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D-finite sequences

Definition. A sequence (f(n))nen is called D-finite if there exist
polynomials po(n),...,pr(n), not all zero, such that

Po(m)f(n) + pr(n)f(n+1) 4+ -+ prn)f(n+1) = 0.
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D-finite sequences

Definition. A sequence (f(n))nen is called D-finite if there exist
polynomials po(n),...,pr(n), not all zero, such that

Po(MF(n) +pr()f(+ 1)+ +pr()fn+1) = 0.
Example. Consider

-2 (1))

(—48n3 — 152n? — 144n — 40) f(n)
+ (—42n3 —154n% —178n — 64) f(n + 1)
+(6n® +25n2 +32n+12)f(n+2) =0

Then
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Definition. A sequence (f(n))nen is called D-finite if there exist
polynomials po(n),...,pr(n), not all zero, such that
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D-finite sequences

Definition. A sequence (f(n))nen is called D-finite if there exist
polynomials po(n),...,pr(n), not all zero, such that

(po(n) + p1(M)Sn + -+ - +p-(n)S}) - f(n) = 0.

Annihilating operator

-5 ()

k=0

Example. Consider

degree

((—4— 152n2 — 144n — 40)

+ (—42n3 — 154n? —[178h — 64) S,
+ (61 + 25n% £ 32n + 12) - f(n)=0
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Order-degree curve

degree

order
ord(L)
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Order-degree curve

degree
f(n) has an annihilating operator
of order r and degree d
d
T
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Order-degree curve

degree

e [Bostan, Chyzak, Salvy, Lecerf, Schost 2007]
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e [Bostan, Chyzak, Salvy, Lecerf, Schost 2007]
o [Chen, Kauers 2012a] [Chen, Kauers 2012b]
o [Chen, Jaroschek, Kauers, Singer 2013]
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Motivating example

n

Consider f(n) = ¥ ((2) + (3.

k=0
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Motivating example

n

Consider f(n) = Z((Z‘i) + (21?)2)
k=0

d1le
15
14 - N
131 . f(n) has an annihilating operator
12 1. of order 1 and degree d
11, if and only if
10! .5 (r,d) belongs to the blue region
9
8
7
6
Z
4
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Motivating example
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Our set-up

Consider L € C[t][n][S,], where
» C is a field of characteristic zero,

b Spt=1S, and Syn = (n+1)S,.
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Our set-up

Consider L € C[t][n][S,], where
» C is a field of characteristic zero,
b Spt=1tS,, and Syn = (n+1)S,.
Definition.

b Order: ord(L) = maximal S,-exponent in L

b Degree: deg(L) = maximal n-exponent in L

Example.

L=(2n+ B3t+8)n?+ (P + 9t +11)n+ 2t + 7t +5)

+ (=21 + (=3t —10)n? + (—t? — 9t — 13)n — 2t — 6t —4)S,

+ 20+ (t+2n+t+1)S2
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b Order: ord(L) = maximal S,-exponent in L
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b Height: ht(L) = maximal t-exponent in L
Example. degree height
L= (2(3t+8)n2+ (9t+ 1)+ 26 + 7t +5)

+ (=21 + (=3t —10)n? + (—t? — 9t — 13)n — 2t — 6t —4)S,
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Common left multiples

Given Ly,..., Ly € C[tIn][S,].
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Common left multiples

Given Ly,..., Ly € C[tIn][S,].

Definition. A common left multiple of Ly,..., Ly in C[t]n][S4] is

L=Mij=---=MpLy for My,...,My, € Clt][m][Sm].
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Common left multiples

Given Ly,...,Ly, € C[tI[n][S,].

Definition. A common left multiple of Ly,..., Ly in C[t]n][S4] is

L=ML; =---=MuLy for My,..., My € CltIIn][Sw].
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Common left multiples (“plus”)

Given Ly,...,Ly, € C[tI[n][S,].

