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D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that

= 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then

(

(−48n3 − 152n2 − 144n− 40) f(n)

+ (−42n3 − 154n2 − 178n− 64) f(n+ 1)

+ (6n3 + 25n2 + 32n+ 12) f(n+ 2) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that

p0(n)f(n) + p1(n)f(n+ 1) + · · ·+ pr(n)f(n+ r) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then

(

(−48n3 − 152n2 − 144n− 40) f(n)

+ (−42n3 − 154n2 − 178n− 64) f(n+ 1)

+ (6n3 + 25n2 + 32n+ 12) f(n+ 2) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that

p0(n)f(n) + p1(n)f(n+ 1) + · · ·+ pr(n)f(n+ r) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then

(

(−48n3 − 152n2 − 144n− 40) f(n)

+ (−42n3 − 154n2 − 178n− 64) f(n+ 1)

+ (6n3 + 25n2 + 32n+ 12) f(n+ 2) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that(

p0(n) + p1(n)Sn + · · ·+ pr(n)Srn
)
· f(n) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then (
(−48n3 − 152n2 − 144n− 40)

f(n)

+ (−42n3 − 154n2 − 178n− 64)Sn

+(6n3 + 25n2 + 32n+ 12)S2n
)
· f(n) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that(

Annihilating operator

p0(n) + p1(n)Sn + · · ·+ pr(n)Srn
)
· f(n) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then (
(−48n3 − 152n2 − 144n− 40)

f(n)

+ (−42n3 − 154n2 − 178n− 64)Sn

+(6n3 + 25n2 + 32n+ 12)S2n
)
· f(n) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that(

Annihilating operator

p0(n) + p1(n)Sn + · · ·+ pr(n)Srn
)
· f(n) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then (
(−48n3 − 152n2 − 144n− 40)

f(n)

+ (−42n3 − 154n2 − 178n− 64)Sn

+(6n3 + 25n2 + 32n+ 12)S

order

2
n

)
· f(n) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that(

Annihilating operator

p0(n) + p1(n)Sn + · · ·+ pr(n)Srn
)
· f(n) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then (
(−48n

degree

3 − 152n2 − 144n− 40)

f(n)

+ (−42n3 − 154n2 − 178n− 64)Sn

+(6n3 + 25n2 + 32n+ 12)S

order

2
n

)
· f(n) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



D-finite sequences

Definition. A sequence (f(n))n∈N is called D-finite if there exist
polynomials p0(n), . . . , pr(n), not all zero, such that(

Annihilating operator

p0(n) + p1(n)Sn + · · ·+ pr(n)Srn
)
· f(n) = 0.

Example. Consider

f(n) =

n∑
k=0

(
n

k

)(
2n

2k

)
.

Then (
(−48n

degree

3 − 152n2 − 144n− 40)

f(n)

+ (−42n3 − 154n2 −

height

178n− 64)Sn

+(6n3 + 25n2 + 32n+ 12)S

order

2
n

)
· f(n) = 0

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 3/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Order-degree curve

order

degree

ord(L)

deg(L)
L

r

d

r

d

r

d

r

d

[Bostan, Chyzak, Salvy, Lecerf, Schost 2007]

[Chen, Kauers 2012a] [Chen, Kauers 2012b]

[Chen, Jaroschek, Kauers, Singer 2013]

[Kauers 2014]

...

r

d

f(n) has an annihilating operator

of order r and degree d

Height?

Huang, DLUT Order-Degree-Height Surfaces for Linear Operators 4/13



Motivating example

Consider f(n) =
n∑
k=0

((
n
2k

)
+
(
2n
k

)2)
.
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Our set-up

Consider L ∈ C[t][n][Sn], where

C is a field of characteristic zero,

Snt = tSn and Snn = (n+ 1)Sn.

Definition.

Order: ord(L) = maximal Sn-exponent in L

Degree: deg(L) = maximal n-exponent in L

Height: ht(L) = maximal t-exponent in L

Example.

L = (2n3 + (3t+ 8)n2 + (t2 + 9t+ 11)n+ 2t2 + 7t+ 5)

+ (−2n3 + (−3t− 10)n2 + (−t2 − 9t− 13)n− 2t2 − 6t− 4)Sn

+ (2n2 + (t+ 2)n+ t+ 1)S2n
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Common left multiples

(“plus”)

Given L1, . . . , Lm ∈ C[t][n][Sn].

with

r` = ord(L`), d` = deg(L`) for ` = 1, . . . ,m.
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with

r` = ord(L`), d` = deg(L`) for ` = 1, . . . ,m.

Definition. A common left multiple of L1, . . . , Lm in C[t][n][Sn] is

L =M1L1 = · · · =MmLm for M1, . . . ,Mm ∈ C[t][n][Sm].

