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b Technique of creative telescoping

» New algorithm for bivariate rational functions
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The creative telescoping problem

GIVEN f(n, k), FIND g(n,k) and co(n),...,co(n) s.t.

co(m)f(n, k) +---+cp(n)f(n+p,k) = g(n,k+1)—g(n,k)
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The creative telescoping problem

GIVEN f(n, k), FIND g(n,k) and co(n),...,co(n) s.t.
co(m)f(n, k) +---+cpn)f(n+p,k) = gn,k+1)—g(n,k)

Then F(n) = Y [, f(n, k) satisfies

co(n)F(n) +--- + co(n)F(n + p) = explicit(n).
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The creative telescoping problem

GIVEN f(n, k), FIND g(n,k) and co(n),...,co(n) s.t.
co(m)f(n, k) +---+cpn)f(n+p,k) = gn,k+1)—g(n,k)

Then F(n) = Y [, f(n, k) satisfies

co(n)F(n) +--- + co(n)F(n + p) = explicit(n).

Example. GIVEN (}), FIND - 1(“) and —2,1 s.t.

=2 + () = e () — e ()

Then F(n) = 1 (}) satisfies

—2Fm)+Fn+1)=0.
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The creative telescoping problem

GIVEN f(n, k), FIND g(n,k) and co(n),...,co(n) s.t.
(co(n) +---+cp(n)of )(f(n,k)) = (ox —1)(g(n,k))

Then F(n) = Y [, f(n, k) satisfies

co(n)F(n) +--- + co(n)F(n + p) = explicit(n).

Notation. on(f(n,k)) = f(n+ 1,k), ox(f(n,k)) = f(n,k+ 1),

and Ay = oy — 1.
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The creative telescoping problem

GIVEN f(n, k), FIND g(n,k) and co(n),...,co(n) s.t.
(co(m) +---+cp(n)of )(f(n,k)) = Ax(g(n,k))

Then F(n) = Y [, f(n, k) satisfies

co(n)F(n) +--- + co(n)F(n + p) = explicit(n).
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The creative telescoping problem

GIVEN f(n, k), FIND g(n,k) and co(n),...,co(n) s.t.

(co(m) + - - epm)of ) (f(n,k)) = Ak

telescoper certificate
Then F(n) = Y [, f(n, k) satisfies

co(n)F(n) +--- + co(n)F(n + p) = explicit(n).

Notation. on(f(n,k)) = f(n+ 1,k), ox(f(n,k)) = f(n,k+ 1),

and Ay = oy — 1.
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Generations of creative telescoping algorithms

1 Elimination in operator algebras / Sister Celine's algorithm
(since & 1947)

2 Zeilberger's algorithm and its generalizations (since ~ 1990)

3 The Apagodu-Zeilberger ansatz (since ~ 2005)

4 Hermite-like reduction based methods (since =~ 2010)
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Reduction-based approach

—10n + nk _ n(k+1) + n(k+11)
(nk+1)(n(k+10)+1) " (m+2k)2+2  (M+2k+2)2+2 ' (n+2k+22)2+2

Example.
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Reduction-based approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f
— nk
f=Ax + m+2k)2+2
10
n(k+j)
Do e Z M12k12))?

j=1
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Reduction-based approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72
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Reduction-based approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f= A (90) + n+2k m+2K)2+2

+

(n+1)k
= Ak (9‘> m+2k11)242

(n+2)(
(92) + n+2k
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Reduction-based approach

—10n nk n(k+1) + n(k+11)

Example. (Mk+T1)(n(k+10)+1) + M+2k)2+2 (m+2k+2)2+2 " n+2k+22)2+2

f= Ak(go) + e
onlf) = A(91) + s
03 () = Ac(g2) + Y
o3 (f) = Ak(g3> 4+ %
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Reduction-based approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

nk
+ (n+2k)2+2

(n+1)k
(n+2k+1)2+2

o200 = o (02) + 3
(n+3)(k—1)
(n+2k+1)2+2

(n+4)(k—2)
(m+2k)2+2

+

Huang, SCG, UW Creative Telescoping 5/13



Reduction-based approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

k
o(n) mragTe

_l’_
o

(n+1)k
+ o) sz

(n+3)(k—1)
+ c3(n) a2kt 17242

(n+4)(k—2)
(n+42k)24-2

(<o) )
(1)
e2(n) 0A(F) = Ak (c2(n) g2 ) + an) B
Cb)
(im0
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Reduction-based approach