Definition. A common left multiple of Ly,..., Ly in C[t]n][S4] is

L=MiLij=--- =ML, for My,...,My, € C[t][n][S].
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Common left multiples (“plus”)

Given Ly,..., Ly € C[t][n][S,] with
e = ord(Ly), d¢=deg(Ly) forl{=1,...,m.

Definition. A common left multiple of Ly,..., Ly in C[t]n][S4] is

L=Mij=---=MpLy for My,...,My, € Clt][m][Sm].

Theorem. [Kauers 2014] For any r,d € N with

(r+1) 35y de— 3 ¢y Tede
THT =3 T ’

m
T> ng and d >
=1

there exists a common left multiple of Ly,...,L,, of order r and
degree d.
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L =1 = =m for M1,..., My € CIIMI[Sm.
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Common left multiples (“plus”)

Given Ly,..., Ly € C[t][n][S,] with
¢ = ord(Ly), d¢=deg(Ly), hg=ht(Ly) forl=1,...,m

Definition. A common left multiple of Ly,..., Ly in C[t]n][S4] is

* = , for My, ..., My, € C[tl[n][Sy].

—1p d—dy

0 be determined

T—Ty d*de h*h@
Z Cijketkn]S}l with cijie € C to be determined
i=0 j=0 k=0
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Common left multiples (“plus”)

Given Ly,..., Ly € C[t][n][S,] with
g = ord(Ly), d¢=deg(L¢), he¢=ht(L,) forl=1,...,m.

Theorem. For any v,d, h € N with

r+ DA+ Dh+D—=r+Dd+1)) he + (h+1)) mds

=1 =1
m m
—(r+Dh+N) di + (d+1D D reh
=1 =1
m m m
—(@d+N(h+1)) m+ (r+1)) du—) mdehy >0,
=1 =1 =1

there exists a common left multiple of Ly, ..., Ly, of order r, degree d
and height h.

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 7/13



Common left multiples (“plus”)

Given Ly,..., Ly € C[t][n][S,] with
g = ord(Ly), d¢=deg(L¢), he¢=ht(L,) forl=1,...,m.

Theorem. For any v,d, h € N with

r+ DA+ Dh+D=+Dd+1)) he + (h+1)) 7ds

(=1 =1
m m
—(r+Dh+ND di + (d+1DD reh
(=1 =1
m m m
—(@d+ N+ m+ (r+1)) dhy—) mdehy >0,
(=1 (=1 (=1

there exists a common left multiple of Ly, ..., Ly, of order 1, degree d
and height h.
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Example
Consider randomly chosen L1, L, € Q[t][n][S,] with
» ord(Ly) =2,deg(Ly) =1,ht(L;) =1;
» ord(Ly) = 1,deg(Ly) = 2,ht(L;) = 1.
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Example

Consider randomly chosen L1, L, € Q[t][n][S,] with
» ord(Ly) =2,deg(Ly) =1,ht(Ly) =T,
» ord(Ly) = 1,deg(L;) = 2,ht(,) =1.

d10 |- - +]- 155 64 43 3|3 3|13 313 312 3|2
9 |-« - 2115 6/5 44 4|3 3|3 3|13 313 3|2
8 | - --375 75 514 4|3 313 3|13 3|3 3|3
70 - 96 514 413 43 313 313 3|3
6 |- - 1218 7|5 5|4 43 43 4|3 3|3
51 - - 31119 107 7|5 5|4 514 414 4|3
4 - |- 31119 12|18 916 7|5 6|5 6|4
30 iR o - 375 215 155
20 i T
T iR N
ol - - N e
012 3 4 5 6 7 8 9 10 r
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Example

Consider randomly chosen L1, L, € Q[t][n][S,] with
» ord(Ly) =2,deg(Ly) =1,ht(Ly) =T,
» ord(Ly) = 1,deg(L;) = 2,ht(,) =1.
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Creative telescoping

Given a (non-rational) proper hypergeometric term

(ain+ a/k + a{)T(bin — bk + b{’)
(win + uw/k +u/)T(vin —v/k +v/")’

f(n,k) =c(n, k)x" kHr

where ¢ € Clt]ln, k], x,y € C[t], ai, a{, by, b{, u;, u{,vi, v/ € N and
al, v, uf’, v/ € C[tl.
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Creative telescoping

Given a (non-rational) proper hypergeometric term

MNan+a’k+ a’)T(byn —b/k + b!’)
f k) = k k 1 i i i i
(n, k) =c(mn, H Mun +wk+u/ )T (vin —v/k +v/)’

where ¢ € Clt]ln, k], x,y € C[t], ai, a{, by, b{, u;, u{,vi, v/ € N and
al, v, uf’, v/ € C[tl.

