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» Creative telescoping

» New approach for rational functions
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Hypergeometric summations

Huang, DLUT Efficient Rational Creative Telescoping 3/13



Hypergeometric summations

Consider

n
Y f(n,k),
k=0
where f(n, k) typically involves
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Hypergeometric summations/identities
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The creative telescoping problem

GIVEN f(n, k), FIND g(n, k) s.t

f(n>k) = 9(n>k+ 1) - g(n)k)-

Then F(n) = Y ¢, f(n, k) satisfies

Z (n,k+1) —g(n,k)).

k=0
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The creative telescoping problem

GIVEN f(n, k), FIND g(n, k) st.
f(“) k) = 9(n>k+ 1) - g(n)k)-
Then F(n) = Y ¢, f(n, k) satisfies

Fn) = g(n,n+1)—g(n,0).
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The creative telescoping problem

GIVEN k- k!, FIND k! s.t.
K-k = (k4 1) —K.
Then F(n) = Y ¢, k- k! satisfies

Fn) =m+1)!-1.
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The creative telescoping problem

GIVEN f(n, k), FIND co(n),...,co(n) and g(n, k) s.t.

co(m)f(n, k) +--- +cp(n)f(n+p,k) = gln,k+1)—g(n,k).

Then F(n) = Y ¢, f(n, k) satisfies

co(n)F(m) + - - + cp(n)F(n + p) = explicit(n).
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The creative telescoping problem

GIVEN (1), FIND —2,1 and —(,™,) s.t.
=200+ (D) =00 = (= ()
Then F(n) =Y 1 (}) satisfies

—2Fn)+Fn+1)=0.
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The creative telescoping problem

GIVEN f(n, k), FIND co(n),...,co(n) and g(n, k) s.t.

co(m)f(n, k) +--- +cp(n)f(n+p,k) = gln,k+1)—g(n,k).

Then F(n) = Y ¢, f(n, k) satisfies

co(n)F(m) + - - + cp(n)F(n + p) = explicit(n).

Notation. Sy (f(n,k)) = f(n+1,k) and Sk(f(n, k) = f(n,k+1).
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The creative telescoping problem

GIVEN f(n, k), FIND co(n),...,co(n) and g(n, k) s.t.

{colm) + - + ¢p(m)SE) (f(n, k) = (S, —1)(g(n, k)
telescoper certificate
Then F(n) = Y ¢, f(n, k) satisfies
co(m)F(n) + - -+ co(n)F(n + p) = explicit(n).

Notation. Sy (f(n,k)) = f(n+1,k) and Sk(f(n, k) = f(n,k+1).
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Generations of creative telescoping algorithms

1 Elimination in operator algebras / Sister Celine's algorithm
(since =~ 1947)

2 Zeilberger's algorithm and its generalizations (since ~ 1990)

3 The Apagodu-Zeilberger ansatz (since ~ 2005)

4 The reduction-based approach (since ~ 2010)
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A reduction-based approach (CHKL2015)
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A reduction-based approach (CHKL2015)

n(k+11)

+ nk n(k+1)
(n+2k+22)2+2

M+2K)2+2 ~ (n+2k+2)2+2 +

Example. (

-
nk+1)(nk+n+1)

f
= (5= 1(00) + st

—_—\ ——(

summable remainder
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A reduction-based approach (CHKL2015)
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A reduction-based approach (CHKL2015)

n(k+11)

+ nk n(k+1)
(n+2k+22)2+2

M+2k)2+2 ~ (m+2k+2)%+2 +

Example. (

-
nk+1)(nk+n+1)

co(n) f = (Sk — 1) (co(n) go) + co(n) g

(n+1)k
+c1(n) 2k 11242

(n+2k)2+2

(n+3)(k=1)
+ ) oz
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( )
( )
c2(n) SE(F) = (S — 1) (c2(n) g2) + co(n) BERECY
( )
ca(m) Sp(f) = (S — 1)(ca(n) ga) + ca(n) P32
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A reduction-based approach (CHKL2015)
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A reduction-based approach (CHKL2015)
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reduction-based approach (CHKL2015)

