy, /4, we have

(T 3= (9/Dwy + c(T1) + c(T3) + c(Ty).
On the other hand,
c(T) =24 c(T1) + c(I3) + c(T4).
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As in Case 1w, > 4/9 impliesc(T") < c(T).

Case 2.2. Suppose that(Ty) < w(T2)/4; thenw(T3) > (3/Hw(T2). We again
consider two cases depending on whether the ro@gdfas an equality or less-
than comparison. We do not have to consider the caselthat a single node
(a leaf) because that would imply th&f is equivalent to a tree whose root is an
equality comparison, and that case was covered earlier in Case 1.

Case 2.2.1. Suppose the root df; is a less-than comparison< a;?. Let7s and

Ts be the subtrees df; rooted at the left and right children, respectively, of the
root of T3. We form T’ by a series of three rotations. First, rotate the equality
comparisonx = a,,? up to the root. Next, doubly rotate the less-than comparison
x < aj to be the right child of the root. This results in a tree where the roots of the
four treesTn, Ts, Ts, andTy are all at depth 3 i’. We have

c(T") =3 = 2wy + c(T1) + ¢(Ta) + ¢(Ts) + c(Tp).

We also have
c(T) =2+ w(T3) + ¢(T1) + c(T4) + ¢(T5) + c(Tp).

Sincew(Ty) < w(T2)/4, we havew(T3) > (3/Hw(T2) > (3/4)w,,. Hence,
c(T) 22+ @B/Dwp + c(T1) + c(Ta) + ¢(Ts) + c(Tp).

Becausav,, > 4/9 > 4/11, we have:(T") < c(T).

Case 2.2.2. Suppose the root df; is an equality comparison=a;?. We letTs

be the subtree rooted at the right childaf The treeTs is not a leaf because if

it were then the root of;3 could be replaced by a less-than comparison which is
covered in the previous Case 2.2.1. We now use Lemma 1 to paffHimno two
treesTs andT7 where the less-than comparisor: a11? is used to partitioffs,

with Ts having the smaller items. The constructionTfis similar for the two
symmetric cases, depending on whetiwéfs) < w(Ts5)/2 or w(Ty) < w(Ts)/2.

We consider just the former case. In this cd3ehas the equality comparison

x = a,? at the root and the right subtree has the new less-than comparison
x < ajy1? at its root, whose left and right children have comparisorsa, ?
andx < a;?, respectively. Finally, the right subtree of the subtree rooted at the
comparisonx < a, has as its root the equality comparisor= a;?. The final
result is that inT’, the roots of the treef;, T4, andTy are at depth 3, and dfs,

at depth 4. We have

c(T") =3 = 2wy + wj +w(Te) + c(T1) + c(T4) + c(Te) + c(T7).

For T to be optimal, Lemma 2 implies that(74) > w;. Using this fact, together
with
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w(Ts) < w(T5)/2, w(T3) = w(Ts) + wj,

w(T2) = w(T3) +w(Ts) and c(Ts) + c(T7) < c(T5)
(by Lemma 1), we have

c(T") <3=2wy + w(T2)/2+ c(T1) + c(Ta) + c(Ts).
The cost ofT’, on the other hand, is

c(T) =2+ w(T3) 4+ c(T1) + c(T4) + c(T5).
In this casew(T3) > (3/4)w(T2). Hence,

c(T) 22+ @B/DHw(T2) + c(T1) + c(Ta) + c(T5).
Hence,

c(T) —c(T") = 1/DHw(T2) + 2wy — 1> (9/DHwy, — 1,

where the second inequality follows from the fact that7>) > w,. Hence,
¢(T") < ¢(T) becausev,, > 4/9.

We conclude with a proof of the lower bound of 3on n. Consider the
weights (3/7 — 4e, 1/7+¢€, 0, 1/7+ €, 1/7 + €, 0, 1/7 + €) for a 7-item
example(as1, az, ..., a7). By a careful case analysis, it can be shown that the
uniqueoptimal BCST, with cost 1777 + 3¢ for all sufficiently small positive, has
root comparisonx < az?. By contrast the lowest cost tree with root comparison
x=ai1? hascost 177+ 10e. O

4. The O (n*)-timealgorithm

In this section we give a (n*)-time, dynamic programming-based algorithm
for finding an optimal BCST om items. The algorithm relies heavily on the
fact that the initial comparison cannot be= g;? unlessz; has the maximum
weight and that weight is at leasty4 of the sum of all weights. Since the
identities of the itemsas,ay,...,a, are irrelevant, the input consists of a
sequence(w1, wo, ..., w,) Of nonnegative weights, assumed integral in this
section. Obviously, rational weights can be made integral by scaling by a common
denominator.