Fact. There are py,...,pr € Cltl[n] and Q € C(t)(n,k) such that

(Po(n) +p1(M)Sn + - -+ +pr(n)S7)-F(n, k) = (SK,—=1)Q(m, k)-f(m, k).
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Creative telescoping

Given a (non-rational) proper hypergeometric term

11 Namn + alk+ a/)T(byn — b/k + b/’)
H X

f(n,k) =c(n,k)x
(n, k) (n, (win + uw/k +u/)T(vin —v/k +v/")’

where ¢ € Clt]ln, k], x,y € C[t], ai, a{, by, b{, u;, u{,vi, v/ € N and
al, v, uf’, v/ € C[tl.
Fact. There are py,...,pr € Cltl[n] and Q € C(t)(n,k) such that

((po(n) +p1(n)5n|+ PSP (n, k) = (Sk—1{QLmy K)f(n, k).

Telescoper Certificate
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Creative telescoping (“summation”)

Given a (non-rational) proper hypergeometric term
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Creative telescoping (“summation”)

Given a (non-rational) proper hypergeometric term

(ain+ a/k + a{)T(bin — bk + b{’)
(win + uw/k +u/)T(vin —v/k +v/")’

f(n,k) =c(n, k)x" kHr

where ¢ € Clt]ln, k], x,y € C[t], ai, a{, by, b{, u;, u{,vi, v/ € N and
al, v, uf’, v/ € C[tl.

Fact. There are py,...,pr € Cltl[n] and Q € C(t)(n,k) such that
(Po() +p1(M)Sn + -+ + pr(n)S})-f(m, k) = (Sk—T1)Q(m, k)-f(n, k).
Theorem. [Chen, Kauers 2012] For 1,d € N with

(v — T+ 3v(28 + N +3— (1 +]\)v) —

r>v and d> y
r—v+1

there exists a telescoper for f(n,k) of order r and degree d.
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Theorem. [Chen, Kauers 2012] For 1,d € N with

(v — T+ 3v(28 + N +3— (1 +]\)v) —

r>v and d> y
r—v+1

there exists a telescoper for f(n,k) of order r and degree d.

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 9/13



Creative telescoping (“summation”)

Given a (non-rational) proper hypergeometric term

f(n,k) =c(n,k)x

K H MNan + a/k+ a/)T(byn — b/k + b/’)
Mun +wk+u/ )T (vin —v/k +v/)’

where ¢ € Clt]ln, k], x,y € C[t], ai, a{, by, b{, u;, u{,vi, v/ € N and
al, v, uf’, v/ € C[tl.

Theorem. For any r,d,h € N with

r+1)d+1h+1)—(rpu+d+14+)(rp+ S+ 1)1
—2ru+d+24+ +H—Vv)(rE+h+T1+9 —1n)v >0,

there exists a telescoper for f(n, k) of order r, degree d, height h.

Remark. 9,94, 32, 1, v, &, € N merely depending on f(n, k).
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Given a (non-rational) proper hypergeometric term

f(n,k) =c(n,k)x

K H MNan + a/k+ a/)T(byn — b/k + b/’)
Mun +wk+u/ )T (vin —v/k +v/)’

where ¢ € Clt]ln, k], x,y € C[t], ai, a{, by, b{, u;, u{,vi, v/ € N and
al, v, uf’, v/ € C[tl.

Theorem. For any v,d, h € N with

(r+D)d+DMh+1)—(pu+d+14+9) e+ + 1)1
—2ru+d+24+ +H—Vv)rE+h+T1+9 —1n)v >0,

there exists a telescoper for f(n, k) of order r, degree d, height h.