-n nk n(k+1) n(k+11)
Example. ks ) T a0z a2 T e 2

f

—4n 4n? +4n n3 +2n? 4+ 3n 0 T co(n)
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reduction-based approach (CHKL2015)
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reduction-based approach (CHKL2015)
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b A telescoper: L = "™ 4 % Sz 4+1.8%
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reduction-based approach (CHKL2015)
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Huang, DLUT Efficient Rational Creative Telescoping 6/13



reduction-based approach (CHKL2015)

+ nk _ n(k+1)
(n+2k)2+2 (n+2k+2)2+2

n(k+11)

+ (n+2k+22)2+2

Example.

-
(nk+1)(nk+n+1)

—n 4n? £4an n3 4 2n? +3n 0 s o
dn+4  4n24+4n nd+n?+2m+2 0 0 o
In+8 4n2 4+ 8n n3—5n—-2 —n3—4n? —7n—6 % = 0
Nn+12 n2+8n—12 n3—nZ—10n+6 —n3—-3n2 -2n—-6 0
dn+16 4n2 +12n—16 n3 —2n? —29n — 20 —2n3 —12n? —22n — 24 1 0

b A telescoper: L = "™ 4 % Sz 4+1.8%

n(k+j)
nk+1 + Z]*] n+2k+2j) +2

2(n+4) 1

b A certificate: g =" - -l- 2 92+t 194

Huang, DLUT Efficient Rational Creative Telescoping 6/13



A reduction-based approach (CHKL2015)

-n nk . n(k+1) n(k+11)
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© Avoids need to construct certificates
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A reduction-based approach (CHKL2015)

+ nk _ n(k+1)
(n+2k)2+2 (n+2k+2)2+2

n(k+11)

+ (n+2k+22)2+2

Example. (nk+1](_nTll<+n+1)

f

—4n 4n? +4n n3 4+ 2n? +3n 0 T “TH 0
dn+4  4n? +4n nd+n?4+n+2 0 0 o
4n+38 dn? 4+ 8n n3 —5n-2 —n3—4n? —7n—6 % = 0
dn4+12 2 +8n—12 n3—n?—-10n+6 —n3—-3n? -2n-6 0 o

IN+164n2 +12n—16 n3 —2n2 —29n —20 —2n3 —12n2 —22n—24 1

© Avoids need to construct certificates
© O Can express certificates in symbolic sums (potentially large)

© May introduce superfluous terms in certificates
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Integer-linear decompositions

Definition.
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Integer-linear decompositions

Definition. p € C[n, K] irreducible, is integer-linear over C if

p = P(An + pk)

b P(z) € Clz] irreducible;

» (A ) €z
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Integer-linear decompositions

Definition. p € C[n, K] irreducible, is integer-linear over C if

p = P(An + pk)

b P(z) € Clz] irreducible;

» (A, u) € Z? coprime, > 0.
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Integer-linear decompositions
Definition. p € C[n, K] irreducible, is integer-linear over C if

p = P(An + pk)

b P(z) € Clz] irreducible;
» [(A, w)|e Z? coprime, 1 > 0.

integer-linear type

Huang, DLUT Efficient Rational Creative Telescoping 7/13



Integer-linear decompositions

Definition. p € Cn, K] is integer-linear over C if

m

p =] [PiAin + wk)
i=1
b Pi(z) € Clz] irreducible;
» (Ai, i) € Z* coprime, p; > 0;

> €i€Z+.
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Integer-linear decompositions

Definition. p € Cn, K] is integer-linear over C if

m

p =] [PiAin + wk)
i=1
b Pi(z) € Clz] irreducible;
» (Ai, i) € Z* coprime, p; > 0;

> €i€Z+.