Our algorithm will compute the optimal cost for each of at mosk®6
subproblems, computing each onednn) time; as is traditional in dynamic-
programming algorithms, we will only compute the optimal cost, leaving it up to
the reader to find the actual optimal tree. The notafien (i1, i2, i3, ..., i) with
1<iit<ig<---<i,<norS=/{i,izis,..., i} denotes the subproblem of
finding the optimal BCST for the items numbetedis, i3, ..., i,, with associated
respective weights;,, wi,, wis, ..., w;,.

We will compute the optimal cost of each “valid” subproblem:
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Definition 5. Let S be a nonempty subset ¢1,2,...,n}. Leti =minS, j =
maxs (possiblyi = j), andM = maxcs w;. S is valid if and only if it satisfies
these two conditions:

(1) S is closed (strictly) downward in the intervgl j] in thatS contains every
[ €[i, j]such thatw; < M.
() LetT ={l|i<I<j: wy=M}.TheneitheiT|<4orT CS.

That cryptic last condition says that if the largest weigitin positions inS
occurs in theoriginal list at least five times among positions +1,i + 2, ..., J,
then the indices of all such occurrences must appedr ifi M occurs at most
four times in(w;, wit+1, wit2, ..., w;), then$ is free to contain any nonempty
subset of those positions.

First, a simple lemma.

Lemma 7. The number of valid sets is at mdsn3.

Proof. Consider a valid sefS. Since S is nonempty, defing = minS and

j = maxS. Let M = maxcs wy, the largest weight ir§. BecauseS is closed
downward,S must contain alll in [i, j] such thatw; < M. If M appears at
least five times iMw;, wiy1, wi42, ..., w;), thenS contains all such occurrences.
Otherwise,S contains any nonempty subset of the at-most-four occurrences. It
follows that there are at most 28 valid sets, since for each triplg, j, M), there

are at most 16 valid sets characterized by that triple.

We will compute the optimal cost of valid sets in order of increasing size of
valid sets, starting with valid sets of size one. To do so, we need a simple name for
each valid set. Lemma 7 motivates our naming scheme. Give valflaenique
name (i, j, k,v) as follows. Leti = minS, j = maxS. Let M = maxcs w;
and letk =min{l |l € S, w; = M} (the leftmost position of a/ in S). Let
i< j1<j2<---< jq < jbe allthe positions in whiclM appears as a weight of
an item in[Z, j] in the original list. Therny = x if d > 5, in which case$ contains
all the positions ir{i, j] corresponding to weigh¥Z. Otherwisep € {0, 1}¢ with
v, = 1if and only if j, € S. It is easy inO(n) time to convert from the name of
a valid set to an enumeration of its itemsvize versa

The first step of the algorithm is to enumerate all valid sets, via their names,
to calculate the size of each. We prepare, for each{1, 2, ..., n}, a list of the
names of all valid sets of size. We prepare an arragost, j, k, v), to contain,
at termination, the optimal cost of the corresponding valid set. This take$)
time. The cost of the optimal BCST for allitems is the value of theostentry
for the valid sef1, 2, ...,n}.

We initialize cos\i, j, k, v) to O for all valid sets of size 1, and otherwise we
initialize costi, j, k, v) to +o00. Then in increasing order by, we calculate the
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optimal cost of each valid sétof sizew as follows. InO (n) time, we enumerate
the items(i1, io, ..., i) Of S inincreasing order and calculate the weighof S.

We consider first the possibility that the root comparison in some optimal
BCST for S is a less-than comparison. To do so, we must consider the
subproblemsi1) and (i, i3, is, ..., iy) (associated withx < a;,?), (i1, i2) and
(i3, 4,05, ..., 0y) (associated withe < a;,?), (i1, i2,i3) and (ia, is, i, ..., iw)
(associated withx < @;,?), ..., and(i1, i2,i3,...,iy—1) and (i,) (associated
with x < a;,?). The key point is that each of these subproblems is valid—see
Lemma 8—and smaller thaf, so we already know the optimal cost of each.
Furthermore, inO (n) time in total, one can construct the namesatfof them
(Lemma 10). For each = 1,2,3,...,w — 1, let C1 denote the cost of the
left subproblem(i1, i2,...,i;) and letCo be the cost of the right subproblem
(i¢+1, 142, ..., Iw). We now replaceost, j, k, v) by the costW + C1 + C> of
the optimal tree rooted at< g;,, ?, if it is smaller tharcost(i, j, k, v).