L1 · f1(n) = 0, . . . , Lm · fm(n) = 0⇓
L(f1(n) + · · ·+ fm(n)) = 0

r−r∑̀
i=0

d−d`∑
j=0

cij`n
jSin with cij` ∈ C[t] to be determined

r−r∑̀
i=0

d−d`∑
j=0

h−h`∑
k=0

cijk`t
knjSin with cijk` ∈ C to be determined

Theorem. [Kauers 2014] For any r, d ∈ N with

r ≥
m∑
`=1

r` and d ≥
(r+ 1)

∑m
`=1 d` −

∑m
`=1 r`d`

r+ 1−
∑m
`=1 r`

,

there exists a common left multiple of L1, . . . , Lm of order r and
degree d.
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Example

Consider randomly chosen L1, L2 ∈ Q[t][n][Sn] with

ord(L1) = 2, deg(L1) = 1, ht(L1) = 1;

ord(L2) = 1, deg(L2) = 2, ht(L2) = 1.

d 10 ·|· ·|· ·|· 15|5 6|4 4|3 3|3 3|3 3|3 3|2 3|2

9 ·|· ·|· ·|· 21|5 6|5 4|4 4|3 3|3 3|3 3|3 3|2

8 ·|· ·|· ·|· 37|5 7|5 5|4 4|3 3|3 3|3 3|3 3|3

7 ·|· ·|· ·|· ·|· 9|6 5|4 4|3 4|3 3|3 3|3 3|3

6 ·|· ·|· ·|· ·|· 12|8 7|5 5|4 4|3 4|3 4|3 3|3

5 ·|· ·|· ·|· ·|· 31|19 10|7 7|5 5|4 5|4 4|4 4|3

4 ·|· ·|· ·|· ·|· ·|· 31|19 12|8 9|6 7|5 6|5 6|4

3 ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· 37|5 21|5 15|5
2 ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|·
1 ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|·
0 ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|·

0 1 2 3 4 5 6 7 8 9 10 r
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Creative telescoping

(“summation”)

Given a (non-rational) proper hypergeometric term

f(n, k) = c(n, k)xnyk
m∏
i=1

Γ(ain+ a ′
ik+ a

′′
i )Γ(bin− b ′

ik+ b
′′
i )

Γ(uin+ u ′
ik+ u

′′
i )Γ(vin− v ′ik+ v

′′
i )
,

where c ∈ C[t][n, k], x, y ∈ C[t], ai, a ′
i, bi, b

′
i, ui, u

′
i, vi, v

′
i ∈ N and

a ′′
i , b

′′
i , u

′′
i , v

′′
i ∈ C[t].
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i, ui, u

′
i, vi, v

′
i ∈ N and

a ′′
i , b

′′
i , u

′′
i , v

′′
i ∈ C[t].

Fact. There are p0, . . . , pr ∈ C[t][n] and Q ∈ C(t)(n, k) such that

(p0(n) + p1(n)Sn + · · ·+ pr(n)Srn)·f(n, k) = (Sk−1)Q(n, k)·f(n, k).

A telescoper for f(n, k) yields an annihilator of
∑
k f(n, k)

Theorem. [Chen, Kauers 2012] For r, d ∈ N with

r ≥ ν and d >
(µν− 1)r+ 1

2ν(2δ+ |λ|+ 3− (1+ |λ|)ν) − 1

r− ν+ 1
,

there exists a telescoper for f(n, k) of order r and degree d.
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i ∈ N and
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i , b

′′
i , u
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i , v

′′
i ∈ C[t].

Theorem. For any r, d, h ∈ N with

(r+ 1)(d+ 1)(h+ 1) − (rµ+ d+ 1+ ϑn)(rµ+ ϑk + 1)η

− (2rµ+ d+ 2+ ϑn + ϑk − ν)(rξ+ h+ 1+ ϑt − η)ν > 0,

there exists a telescoper for f(n, k) of order r, degree d, height h.

Remark. ϑn, ϑt, ϑz, µ, ν, ξ, η ∈ N merely depending on f(n, k).
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i, ui, u

′
i, vi, v

′
i ∈ N and

a ′′
i , b

′′
i , u

′′
i , v

′′
i ∈ C[t].

Theorem. For any r, d, h ∈ N with

(r+ 1)(d+ 1)(h+ 1) − (rµ+ d+ 1+ ϑn)(rµ+ ϑk + 1)η

− (2rµ+ d+ 2+ ϑn + ϑk − ν)(rξ+ h+ 1+ ϑt − η)ν > 0,

there exists a telescoper for f(n, k) of order r, degree d, height h.