Abramov-Le’s criterion. f € C(n,k) with f= (S, —1)(---) +

oo

f has a telescoper &= D is integer-linear.
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Integer-linear decompositions

Definition. p € C[n, K] is integer-linear over C if
m
p = [Piain + k)
i=1
b Pi(z) € Clz] irreducible;
» (A, mi) € Z2 coprime, w; > 0;

3 eiEZ+.
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Integer-linear decompositions

Definition. p € Cn,K] is integer-linear over C if
m Ny
p=]TIP:An+ pik+vy)®
im1 j=1
b Pi(z) € Clz] irreducible;
» (A, i) € Z? coprime, ; > 0;
> ey €Z%;0=vy <o < Vin, iInZ;

b Pi(Aim + pik) Pk Pj(7\jn + Mjk), i#j.
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Integer-linear decompositions

Definition. p € Cn,K] is integer-linear over C if

m Ny

p=]TIP:An+ pik+vy)®

i1 =1
» Pi(z) € Clzl(irreducible}
» (A, mi) € Z* coprime, w; > 0;

> eij€Z+;O:Vi]<"'<‘Vini in Z;

b [PiAin + k) »#n i PR + pik)| 14
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Integer-linear decompositions

Definition. p € Cn,K] is integer-linear over C if

m ng
p=]TIP:An+ pik+vy)®
i=1 j=1
b Pi(z) € Clz] squarefree, ged(Py, Pi(z+£)) =1, VL € Z\{0};
» (Ai, i) € Z* coprime, p; > 0;
b ey €ZT 0="viy < < Vin, in Z;

» (A, i) # (Aj, 1) or ged(Pi(z),Pij(z +10)) =1, VE € Z, 1 #j.
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Integer-linear decompositions

Definition. p € C[n, k] admits the integer-linear decomposition

m ng

p = Po(n, k) HHP A A+ ik + i)Y
i=1 j=1

b Py € C[n, k] merely having non-integer-linear factors except
for constants;

» Pi(z) € C[z]\C squarefree, ged(Pi, Pi(z+¢)) =1, VL € Z\{0};
» (A, ui) € Z* coprime, w; > 0;
> ey €Z: 0=y <+ < Vin, In Z;

» (A, 1) # (Ajy 1) or ged(Pi(z), Pi(z+¢8)) =1, VL € Z, 1 #.
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Integer-linear operators

Given (A, ) € Z? coprime, p > 0.
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
Define Sy, = S%SP.
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Integer-linear operators

Given (A, ) € Z2 coprime, 1t > 0. Then aA+ B =1 for o, B € Z.

Define Sy, = S%SP.
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Integer-linear operators
Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.

Define Sy, = S%SP.

Cn,K)[Sn, SivS7 ', ST D Cln, K)[Sh, Syl
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
Define Sy, = S%SP.

C(n,K)[Sn, Sy S7, ST D €y KISy Sy
I

Integer-linear operators of type (A, p)
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
Define Sy, = S%SP.

bap: C,K)Sn, Si,S0, ST = Cn, KISy, Sy 1

A Anu
> aysis) - > aySpor
1,jeZ 1,jEZ
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
Define Sy, = S%SP.

bap: C,K)Sn, Si,S0, ST = Cn, KISy, Sy 1

A Anu
> aysis) - > aySpor
1,jeZ 1,jEZ

» A-module: ©: AXx A\, — Ay, LOM = dyu(LM).
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
Define Sy, = S%SP.

bap: C,K)Sn, Si,S0, ST = Cn, KISy, Sy 1

A Anu
> aysis) - > aySpor
1,jeZ 1,jEZ

» A-module: ©: AXx A\, — Ay, LOM = dyu(LM).
» Division with remainder: VM € A, ,,,3'Q,R € A, s.t.
M=(Sx—1)®Q+R,

and either R =0 or 0 < ldegg, u(R) < degg, p(R) <p—1.
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Integer-linear operators

Given (A, u) € Z? coprime, it > 0. Then aA+Bu =1 for o, p € Z.
Define Sy, = S%SP.

dap: CMK)[Sn, SuSh,S¢'l —  Cn,k)[Shy, Sy

YH
A Anu
> aysis) - > aySpor
1,jeZ 1,jEZ

» A-module: ©: AXx A\, — Ay, LOM = dyu(LM).

