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» Bivariate polynomials

» Multivariate polynomials

Notation. R, a UFD with char(R) = 0.
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Bivariate integer-linear decomposition

Definition.
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Bivariate integer-linear decomposition
Definition. p € R[x,y] irreducible, is integer-linear over R if
p = P(Ax + py)

» P(z) € R[z] irreducible;
» (A u) € Z2.
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Bivariate integer-linear decomposition

Definition. p € R[x,y] is integer-linear over R if
m
p =] [Pihix + iy
i=1

» Pi(z) € R[z] irreducible; e; € Z7;
» [(Ai, pi)|e Z? coprime, p; > 0.

integer-linear types

Example. p = (4x — 6y +2)(3x + 6y + 1)((x +2y)2 + 1)
p =Pi(—2x+3y) - P2(x + 2y) - P3(x + 2y)
with Py(z) = —2z+42, P2(z) =3z+ 1, P3(z) = 2% + 1.
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Bivariate integer-linear decomposition

Definition. p € R[x,y] admits the integer-linear decomposition
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Applications

» Integer-linearity
» Ore-Sato theorem (Orel1930, Sato1990)

» Wilf-Zeilberger's conjecture (Abramov& Petkoviek2001,
Abramov&Petkoviek2002, Chen&Koutschan2019)

» Applicability of Zeilberger's algorithm
(Abramov2003, Chen,Hou,H.,Labahn&Wang2019)

Huang, SCG, UW Integer-Linear Decomposition

3/15



Applications

» Integer-linearity
» Ore-Sato theorem (Orel1930, Sato1990)

» Wilf-Zeilberger's conjecture (Abramov& Petkoviek2001,
Abramov&Petkoviek2002, Chen&Koutschan2019)

» Applicability of Zeilberger's algorithm
(Abramov2003, Chen,Hou,H.,Labahn&Wang2019)

» Integer-linear decomposition

» Ore-Sato decomposition (Paynel997)
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Previous work

Goal. Given p € Rx,y], find p = cPo(x,y) [Ti%; Pi(Aix + miy).
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r=Ai/m & contx(p(x,y—x)) ¢ R
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T=A/W & conty(p(x,y—71x)) ¢R
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» Li-Zhang (2013) kth homogeneous component

d
p=P\x+wy) < p=) olldx+m)*
k=1
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Previous work
Goal. Given p € Rx,y], find p = cPo(x,y) [Ti%; Pi(Aix + miy).
» Abramov-Le (2002)
T=A/W & conty(p(x,y—71x)) ¢R

» Find candidates for the (Ai, i) via resultant

» Compute Pi(z) = prim, (contX (p(x, Fl%(Z — Aix))))

» Li-Zhang (2013) kth homogeneous component

d
p=P\x+wy) < p=) olldx+m)*
k=1

» Full factorization of p
» Check integer-linearity of each irreducible factor
» Group factors of the same type
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Key observation

Given p € R[x,y] primitive w.r.t. y, want

m

p="Po(x,y) - HPi(AiX+ niy), K >0.

i=1
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Key observation
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» Squarefree part of leading homogeneous component
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i=1

i=1
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» Require: R admits effective rational root finding
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Key observation

Given p € R[x,y] primitive w.r.t. y, want

m
p="Polx,y)- HPi(AiX+ Hiy), Hi>0.
i=1
» Squarefree part of leading homogeneous component

m

Y [Joax+wy) < Po(l,z) [[[NTF k2
i=1

i=1

z=—N/1
» Require: R admits effective rational root finding

e.g., Z, Zlxiy...,xnl, Q(a) with o an algebraic number
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Algorithm BivariatelLD

Input. p € R[x,yl and R admits effective rational root finding.

Output. The integer-linear decomposition of p.
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Algorithm BivariatelLD

Input. p € R[x,yl and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p € R, return p; else ¢ = conty,(p) and Py =p/c.
2 If conty(Po) or conty(Po) # 1, update Pry (AmXx + 1my) and Po.

3 If Po=1, return ¢ [T%; Pi(Aix + wiy).

Huang, SCG, UW Integer-Linear Decomposition 6/15



Algorithm BivariatelLD

Input. p € R[x,yl and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p € R, return p; else ¢ = conty,(p) and Py =p/c.
2 If conty(Po) or conty(Po) # 1, update Pry (AmXx + 1my) and Po.
3 If Po=1, return ¢ [T%; Pi(Aix + wiy).

4 Compute the leading homogeneous component g of Py.

Huang, SCG, UW Integer-Linear Decomposition 6/15



Algorithm BivariatelLD

Input. p € R[x,yl and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p € R, return p; else ¢ = conty,(p) and Py =p/c.

2 If conty(Po) or conty(Po) # 1, update Pry (AmXx + 1my) and Po.
3 If Po=1, return ¢ [T%; Pi(Aix + wiy).

4 Compute the leading homogeneous component g of Py.

5 Find all nonzero rational roots {—A/u} of g(1,z).

Huang, SCG, UW Integer-Linear Decomposition 6/15



Algorithm BivariatelLD

Input. p € R[x,yl and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p € R, return p; else ¢ = conty,(p) and Py =p/c.