Remark. ϑn, ϑt, ϑz, µ, ν, ξ, η ∈ N merely depending on f(n, k).
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Example

Consider

f(n, k) = k
Γ(n+ k+ t2)

Γ(n− k+ t)
.

d 10 ·|· ·|· 62|9 31|7 27|6 26|5 26|5 27|5 28|5 29|4

9 ·|· ·|· 86|9 36|7 30|6 29|5 30|5 30|5 32|5 33|5

8 ·|· ·|· 158|9 45|7 36|6 35|5 35|5 36|5 37|5 39|5

7 ·|· ·|· ·|9 62|7 47|6 43|6 43|5 44|5 46|5 47|5

6 ·|· ·|· ·|9 114|7 69|6 61|6 59|5 60|5 61|5 63|5

5 ·|· ·|· ·|9 ·|7 160|7 113|6 102|5 98|5 99|5 101|5
4 ·|· ·|· ·|· ·|7 ·|7 ·|6 570|6 371|5 312|5 288|5

3 ·|· ·|· ·|· ·|10 ·|8 ·|6 ·|6 ·|6 ·|6 ·|6
2 ·|· ·|· ·|· ·|· ·|· ·|8 ·|8 ·|8 ·|8 ·|8
1 ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|·
0 ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|· ·|·
0 1 2 3 4 5 6 7 8 9 r
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Contraction ideals

Given an operator L ∈ C[t][n][Sn].
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Contraction ideals

Given an operator L ∈ C[t][n][Sn].

Definition. The contraction ideal of 〈L〉C(t)(n)[Sn] is

Con〈L〉 := 〈L〉C(t)(n)[Sn] ∩ C[t][n][Sn].

How does L1 ∈ Con〈L〉 give rise to

the size of elements of Con〈L〉?

Theorem. [Chen, Jaroschek, Kauers, Singer 2013]

Let L1 ∈ Con〈L〉, p ∈ C[t][n] and P ∈ C[t][n][Sn] with

pL1 = PL and degn(p) > degn(lcSn(P)).

Then for any r, d ∈ N with r ≥ ord(L) and

d ≥ degn(L)−
(
1−

ord(L1) − ord(L)

r+ 1− ord(L)

)(
degn(p)−degn(lcSn(P))

)
,

there exists Q ∈ C(t)(n)[Sn] such that QL ∈ C[t][n][Sn] has order
r and degree d.
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Contraction ideals

Given an operator L ∈ C[t][n][Sn].

Theorem. Let L1 ∈ Con〈L〉, p ∈ C[t][n] and P ∈ C[t][n][Sn] with

pL1 = PL, degn(p) > degn(lcSn(P)) and degt(p) > degt(lcSn(P)).

Then for any r, d, h ∈ N with r ≥ ord(L), ord(L1) and

(r− ord(L) + 1)
(
−(r degn(p) − ξn + ηn)(rdegt(p) − ξt + ηt)

+ (rdegn(p) + d− deg(L) + 1− ξn)(rdegt(p) + h− ht(L) + 1− ξt)

+ ηnηt + λnλt

)
− ord(P)λnλt > 0,

there exists Q ∈ C(t)(n)[Sn] such that QL ∈ C[t][n][Sn] has order
r, degree d and height h.

Remark. λn, λt, ξn, ξt, ηn, ηt ∈ N merely depending on L, L1, p, P.
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Example

L is a minimal telescoper for kΓ(n+ k+ t2)/Γ(n− k+ t)
with ord(L) = 2, deg(L) = 5, ht(L) = 9 and

lcSn(L) = (2n+ t2 + t)(n2 + nt2 + nt+ t3 − 1);

L1 ∈ Con〈L〉 with ord(L1) = 3, deg(L1) = 8, ht(L1) = 8 and

lcSn(L1) = 6n
2 + 6nt2 + 6nt+ 6n+ t4 + 4t3 + 4t2 + 3t.

d 9 ·|· ·|9 8|7 8|6 8|5 8|5 8|5

8 ·|· ·|9 8|7 8|6 8|5 8|5 8|5

7 ·|· ·|9 10|7 12|6 13|6 15|5 17|5
6 ·|· ·|9 13|7 18|6 23|6 28|5 33|5
5 ·|· ·|9 23|7 38|7 53|6 68|5 83|5
4 ·|· ·|· ·|7 ·|7 ·|6 ·|6 ·|5
3 ·|· ·|· ·|10 ·|8 ·|6 ·|6 ·|6
2 ·|· ·|· ·|· ·|· ·|8 ·|8 ·|8
1 ·|· ·|· ·|· ·|· ·|· ·|· ·|·

1 2 3 4 5 6 7 r
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Summary

Results.

Order and degree can be traded against height in C[t][n][Sn].

Generalization for Ore operators in C[t][x][∂x].

Future work.

Understand and eliminate the quadratic term in the order.

Order-degree-height surfaces for operators in Z[x][∂x].
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