—10n + nk _ n(k+1) + n(k+11)
nk+1)(n(k+10)+1) ' (n+2k)2+2  (n+2k+2)2+2 ' (n+2k+22)2+2

Example. 0

co(n) f=Ax(co(n)go)+coln) ﬁ
e1(n) o (f) = A (cr(n) g1) + 1 (n) Bt
+ ea(n) 02() = Ay e

(n+3)(k—1)
+ c3(n) a2kt 17242

(n+4)(k—2)
+ca(n) (m+2k)2+2

)
)
c2(n) g2) + ca(n) SR
)
)

4
colm) F+ -+ ea(n) A (F) = A Y celn) ge) +
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)
)
c2(n) g2) + ca(n) SR
)
)

4
coln) f++++csln) oh(F) = A (Y_cilnige) + € =0
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Reduction-based approach

Example. (

nk

n(k+1)

+ n(k+11)

RN MO0 T (nr2k)252 |

n+2k+2)2+42

(n+2k+22)2+2

Huang, SCG, UW

f

Creative Telescoping

nk
oM mragrez

(nt+1)k
() sz

(n+2)(k—1)

(M) T

(n+3)(k—1)
¢3(") oz

(n+4)(k—2)
ca(n) (m+2k)2+2

L0

5/13



Reduction-based approach

Example. k<1 )(_n]((l)<11 o T (n+;kk)2+2 - (n+g(ll<++2]))2+2 + (n+T;(11<++2]2]))2+2
f
in 4n244n n342n243n 0 T co(n) 0
In+4 4n?44n n34n242n+2 0 ci1(n) 0
4n+8 n?48n n3—-5n-2 —n3—4n?2—7n—6 com) | =
4412 4n248n—12 n3-n?2—-10n+6 —n3-3n?2-2n—6 c3(n) z
)

An+16 4n24+12n—16 n3—2n2—-29n—20 —2n3—12n2—-22n—24 ca(n
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Reduction-based approach

Example. oyt Tory + e T e
f
4n 4n?4n n342n243n 0 .
4ntd 4n?44n n34n242n42 0 0
In+8 4n2+8n n3—5n—2 3 4n2_7n—6
In+12 4n?4+8n—12 n3-n?-10n+6 -n3-3n2-2n—6 z

An+16 4n24+12n—16 n3—2n2—-29n—20 —2n3—12n2—-22n—24
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Reduction-based approach
n(k+1) n(k+11)

—10n nk
Example. rmmucion Tz~ mizkir2 T 2k )72

f

In 4n?+4an n342n?+43n 0 0
In+4 4n?44n n34n24+2n+2 0 0
In+8 4n248n n3—5n-2 —n3—4n2—7n—6 0
An+12 4n?+48n—12 n3—n2—10n+6 —n3-3n2-2n—6
In+16 4n2+12n—16 n3—2n2—29n—-20 —2n3—-12n?-22n-24 0

L7 - nid | 2nd4) 2 !
» Atelescoper: L="~+ — "5~ o +1- -0y
5/13
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Reduction-based approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2

f

In 4n?+4an n34+2n?+43n 0 0
In+4 4n244n n3+n24+2n+2 0 0
In+8 4n?+8n n3—5n—2 —n3—4n2—7n—6 0
An+12 4n?48n—12 n3-—n2—-10n+6 —n3-3n2—2n—6
An+16 4n24+12n—16 n3—2n2—-29n—20 —2n3—12n2—-22n—24 0

L7 - nid | 2nd4) 2 !
» Atelescoper: L="~+ — "5~ o +1- -0y
e . _ nt4 —2(n+4)
» A certificate: g=""-go+ 5 92+ 194
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Reduction-based approach