» Division with remainder: VM € A, ,,,3'Q,R € A, s.t.

M= (S, — 1) O[Q:R,

LSQ(M, Sy —1)
and either R =0 or 0 < ldegg, u(R) < degg, p(R) <p—1.
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Application of integer-linear operators

Given g = p(An + pk) € C[n, k], (A, u) € Z?* coprime and p > 0
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Application of integer-linear operators
Given g = p(An + pk) € C[n, k], (A, u) € Z?* coprime and p > 0

> S}\yu(g) =p(An+ pk+1) for all i € Z;

Sau =SSP oA+ pu=1
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Application of integer-linear operators
Given g = p(An + pk) € C[n, k], (A, u) € Z?* coprime and p > 0
3 S}\yu(g) =p(An+ pk+1i) forall i € Z;

b Sul(g) =S} ,(g) and Sk(g) = S} ,(9);

Shu =SSP oA+ pu=1
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Application of integer-linear operators
Given g = p(An + pk) € C[n, k], (A, u) € Z?* coprime and p > 0
3 S}\’u(g) =p(An+ pk +1) for all i € Z;

b Sn(g) = S},.(g) and Sk(g) = S} ,(g);

» L(g) = dapu(L)(g) forall L € A;
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Application of integer-linear operators
Given g = p(An + pk) € C[n, k], (A, u) € Z?* coprime and p > 0
b S5u(9) =Pp(An + pk +1) for all i € Z;
b Sulg) =S3,(g) and Sk(g) = SX ,(g);
» L(g) = dapu(L)(g) forall L € A;

» LM(g) = (Lo M)(g) forallLe Aand M € A, .
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Our new approach

n(k+11)
(n+2k+22)2+2

+ nk n(k+1)

M+2k)2+2 ~ (m+2k+2)%+2 +

Example. (nk+1](_nrll<+n+1)
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Our new approach

+ nk n(k+1) + n(k+11)

Example. ( M+2k)2+2 = (n+2k+2)2+2 " (n+2k+22)%2+2

-
nk+1)(nk+n+1)

f

f = k1) (kb 1) (M 2K)242) (- 2k2)2 4.2) (n+2k+22)2+2)
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Our new approach

-n nk n(k+1) n(k+11)
Example. ks ) T a0z a2 T e 2
f
f = (k1) (ki 1) (1 2K)212) (4 2k 4 2) 24 2) (1 2k 22)2 4 2)
Po(m, k) Pi(n42k) Pr(n+2k+2) Py(n+2k+22)
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Our new approach

-n nk n(k+1) n(k+11)
Example. rmmicm T 20Tz~ i T k022
f
f —n + nk _ n(k+1) + n(k+11)
Mk+1)(mk4n+T1) (n+2k)2+2 (M+2k+2)242 (M+2k+22)2+2
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Our new approach

-n nk n(k+1) n(k+11)
Example. mmmicms T mrrz T e T e
f
f = —n 4 nk . n(k+1) + n(k+11)
(Mk+1)(mk4n+T1) (n+2k)2+2 (M+2k+2)242 (M+2k+22)2+2
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Our new approach

-n nk n(k+1) n(k+11)
Example. ks ) T a0z a2 T e 2
f
_ 1 nk n(k+1) n(k+11)
f= (=1 (nk-H) + M+2k)2+2 ~ (n+2k+2)2+2 + (M+2k+22)24+2
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Our new approach

-n + nk _ n(k+1) + n(k+11)
nk+1)(nk+n+1) M+2k)24+2  (n+2k+2)2+2 T (m+2k+22)2+2

Example. (

f
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Our new approach

n(k+11)

+ nk n(k+1)
(n+2k+22)2+2

M+2k)2+2 ~ (m+2k+2)%+2 +

Example. (

-
nk+1)(nk+n+1)

f

1 1
f = (Sk_ 1) (TLk—H) +((n+2k)2+2)
nk—n(k+1)ST, +n(k+ 11)S75
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Our new approach

n(k+11)

+ nk n(k+1)
(n+2k+22)242

M+2k)2+2 ~ (m+2k+2)%+2 +

Example.