Remark. 9,94, 32, 1, v, &, € N merely depending on f(n, k).
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Example

Consider
Fm+k+t?)

f(n, k) :k—r(n—k—l—t) .
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Example

Consider Fn 4k + )
n
f(n,k)fkm.
d 10| |- 62|19 317 27|6 26/5 26|5 27|5 285 29|4
91 -]- 86|92 36|7 30/6 295 30/5 30|5 32|5 335
8 |- |- 158|9 45|7 366 355 35|5 36|5 37|5 395
71 19 62|17 4716 43|16 435 44|5 465 475
6 [ 12 1147 696 616 59|5 60|5 61|15 635
514 -9 -7 160]7 113]6 102|5 985 99|5 1015
4\ |7 7 -6 570]6 371|5 312|5 288|5
30+ o 10 8 6 6 6 6 6
20 b 8 8 8 8 I8
T iR - - e - - -
01 2 3 4 5 6 7 8 9 r
Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 10/13



Example

Consider Fn 4k + )
n
f(n, k) 7k—F(n—k—|—t) .
d 10| |- 62|19 31|7 27|6 265 26|5 27|5 285 294
9 1--]- 86|92 36|7 30l6 295 30|5 30|15 32|5 335
8 |- |- 15819 45|7 36l6 355 355 36|5 37|5 395
70 19 62|17 4716 43|16 435 44]5 465 4715
6 |- 19 114]7 69|6 616 59|5 60|5 61|15 635
514 -9 -7 160]7 113]6 102|5 985 99|5 101/5
4\ - 47 |7 -6 570|6 371|5 312|5 288|5
30+ o 10 8 6 6 6 6 6
200 - 8 I8 I8 8 8
T o iR - - e - - -
01 2 3 4 5 6 7 8 9 r
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Contraction ideals

Given an operator L € C[t][n][S,].
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Contraction ideals
Given an operator L € C[t][n][S,].
Definition. The contraction ideal of (L)c(t)m)s,] 1S

nl

Con(L) := (L) c(tym)is,) N CIEIMI[Sn].
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Contraction ideals
Given an operator L € C[t][n][S,].

Definition. The contraction ideal of (L)c)(n)s,) IS

COH(L) e <L>C(t)(n)[Sn] N CltImJ[Snl.
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Contraction ideals
Given an operator L € C[t][n][S,].
Definition. The contraction ideal of (L)c(t)m)s,] 1S

nl

Con(L) := (L) c(tym)is,) N CIEIMI[Sn].

Theorem. [Chen, Jaroschek, Kauers, Singer 2013]
Let Ly € Con(L), p € C[tlln] and P € C[t][n][Sn] with

pLi=PL and deg,(p) > degy(lcs, (P)).
Then for any r,d € N with r > ord(L) and

_ ord(L) — ord(L)
r+1—ord(L)

d > deg, (L) — (1 ) (deg,,(p) — degy (Ics, (P)),

there exists Q € C(t)(n)[Sy] such that QL € C[t][n][S»] has order
T and degree d.
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Contraction ideals
Given an operator L € C[t][n][S,].

Theorem. Let Ly € Con(L), p € C[tl[n] and P € CI[t][n][Sn] with
pLi =PL, deg,(p) > degy(lcs, (P)) and deg(p) > deg;(Ics, (P)).
Then for any r,d,h € N with v > ord(L), ord(L;) and

(r—ord(L) + 1) (—(r degy (p) — &n + 1) (r degy(p) — £ +1e)

+ (rdegy(p) + d —deg(L) + 1 — &) (rdeg(p) + h —ht(L) + 1 — &)
T Mame 7\n7\t) — ord(P)AnAs > O,

there exists Q € C(t)(n)[Sy] such that QL € C[t][n][S»] has order
T, degree d and height h.

Remark. An, Aty &ny &ty Miny Nt € N merely depending on L, Ly, p, P.
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Contraction ideals
Given an operator L € C[t][n][S,].