—10n nk n(k+1) n(k+11)
Example. mmmucao ) T minEe T i T kit

f

In 4n244n n342n?+43n 0 0
In+4 4n?44n n34n24+2n+2 0 0
In+8 4n248n n3—5n-2 —n3—4n2—7n—6 0
An+12 4n?+48n—12 n3—n2—10n+6 —n3-3n2-2n—6
In+16 4n2+12n—16 n3—2n2—29n—-20 —2n3—-12n?-22n-24 0

n+4 —2n+4) 2 4
» A telescoper: L = + 55 ontl-0
10 n(k+j)
ZH n(k+j)+1 +Z],1 n+2k+2)j +2
_ n+4 2(n+4)
b A certificate: g = + n+2 g2+ 1-94
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Reduction-based approach

nk n(k+1) + n(k+11)

—10n + -
(M+2k)2+2  (n+2k+2)2+2 ' (n+2k+22)2+2

Example. KT (k10 1)

f

In 4n?+4an n342n?+43n 0 0
In+4 4n244n n34n24+2n+2 0 0
In+8 4n?+8n n3—5n—2 —n3—4n2—7n—6 0
An+12 4n?+48n—12 n3—n2—10n+6 —n3-3n2—2n—6
4416 4n2412n—16 n3—2n2—-29n—20 —2n3—12n2—22n—24 0

_ n+4 —2n+4) 2 !
» A telescoper: L = + 55 ontl-0

10 n(k+j)
ZH n(k+j)+1 +Zﬂ n+2k+2)j +2

_ n+4 2(n+4)

b A certificate: g = + n+2 g2+ 1-94
10 (n+4) (k+10) (+4)(k+11)  (n+4)k  2(n+4)k  (n+d)k
(M+2k+2)2+2 (m+2k)2+2

); n k+1)+1 +(n+2k+24) 232 (n+2k+22)2+2 (n+2k+4)2+2
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Reduction-based approach

Example. oyt Tory + e T e
f
4n 4n?4n n342n243n 0 .
4ntd 4n?44n n34n242n42 0 0
In+8 4n2+8n n3—5n—2 3 4n2_7n—6
In+12 4n?4+8n—12 n3-n?-10n+6 -n3-3n2-2n—6 z

An+16 4n24+12n—16 n3—2n2—-29n—20 —2n3—12n2—-22n—24

© Avoids need to construct certificates
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—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2

f

In 4n?+4an n342n?+43n 0

0
In+4 4n?44n n34n24+2n+2 0 0
In+8 4n248n n3—5n-2 —n3—4n2—7n—6 0
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Reduction-based approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2

f

In 4n?+4an n342n?+43n 0

0
In+4 4n?44n n34n24+2n+2 0 0
In+8 4n248n n3—5n-2 —n3—4n2—7n—6 0
An+12 4n?+48n—12 n3—n2—10n+6 —n3-3n2-2n—6

0

An+16 4n24+12n—16 n3—2n2—-29n—20 —2n3—12n2—-22n—24

© Avoids need to construct certificates
© O Can express certificates in symbolic sums (potentially large)

@ May introduce superfluous terms in certificates
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GGSZ reduction (2003)

Let f € C(n, k) with char(C) = 0.
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GGSZ reduction (2003)

Let f € C(n, k) with char(C) =0. Then 3¢, r € C(n,k) s.t.

ox-summable
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GGSZ reduction (2003)

Let f € C(n, k) with char(C) =0. Then 3¢, r € C(n,k) s.t.

f= Adfg) +
\,-/ “ "
ox-summable normal form
Moreover, for r = ¢,

» degy(a) < degy(b) and b is oy-free;
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GGSZ reduction (2003)

Let f € C(n, k) with char(C) =0. Then 3¢, r € C(n,k) s.t.

f= Adfg) +
\,-/ b "
ox-summable normal form
Moreover, for r = ¢,

» degy(a) < degy(b) and b is oy-free;
p fis ox-summable &< a =0;
b g is expressed by a sparse form.

Huang, SCG, UW Creative Telescoping 6/13



Integer-linear decomposition

Definition.
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Integer-linear decomposition
Definition. p € C[n, K] irreducible, is integer-linear over C if

P = P(An + uk)

» P(z) € Clz] irreducible;

» (A ) €z
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Integer-linear decomposition
Definition. p € C[n, K] irreducible, is integer-linear over C if

P = P(An + uk)

» P(z) € Clz] irreducible;

» (A, u) € Z? coprime, > 0.
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Integer-linear decomposition
Definition. p € C[n, K] irreducible, is integer-linear over C if

P = P(An + uk)

» P(z) € Clz] irreducible;

» [(A, w)|e Z? coprime, 1 > 0.