-n
(nk+1)(nk+n+1)

f

L(f) = L-(Sk—1) (1) +L- M<_n+zk)7+2>
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Our new approach

n(k+11)

+ nk n(k+1)
(n+2k+22)2+2

M+2K)2+2 ~ (n+2k+2)2+2 +

Example.

-
(nk+1)(nk+n+1)

f

L) = (=1 (L)) + LM (i)
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Our new approach

n(k+11)

+ nk n(k+1)
(n+2k+22)2+2

M+2K)2+2 ~ (n+2k+2)2+2 +

Example. (

-
nk+1)(nk+n+1)

f

L) = (8= (L)) + (Lo M) (grmbyea)
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Our new approach

n Lomk o nlkal) o n(k)
nk+1)(nk+n+1) M+2k)24+2  (n+2k+2)2+2 T (m+2k+22)2+2

f

Example. 0

L) = (S 1) (L) + (Lo M) (gt )

— (Sk—1) (L(s7)) + ((Sk—1) @ Q +R) (m)
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Our new approach

-n + nk _ _ n(k+1) + n(k+11)
Mk+T)(nk4+n+1) M+2k)24+2  (n+2k+2)2+2 T (m+2k+22)2+2

f

Example.

L) = (S 1) (L) + (Lo M) (gt )

= (Sk—U( (nk+l)+Q(n+2k2+2>)+R(m)
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Our new approach
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Our new approach

-n + nk _ _ n(k+1) + n(k+11)
Mk+T)(nk4+n+1) M+2k)24+2  (n+2k+2)2+2 T (m+2k+22)2+2

f

Example.

L) = (S 1) (L) + (Lo M) (gt )

= (Sk—U( (nk+l)+Q(n+2k2+2>)+R(m)
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Our new approach

_ k n(k+1) n(k+11)
Example. (nk+1](n71l<+n+1) + (n+;k)2+z R TSI ES R e ) P
f
0 0 -n-2 0 —-2n-38 EOEE% 0
n 0 n+2 0 n+4 ‘ o
0 0 0 -n-3 0 e =1,
0 n+1 0  n+3 0 c3(n) 0
c4(n)
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Our new approach

+ nk n(k+1) + n(k+11)

Example. ( M+2k)2+2 = (n+2k+2)2+2 " (n+2k+22)%2+2

-
nk+1)(nk+n+1)

f

LM
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 —2(n+4) 0
0 0 0 -n—3 0 n+2 0
0 n+l 0 n+3 0 ? 0
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Our new approach

+ nk n(k+1) + n(k+11)

Example. M+2k)2+2 = (n+2k+2)2+2 " (n+2k+22)%2+2

-
(nk+1)(nk+n+1)

LM
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 omts) | 0
0 0 0 -n—3 0 n+2 10
0 n+l 0 n+3 0 0 0

L1 _ntd | 24 @2 4
» A telescoper: L ="~ + — 5~ -5, +1-5,
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Our new approach

_ k n(k+1) n(k+11)
Example. (nk+1](n71l<+n+1) + (n+;k)2+z R TSI ES R e ) P
f
nt4
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 —2(n+4) 0
0 0 0 -n—3 0 HSZ 0
0 n+1 0 n+3 0 : 0
T ond | 2 2 4
b A telescoper: L =" + niz S+ 1-5%
b A certificate: g=1 (nk+1 ) +LSQ(LOM, Sk—1) (W)
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Our new approach

n(k+11)