Theorem. Let Ly € Con(L), p € C[tl[n] and P € CI[t][n][Sn] with
pLi =PL, deg,(p) > degy(lcs, (P)) and deg(p) > deg;(Ics, (P)).
Then for any r,d,h € N with v > ord(L),ord(L;) and

(v —ord(L) + 1) (—(r deg (p) — &n + 1) (r degy(p) — £ +11e)

+ (rdegy(p) + d —deg(L) + 1 — &) (rdeg(p) + h —ht(L) + 1 — &)
e+ 7\n7\t) — ord(P)ARAL > O,

there exists Q € C(t)(n)[Sy] such that QL € C[t][n][S»] has order
T, degree d and height h.

Remark. An, Aty &ny &ty Miny Nt € N merely depending on L, Ly, p, P.
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Example

» L is a minimal telescoper for kI'(n + k + t%)/T'(n — k + t)
with ord(L) = 2, deg(L) =5, ht(L) =9 and

les, (L) = 2n+ 2 +t)(n? + nt? + nt + 3 — 1);

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 12/13



Example

» L is a minimal telescoper for kI'(n + k + t%)/T'(n — k + t)
with ord(L) = 2, deg(L) =5, ht(L) =9 and

les, (L) = 2n+ 2 +t)(n? + nt? + nt + 3 — 1);
» L; € Con(L) with ord(L;) = 3, deg(Ly) =8, ht(L;) = 8 and
Ics,, (L1) = 6n? + 6nt? + 6nt + 6n + t* + 41> + 4t% 4 3t.
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Example

» L is a minimal telescoper for kI'(n + k 4+ t%)/T'(n — k + t)
with ord(L) = 2, deg(L) =5, ht(L) =9 and

les, (L) = 2n+ 2 +t)(n? + nt? + nt + 3 — 1);
» L; € Con(L) with ord(L;) = 3, deg(Ly) =8, ht(L;) = 8 and
Ics,, (L1) = 6n? + 6nt? + 6nt + 6n + t* + 41> + 4t% 4 3t.

o
N

19 87 86 85 85 85
19 87 86 85 85 85
|- 19 107 12/6 13l6 155 175
|- 9 13|17 18|6 23l6 28/5 335
|- |9 23|7 38|7 53/6 68|5 835
N 7 7 6 16 5
| 10 -8 6 -6 -6
|
|
1

— N W A~ 1o I

o e 8 I8 I8
2 3 4 5 6 7 r
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Example

» L is a minimal telescoper for kI'(n + k + t%)/T'(n — k + t)
with ord(L) = 2, deg(L) =5, ht(L) =9 and

les, (L) = 2n+ 2+ )2 +nt? +nt+ 2 —1);
» L; € Con(L) with ord(L;) = 3, deg(Ly) =8, ht(L;) = 8 and
Ics,, (L1) = 6n? + 6nt? + 6nt + 6n + t* + 41> + 4t% 4 3t.

o
N

L9 87 86 85 85 85
9 87 86 85 85 85
- -9 107 12]6 13]6 15/5 17/5
- -9 137 186 23/6 285 33[5
- -9 23|7 38]7 53/6 68|5 83|5
N 7 7 6 16 5
| 10 -8 6 -6 -6
|
|
1

— N W A~ 1o I

o e 8 8 8
2 3 4 5 6 7 r
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Summary

Results.

b Order and degree can be traded against height in C[t][n][S.].
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Summary

Results.
b Order and degree can be traded against height in C[t][n][S.].

b Generalization for Ore operators in C[t][x][0,].
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Summary

Results.
b Order and degree can be traded against height in C[t][n][S.].

b Generalization for Ore operators in C[t][x][0,].

Future work.

» Understand and eliminate the quadratic term in the order.
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Summary

Results.
b Order and degree can be traded against height in C[t][n][S.].

b Generalization for Ore operators in C[t][x][0,].

Future work.
» Understand and eliminate the quadratic term in the order.

b Order-degree-height surfaces for operators in Z[x][0y].
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