integer-linear type
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Integer-linear decomposition

Definition. p € C[n, k] is integer-linear over C if

m

p =[] P:iAn + pik)«

i=1

b Pi(z) € Clz] irreducible;
» (Ai, i) € Z* coprime, p; > 0;

> €i€Z+.
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Integer-linear decomposition
Definition. p € C[n, k] is integer-linear over C if

m
p=[[Pinin + k)

i=1
b Pi(z) € Clz] irreducible;

» (A, mi) € Z2 coprime, w; > 0;

> eiEZ+.
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Integer-linear decomposition

Definition. p € C[n, k] is integer-linear over C if

m ny
p=]TTIP:An+ pik+vy)e

=1 j=1
» Pi(z) € Clz] squarefree, 0,-free;
» (A, i) € Z? coprime, ;> 0;
b ey €L 0=y <+ < Vin, in Z;

» Pi(Ain + wik) <nx Pj(AM + k), 1#7.
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Integer-linear decomposition

Definition. p € C[n, k] admits the integer-linear decomposition

m ng

p = Po(n, k) HHP A A ik + i)Y
i=1 j=1

» Py € Cln, k] merely having non-integer-linear factors except
for constants;

» Pi(z) € Clz] non-constant, squarefree, o,-free;
» (A, i) € 7* coprime, W > 0;
boey €ZT 0=y <+ < Vin, in Z;

P Pi(Ain + wik) #n i Pj(An + pik), 1 # 5.
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Integer-linear operator

Given (A, i) € Z? coprime, > 0.

Huang, SCG, UW Creative Telescoping 8/13



Integer-linear operator

Given (A, i) € Z? coprime, 1t > 0. Then Ao+ pup =1 for o, p € Z.
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Integer-linear operator

Given (A, i) € Z? coprime, 1t > 0. Then Ao+ pup =1 for o, p € Z.
Define

oo CLk) — Cl,k), T = o¥ep(r)
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Integer-linear operator

Given (A, i) € Z? coprime, 1t > 0. Then Ao+ pup =1 for o, p € Z.
Define

oo CLk) — Cl,k), T = o¥ep(r)

When applying to P(z) € C(z) with z = An + pk,

> O\p) - P(Z) — P(Z+])
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Integer-linear operator

Given (A, i) € Z? coprime, 1t > 0. Then Ao+ pup =1 for o, p € Z.
Define
onw: Clyk) — Cnyk), 1 = G%‘O'E(T)
U
Cn, XK)lop O"(;\]‘H)]
When applying to P(z) € C(z) with z = An + pk,

> 0'()\’”)2 P(Z) — P(Z+])
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Integer-linear operator

Given (A, 1) € Z? coprime, 1> 0. Then Ao+ up =1 for o, p € Z.
Define
oy Cmk) — Cnk), v = o%ob(r)
0
C(n, k) [G(A,u)> 0—(7)\]‘“)]

When applying to P(z) € C(z) with z = An + pk,

i 1 . . A.
> Zi aioy, - Zi bio‘b\,u) — Zij aiU}l(bj)o‘](;\r););
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Integer-linear operator

Given (A, i) € Z? coprime, 1t > 0. Then Ao+ pup =1 for o, p € Z.

Define
oot Cmk) = Cn,k), 1 — ofob(r)
1
Cn, XK)lop O"(;\]‘H)]

When applying to P(z) € C(z) with z = An + pk,

i 1 . . }\.
> Zi aioy, - Zi bio‘b\’p) — Zij aiU}l(bj)o‘](;\r););
4 Zi Cli(r}"< . Zi biGb\’u) = Zij aigl'l{(bj)o_];\rit).
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. (nk+1)(n(k+10)+1)+(n+2k)2+2_(n+2k+2)2+2 (M+2k+22)2+2
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Our new approach

—10n nk n(k+1) + n(k+11)
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Our new approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + m+2k)2+2 (n+2k+2)2+2+ (n+2k+22)2+2
f
f= *

Mk (M T0) 1) (n+2K)242) (4 2k+2)2 1 2) (N4 2k +22)2 1 2)
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Our new approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + m+2k)2+2 (n+2k+2)2+2+ (n+2k+22)2+2
f
f= (k1) (n(k+10)+1)((n+2k)2+2) (n+2k+2)2+2) (n+2k+22)2+2)