—n
Example. rmminn + iz T kit

nk n(k+1) +

(n+2k+22)2+2

Ei&
0 0 -n—2 0 —2n—38 8
n 0 n+2 0 n+4 _2(n+4)
0 0 0 -n—3 0 n+2
0O nel 0  n+3 0 ?
Recall: reduction-based approach
—4n 4n2 +4n n3 +2n? 4+ 3n 0
in+4 4n2 +4n n34+n?4+2n+2 0
In+38 4n? +8n n3—5n—2 —n3—4n? —7n—6
M+12 4n?2+8n—12 n®—n?2—-10n+6 —n3—-3n2 -2n—-6

f

N+164n?2+12n—16 n® —2n2 —29n —20 —2n3 —12n?2 —22n—24

Huang, DLUT

Efficient Rational Creative Telescoping
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n+4
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Worst-case complexity (field operations)

Given f € C(n, k) with deg, (f) < dn and degy (f) < dx.

RCT NCT

O~(Mw+2dnd]0<v+3) O~(Mw+1 dndl%”rz)

b ueZt,2<w<3
» Without expanding the certificate
» Order of a minimal telescoper: O(pdy)

b Size of a minimal telescoper: O(p.zdndi)
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Worst-case complexity (field operations)

Given f € C(n, k) with deg, (f) < dn and degy (f) < dx.

RCT NCT

O~ ( |,Lw+2 d, d}c{vAS) o~ ( Mwﬂ d, d](;U+2)

b ueZt,2<w<3
» Without expanding the certificate
» Order of a minimal telescoper: O(pdy)

b Size of a minimal telescoper: O(p.zdndi)
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Timings (in seconds)

o fo(n,k) a(nk)
Test suite: f(n,k) = (S — 1)(],‘; T:lk)) + 5 (2n+pk)nP2(4n+uk)
» Pi(z) =pilz) - pilz+2Y) - pilz+ 1) - pilz+ 2"+ ),

» wEZ degny(a) =dy, deg, (Po) = deg,(pi) = da.

(dq, do, 1) RCT NCT Order
1,1, 1) 028 019 3
1,2 1) 586 215 7
(1,3, 1) 283.84  30.94 11
(1,4,1) 5734.80 448.09 15
(10, 2, 1) 779 318 7
(20, 2, 1) 949 421 7
(30, 2, 1) 1657 1017 8
(30,2,3) | 80731 4116 12
(30,2, 5) | 4875.63 344.81 20
(30,2, 7) | 34430.03 124054 28
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Timings (in seconds)

" o (k) a(nk)
Test suite: f(n,k) = (S — 1)(],‘; zk)) + 5 (2n+uk)nP2(4n+pk)
b Pi(z) =pi(z) -pilz+2Y) - pilz+ 1) - pilz+ 20+ ),

b wEZ, degyy(a) =dy, deg, (Po) = deg,(pi) = da.

(d], dz, LL) RCT NCT Order
(1,1,1) 0.28 019 3
(1,2, 1) 5.86 215 7
(1,3 1) 283.84 3094 11
(1, 4, 1) 5734.80  448.09 15
(10, 2, 1) 7.79 318 7
(20, 2, 1) 9.49 421 7
(30, 2, 1) 1657  10.17 8
(30, 2, 3) 807.31  41.16 12
(30,2,5) | 487563 34481 20
(30, 2,7) | 34430.03 124054 28
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Summary

» Result.

» A new approach to rational creative telescoping

Huang, DLUT

© Avoids need to construct certificates
(+) Expresses certificates in precise and manipulable forms
© Has better control in size of intermediate expression

© Easier to analyze, and more efficient
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Summary

» Result.

» A new approach to rational creative telescoping

© Avoids need to construct certificates
(+) Expresses certificates in precise and manipulable forms
© Has better control in size of intermediate expression

© Easier to analyze, and more efficient

» Future work.

» Creative telescoping in extensive classes
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