Now we deal with the possibility that the root comparison in problem
(i, j, k, v) is an equality comparison. We use the indew find the largest weight
Min{w; |i € S}. In O(n) time, we find all indiceg such thatj € S andw; = M
and simultaneously sum the weights corresponding to positior$s Ih M is
less than a quarter of the sum, then we know that the root comparison cannot
be an equality comparison, so we move on to the next valid set. OtherMise,
occurs at most four times ifw; | i € S}. For each of the at most four indicgs
with w;, = M in S, generate the subproblesin— {i;}, which is valid (Lemma 9),
generate its name, look up its optimal c6siand replaceost, j, k, v) by W +C
if it is smaller. All of this can be done i® (n) time for eachr. This concludes the
description of the algorithm.

It is clear that the algorithm runs i@ (n*) time. Furthermore, assuming that
costis correct for smaller sets, the construction of the algorithm ensures that the
final value ofcost(, j, k, v) is an upper bound on the true optimal cost. The fact
that the optimal tree must begin either with a less-than comparison or with an
equality comparison on an item which is simultaneously the max and of at least
one fourth the total weight, ensures thatsii, j, k, v) is a lower bound. Hence
the algorithm is correct.

Lemma 8. SupposeS = (i1, i2,...,iy) is valid. ThenS’ = (i1,i2,...,i;) and
S" = {izs1,ir42,...,iy)arevalidforalls, 1<r <w — 1.

Proof. We focus onS’. BecauseS is closed downward ofi1,iy], S’ is closed
downward oriy, i;].

Let M =maXw;; | 1< j <w}, M/:max{w,-/. 1< j<th. LetT ={l]i1<
1 <iy: wy=MyandT' ={l |i1<I<i;: wy=M}.

If M <M, thenS' ={l|i1<I<i;: w <M}, T"C S, ands’ is valid.
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So we may assume thdtl’ = M. BecauseS is valid, either|T| < 4 or
T CS.If|T|<4,thensincel’ C T, |T'| <4 andS is valid. If T C S, then
T'=TN[i1,i;] € SN[i1,i;]=5".S0T’ € S ands’ is valid.

The proof forS” is analogous and is omitted.

Lemma. Suppose = (i1, ..., iy) isvalid,|S| > 2, M = maXw;, | 1< j <w},
HI i1 <1 <iy: wp =M} <4, andl <s < w is such thatw;, = M. Then
S =8 — {is} is valid.

Proof. LetT ={l | i1 <I<iy: wy=M}, M =maX{w; |l €S}, andT’ ={I |
i1<I<iy: wy=M}. If M =M, thenT’ C T and henceT’| < 4; sinceS is
closed downward, so i$ and henceS’ is valid.

If M < M, thenT = {i;}. S ={l|i1 <I<iy: w; <M} U{is}. Therefore
S'={l]i1 <l <iy: w; < M}. ThereforeS = {I | i1 <I <iy: wy <M'}. S is
closed downward ofi1, i, ]. Also T/ € §’. Hence$’ is valid. O

Lemma 10. There is anO (n)-time algorithm that takes a valid sét, i», ..., iy)
with 1 < i1 <iz2 <--- < iy < n as input and calculates the names of the
subproblemsis, iz, ..., i) and(i;+1, i;+2, ..., iy) forall ¢ (all of which are valid

by LemmeB).

Proof. Let S = (i1, i2,...,iy) be our valid set in sorted order. In tinte(n) we
can compute the nanéy, i, ix, v) of S. Let M = w;, be the maximum weight of
an item ofS. If v # %, then, in the same time bound, compuie< jo < --- < jg
such that/ <4 and{jy, jo2,..., ja} =1{j: i1 < j <iy andw; = M}.

We will employ a running prefix computation on the sequetiggo, ..., iy)
to compute for each subproblei, io, .. ., i;) the maximum weighd/; encoun-
tered so far, the first occurrenég of this weight, and a tad; such that either
(1) T, = = if more than four occurrences of this weight have been encountered, or
(2) T; is the set{iy,, iy, . .., ir,} Of all occurrences with this weight, whese< 4.

With this information we can, in constant time, compute the name of the
subproblem(iy, io, ..., i;). There are two cases to consider:

(i) M; <M orv==x;and
(i) M, =M andv # .

If M, <M or v = %, then by the validity of(i1, i2, ..., iy), all the indices
in the intervalliy, i;] with weight M, are in the seti1,io,...,i;). If T, = %
then the name of this subproblem(, i;, i;,, *) and if 7; # = then the name
is (i1, is, sy, 1°) (1¢ is the vector of all 1's of length).

The more interesting case is the one in whddh= M andv # *. It must be
the case thal; # * also. The name of the subproblem(is, i;, i;,, v') wherev’
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is a vector of lengtl’ = max{( f | j; <i;}. GivenT; and{j1. ..., j.}, the vector
v' is defined by, = 1 if and only if j; € T;.
We also need to compute the names of all the subproblemsi, o, ..., iy).
This is done in a similar way except via a running suffix computation on the
sequencéis, iz, ..., iy). O

5. Comparison with other models

In this section we compare BCSTs with BCSTs with only less-than compar-
isons and with BSTs.