Po(m, k) Pi(ne2k)  Py(n42k+2)  Py(nt2k+22)
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Our new approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2
f
f= —10n nk n(k+1) + n(k+11)

— (nk+1)(n(k+10)+1) + M+2k)2+2 (m+2k+2)2+2 " n+2k+22)2+2
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Our new approach

—10n nk n(k+1) n(k+11)
Example. mmmurios ) T e T ik T ek
f
f= —10n "F nk __ n(k+1) + n(k+11)
| (kD) (n(k+10)+1) |' (n+2k)2+2  (n+2k+2)24+2 ' (n+2k+22)2+2
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Our new approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2
f
_ nk n(k+1) n(k+11)
f = A(9o)+ iz — a2 Tz )t
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Our new approach

—10n + nk _ n(k+1) + n(k+11)
(nk+1)(n(k+10)+1) " (m+2k)2+2  (M+2k+2)2+2 ' (n+2k+22)2+2

Example.

f

n(k+1) n(k+11)
f= Ak+ n+2k T3 T k222 T a2k 72

LeftQuot (o1’ — 1,03 — 1) - ﬁ
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Our new approach

—10n + nk _ n(k+1) + n(k+11)
nk+1)(n(k+10)+1) ' (n+2k)24+2 (m+2k+2)24+2 ' (n+2k+22)242

~~

f

Example. 0

~
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) TR

M
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Our new approach
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Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

{Uk(m) 6%1,2)((n+2:<)2+2)]
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Our new approach
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Example. rommctor T sz~ o2 T izl

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

= Ak(g0) + (0712 = 1Q +R) - rzizi2

{Uk(m) 6%1,2)((n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rommctor T sz~ o2 T izl

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

— A(90) + ([T} 1R +R) - ks

{Uk(m) 6%1,2)((n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rommctor T sz~ o2 T izl

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

= Alg0) + (0= 1)Q +R) - b

{Uk(m) 6%1,2)((n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

:Ak(g()) ( ox—1) Q+® n+2k m+2K)2+2

{Uk(m) = 6%1 ,2) ( (n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rommctor T sz~ o2 T izl

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

= Ax(go) + ((ox —1)Q + (nk)) - m

{Uk(m) 6%1,2)((n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

= Ax(go Gk_1@+ nk n+2k m+2x)2+2
€ Zn, kl[o(1 )]

{Uk(m) = 6%1 ,2) ( (n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) TR

M

= A(90) + (ok = NQ - iy + (k) - g
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) TR

M

:Ak(...)+(nk).m
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

f = Ar(go)+ (n(k + 11)0 ) —n(k + 1)o7y 5 + nk) '(n+zl]<)2+z

M

:Ak("')ﬂ(nk)'(mz]w
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Our new approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2

f

L-f=A(L go)+L-(n(k+11)0% —n(k+1)0% +nk) m

M

1
:Ak("‘)+L'(nk)‘m

L = co(n) + ¢1(n)oy + ca(n)a2 + c3(n)03 + ca(n)o]

Huang, SCG, UW Creative Telescoping 9/13



Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

L= A(L-go) + L (nk+ 110 —nlk+ )02 +1k) -ty
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

L= A(L-go) + L (nk+ 110 —nlk+ )02 +1k) -ty

M
4

=Ax(-) + (Z ce(nj(n + ﬁ)kcr‘fu)) : (n+2]]<)2+2
=0

{G“((mrz:c)zrz) =00, (m)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. 0T T a2k 12 it 2kt 2)242 T a2kt 22)242

f

L= A(L-go) + L (nk+ 110 —nlk+ )02 +1k) -ty

M

{Uk(m) 6%1,2)((n+2:<)2+2)]
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

L-f=2A(L-go) +L-(n(k+ 1102 —n(k+1)o3 +nk) - —

(n+2k)24+2
M
= () + (o= 1DQHB) - gy
(comInk +ca(n)(n+2)(k—1) +cqg(n)(n+4)(k—2))
+(crm)(n+ Dk+cz3(n)(n+3)(k—1))on

{Uk<(n+z1m) = 6%1 ,2) ( (n+2:<)2+2)]
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Our new approach

—10n + nk _ n(k+1) + n(k+11)
(nk+1)(n(k+10)+1) " (m+2k)2+2  (M+2k+2)2+2 ' (n+2k+22)2+2

Example.

f

L= A(L-go) + L (nk+ 110 —nlk+ )02 +1k) -ty

M

— () B s

= Ax( )+® GESTIEES)
(co(nlnkfcz(n]{ylfz)[kf1)7C4(n](v\74)[k72>)
+(crm)n+k+czm)(n+3)(k—1))on
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Our new approach

—10n + nk _ n(k+1) + n(k+11)
nk+1)(n(k+10)+1) ' (n+2k)2+2  (n+2k+2)2+2 ' (n+2k+22)2+2

Example. 0

f

L-f=A(L go)+L-(n(k+11)0% —n(k+1)0% +nk) m

M

— Rl 1

= Ax( )+ 20242
(Co(h]nkfcz(ﬂ]f:!l72)“&'7])7C4(11]()\74)[k72))

+(crm)n+k+czm)(n+3)(k—1))on

L is a telescoper < R=0
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

L= A(L-go) + L (nk+ 110 —nlk+ )02 +1k) -ty

M

— () B s

= Ax( )+® GESTIEES)
(Co(h]nkfcz(n]f:!l72)“&'7])7C4(11]()\74)[k72))
+(crm)n+k+czm)(n+3)(k—1))on

comnk+co(n)n+2)(k—1)4+c4n)(n+4)(k—2)=0

cc(m)n+Dk+c3(n)(n+3)(k—1)=0
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Our new approach

~10 K n(k+1) n(k+11)
Example. (nk+1 )(n(k11 0)+1) + (n+§k)2+2 T (n+2k+2)2+2 + (n+2k+22)2+2
f
0 0 -n—-2 0 -—2n-38 EOEE 0
n 0 mn+2 0 n+4 ‘ o
0 0 0 -n-3 0 ) [ =1,
0 n+1 0  n+3 0 c3(n) 0
c4(m)
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—10n nk n(k+1) + n(k+11)

Example. (Mk+T1)(n(k+10)+1) + M+2k)2+2 (m+2k+2)2+2 " n+2k+22)2+2

LH
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 —2(n+4) . 0
0 0 0 —n—3 0 2 |~ |o
0 n+1 0  n+3 0 (]’ 0
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. 0T T a2k 12 it 2kt 2)242 T a2kt 22)242

LH
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 —2(n+4) . 0
0 0 0 -n—3 0 n+2 I
0 n+l 0  n+3 0 ‘]) 0
b A telescoper: L = ™ %ETS“ o2+ 1.0
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Our new approach

—10n nk n(k+1) + n(k+11)

Example. rmmucion Tz~ mizkir2 T 2k )72

f

LH
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 —2(n+4) 0
0 0 0 -n—3 0 n+2 0
0 n+l 0  n+3 0 ‘]) 0
b A telescoper: L = ™ 71&1;4) o2+ 1.0

b A certificate: g =1L ‘—i- LeftQuot(L - M, 0y — 1) - m

LeftQuot(GllO — 1o —1)- ﬁ
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Our new approach

—10n nk n(k+1) n(k+11)
Example. (nk+1)(n(k+10)+T) + M+2k)2+2 " (n+2k+2)2+2 + (n+2k+22)2+2

f

LH
0 0 -n—2 0 —2n—38 8 0
n 0 n+2 0 n+4 —2n+4) | _ 0
0 0 0 -n—3 0 n+2 0
0 n+l 0 n+3 0 ‘]) 0
Recall: reduction-based approach
in 4n244n n342n243n 0 0
in+4 4n?+4n n34n?42n+2 0 0
In+8 4n?+8n n3—5n-2 —n3—4n2-7n—6
An+12 4n248n—12 n3—n2—-10n+6 —n3-3n2-2n—6 0
dn+16 4n2+12n—16 n3—2n2-29n—20 —2n3—12n?—-22n-24 0
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Outline of algorithm (iteration version)

Input. f € C(n,k).

Output. A minimal telescoper L and a certificate g when exist.

1 den(f) =Py Hi,j Pi(Aim + wik + Vij)eij.
M,
ny Vij IC]
251 %500 ) (m

2 f:]%"i_Zi,e

3 ;—‘(’) = Ax(g) + 1. If r#0, return “No telescoper exists!”.