5.1. BCSTs with only less-than comparisons

As we saw in the introduction, the 3-item example with weigiisl, 0) has
optimal cost 1 when equality and less-than comparisons are allowed but optimal
cost 2 when only less-than comparisons are allowed. The following theorem
demonstrates that this is the worst possible case: the gain in using equality
comparisons is very limited. We assume that the weights are normalized so that
they sumto 1.

Theorem 11. If T is a BCST in which the weights sumltathen there is a BCST
T’ that uses only less-than comparisons such #i&@t) < ¢(T) + 1.

Proof. Let (as,...,a,) with weights(ws, ..., w,) be an input. There are two
stages in the construction df’. In the first stage we remove all equality
comparisons whose right subtree is a single item. This is done with no increase in
cost. In the second stage we iteratively remove each terminal equality comparison,
until there are none remaining. t&rminal equality comparisors one for which

there is no equality comparison anywhere in the right subtree of the comparison.
The cost of the removal of the equality comparisoa a; ? can be bounded hy; .
Hence, the cost of removing all the equality comparisons is bounded by the sum
of all the weightsw; with x = a;? as an equality comparison i This sum is

less than or equal to 1.

Stage 1. Suppose: = ¢;? is an equality comparison witly as the single item in
its right subtree. At no cost, replace the equality comparisonwithumax;, j; 7.

At the end of Stage 1, every terminal equality comparison has as the root of
its right subtree a less-than comparison (and not a leaf). This is maintained as an
invariant throughout Stage 2.

Stage 2. Supposex = a;? is a terminal equality comparison and the root of its
right subtree is the less-than comparisoa a;?. LetT; and 7> be the left and
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Fig. 5. Removal of equality comparisons in Stage 2 of Theorem 11.

right subtrees of the comparisen< a;?. There are two similar cases to consider
depending on whethér< j ori > j.

We first consider the case whérc j. In this case, using the construction of
Lemma 1, we partitiorfy into T3 and T, whereT3 has all the items iffy that are
less tharu; 1. As noted in the proof of Lemma 1, becaugehas no equality
comparisons, neither will3 or T,. We then replace thpair of comparisons
x =a;? andx < a;? with three less-than comparisons: ¢;,1? at the root, with
left subtree root < a;? and right subtree roat< a;?. The left and right subtrees
of x < ¢;? areT3 andq;, respectively. The left and right subtreesxok a;? are
T, and T», respectively. The gain in cost i73) + ¢(T4) — ¢(T1) + w;. Since
c(T3) + c(T4) < c(T1), the gain is at mosk;. See Fig. 5.

The case in which > j is similar except that we partitiofp (instead ofTy),
using the comparison < a;?, into T3, T4, whereTs has all the items that are
less tharu; and 74 has all the items that at leagt, 1. We then replace the pair
of comparisons: = ¢;? andx < a;? with three less-than comparisonsx a;?
at the root, with left subtree roat < a;? and right subtree roat < a;11?. The
grandchildren, from left to right, aré1, T3, a;, T4. Again the gain in cost is at
mostw; . Again, see Fig. 5. O

5.2. BSTs with only failure weights

There is a natural correspondence between BCSTs with only less-than
comparisons and BSTs with only failure weights. Normally, a BST has three-
way branching, but when the success weights are zero, the BST exhibits two-way
branching. The main difference between a BCST with only less-than comparisons
and a BST with only failure weights is that one has success weights and
one has failure weights. It turns out that this difference is just superficial. Let
(a1, ...,an) with weights (w1, ..., w,) be a BCST input. We construct the
following BST instancelay, ..., a,) with all success weights zero, and failure
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weights (w1, ..., w,). Because the success weights are zero, an optimal BST
can be interpreted as an optimal BCST in which only less-than comparisons are
allowed. The interpretation is as follows: A leaf in the BST indicating all items
less tharuy is interpreted as a leaf labeled in the BCST, a leaf in the BST
indicating all items greater thaty is interpreted as a leaf labelegd in the BCST,

and a leaf in the BST indicating all the items in the open intetwala; 1) for

1<i <nisinterpreted as a leaf labeledin the BCST.

As a consequence of this correspondence, we conclude that any solution to the
optimal BST problem where the success weights are zero yields a minimum cost
BCST, among the BCSTs which are allowed to use only less-than comparisons,
andvice versaThus, theO (nlogn)-time algorithms [3,5] can be used to find an
optimal BCST that uses only less-than comparisons. By Theorem 11 such a tree
would have cost within 1 of the cost of the optimal BCST that uses both equality
and less-than comparisons. Allowing equality comparisons moves the known
upper bounds on the complexity of computing the optimal tree ftomlogn)
to O (n®).
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