4 M, = Ak(---) 4 Rie. If all Rie =0 then return L =1 and
g - g + Z LeftQuot(Mie, Ox — 1)m
ie

5 Forp=1,2,... do

1

i,e

Find a telescoper Ls.t. L Rie = Ay(---). If succeed return
L and 9 = Lg+ZLeftQu0t(L Mie,o-k—1) . W

Huang, SCG, UW Creative Telescoping
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Worst-case complexity (field operations)

Given f € C(n, k) with deg,(f) < d,, and degy (f) < d.

New_ub New_it RCT

ON(Mw dndf+]) O~(uw+1 dndlc{u+2) ON(Mw+2dnd]<iJ+3)

b peZt,2<w<3
» Without expanding the certificate

b Size of a minimal telescoper: O(uzdndi)

Huang, SCG, UW Creative Telescoping 11/13



Timings (in seconds)

- _ fo(nk) (n,k)
Test suite: f(n,k) = Ac(55) + Frizmrn) b, G
b Pi(z) =pi(z) - pilz+2Y) - pilz+ 1) - pilz+ 2+ ),

4 28 S Zv degn,k(a) = d]v degn,k(PO) = degz(pi) = dZ-

(dy, do, 1) RCT  New._ub  New.t Order Upper
1,1 1) 0.28 019 019 3 4
(1,2 1) 5.86 488 215 7 8
(1,3,1) 283.84 630.61 30.94 11 12
(1,4,1) 5734.80 37272.09 448.09 15 16
(10, 2, 1) 7.79 11.89 3.18 7 8
(20, 2, 1) 949 2522 421 7 8
(30, 2, 1) 16.57 9.67 10.17 8 8
(30,2,3) | 807.31 3037 4116 12 12
(30, 2, 5) 4875.63 305.16  344.81 20 20
(30, 2, 7) | 34430.03 1479.36 1240.54 28 28
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Timings (in seconds)

- _ fo(nk) (n,k)
Test suite: f(n, k) = A(35g) + 5z ps B
b Pi(z) =pi(z) - pilz+2Y) - pilz+ 1) - pilz+ 28+ ),

» wEZ, deg,y(a) = dy, deg, (Po) = deg,(pi) = da.

(dy, do, 1) RCT  New._ub  New.it Order Upper
1,1, 1) 0.28 019 010 3 4
(1,2 1) 5.86 488 215 7 8
(1,3,1) 283.84 630.61 30.94 11 12
(1,4,1) 5734.80 37272.09 448.09 15 16
(10, 2, 1) 7.79 11.89 318 7 8
(20, 2, 1) 049 2522 421 7 8
(30, 2, 1) 16.57 9.67 10.17 8 8
(30,2,3) | 807.31 3937 4116 12 12
(30,2,5) | 4875.63  305.16 344.81 20 20
(30, 2, 7) | 34430.03 1479.36 1240.54 28 28
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Timings (in seconds)

Test suite: f(n,k) = Ax(

fo (T'L,k)

a(n,k)

ponk)) T P P
» Pi(z) =pilz) - pilz+2Y) - pilz+ ) - pilz+ 2" + ),
» wEZ, deg,y(a) = dy, deg, (Po) = deg,(pi) = da.

(dy, do, 1) RCT  New_ub  New.it Order Upper
1,1 1) 0.28 019 019 3 4
(1,2 1) 5.86 488 215 7 8
(1,3,1) 283.84 630.61 30.94 11 12
(1,4,1) | 5734.80 37272.00 448.09 15 16
(10, 2, 1) 7.79 11.89 318 7 8
(20, 2, 1) 949 2522 421 7 8
(30, 2, 1) 16.57 9.67 10.17 8 8
(30,2,3) | 807.31 3037 4116 12 12
(30, 2, 5) 4875.63 305.16  344.81 20 20
(30, 2, 7) | 34430.03 1479.36 1240.54 28 28

Huang, SCG, UW

Creative Telescoping
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Summary

Result.
b A creative telescoping algorithm for bivariate rational function
© Avoids need to construct certificates
© Expresses certificates in precise and manipulable sparse forms

© Has better control in size of intermediate expression

© Easier to analyze, and more efficient

Future work.

» Generalize to hypergeometric terms
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