2 If conty(Po) or conty(Po) # 1, update Pry (AmXx + 1my) and Po.
3 If Po=1, return ¢ [T%; Pi(Aix + wiy).

4 Compute the leading homogeneous component g of Py.

5 Find all nonzero rational roots {—A/u} of g(1,z).

6 For each —A/y, if conty (Po(ux,z — Ax)) € R, update

Pn(Amx+ wmy) and Py =Po/Pum(Ax + pny).

Huang, SCG, UW Integer-Linear Decomposition 6/15



Algorithm BivariatelLD

Input. p € R[x,yl and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p € R, return p; else ¢ = conty,(p) and Py =p/c.

2 If conty(Po) or conty(Po) # 1, update Pry (AmXx + 1my) and Po.
3 If Po=1, return ¢ [T%; Pi(Aix + wiy).

4 Compute the leading homogeneous component g of Py.

5 Find all nonzero rational roots {—A/u} of g(1,z).

6 For each —A/y, if conty (Po(ux,z — Ax)) € R, update

Pn(Amx+ wmy) and Py =Po/Pum(Ax + pny).

7 return cPo [ 1%, Pi(Aix + wiy).
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Complexity over Z (word operations)

Given p € Z[x,y] with deg, (p) =d and |Ipllec = B.

BivariatelLD Abramov-Le Li-Zhang

O~ (d3logp) O~ (d* + d3log B) O~ (d” log B)

Recall
» word length of nonzero a € Z: O(log|al);

» max-norm of p = Zi,jzo pijxiyj € ZIx,yl: [Ipllec = maxi j>o [pijl-
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Multivariate integer-linear decomposition

Definition. p € R[x1,...,xn] admits the integer-linear decomposition

m
p=c-Po(X1y.euyXn)- HPi(?\i]X] + 4+ AinXn)
i=1
with
» c€R,;

» Po € Rx1,...,xn] primitive and merely having non-integer-linear
factors except for constants;

» Pi(z) € R[z] non-constant and primitive;

» (Ai1,...,Ain) € Z™ distinct integer-linear types.
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Multivariate integer-linear decomposition

Definition. p € R[x1,...,xn] admits the integer-linear decomposition

m
p=c-Polxi,.esxn) - [ [P 4+ + Ainxn)
i1
with
> ceR;

» Po € Rx1,...,xn] primitive and merely having non-integer-linear
factors except for constants;

» Pi(z) € R[z] non-constant and primitive;
» [(Ai1y.--yAin)|€ Z™ distinct integer-linear types.

g(‘d(}\i],.. -a)\in) =1 and }\i.TL > 0

‘p is integer-linear over R & Py =1
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An appealing idea

Given p € R[x1,...,%n] primitive w.r.t. x,,, want

m

P="Po(x1,...,%n) - HPiU\ﬂX] + 4+ AinXn)y,  Ain > 0.

i=1
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m
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» Squarefree part of leading homogeneous component

m
Po(x1,. H[ 11X1 +"'+7\inxn)]
i=1
» Compute Pi(z) from conty, . x, , of
PAIMXTy ooy AMinXn—1,Z = Aj1X1 — - — Ay n—1Xn—1)

Huang, SCG, UW Integer-Linear Decomposition

9/15



An appealing idea

Given p € R[x1,...,%n] primitive w.r.t. x,,, want

m

P="Po(x1,...,%n) - HPiU\i]X] +- 4+ Ainxn),  Ain >0.

i=1

» Squarefree part of leading homogeneous component

m
Po(x1,. H[ 11X1 +"‘+7\inxn)]
i=1
» Compute Pi(z) from conty, . x, , of
PAIMXTy ooy AMinXn—1,Z = Aj1X1 — - — Ay n—1Xn—1)

(Inefficient in high dimension!!!|

Huang, SCG, UW Integer-Linear Decomposition

9/15



A proposition by Abramov-Petkovsek (2002)

Let p € RIx7,...,xn]. Then
p=PAix1+ -+ Axn)
g}
P = Pijlogjxi + Bijxj) forany 1<i<j<mn
where
» P(z) € Rlzl, A\; € Z;
P Pij(z) € RIX1,y ey Xim 1y Xk Ty e ooy Xj— 1 Xj 1y - - -y Xl [2];

> i, By € Z.
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Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example
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((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

» P € Zlx3,xallx1,%2]

((x1 —2x2)x3 +x4)((4x7 — 8x2 — 63 +5X4)2 + 1) (2x71 —4x2 — 3x3)

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

» P € Zlxz,xallx1,x2]

T v R + 50+ 1) G )

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

» p =P(—x1 + 2x2) with

P(z) = (—zx3 + xa)((—4z — 6x3 + 5%4)% + 1) (=22 — 3x3)

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

» p =P(—x1 + 2x2) with

P(z) = (—zx3 + xa)((—4z — 6x3 + 5%4)% + 1) (=22 — 3x3)

» P(z) € Z[x4]lz, x3]

(—2zx3 + x4)((—4z — 6x3 + 5x4)% + 1)(—22 — 3x3)

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

» p =P(—x1 + 2x2) with

P(z) = (—zx3 + xa)((—4z — 6x3 + 5%4)% + 1) (=22 — 3x3)

» P(z) € Zlx4llz, x3]

(—zx3 +X4)({—4z—6X3 +5%x4)% + 1)

Huang, SCG, UW Integer-Linear Decomposition 11/15



Example

Consider

((x1 — 2x2)x3 4+ x4) ((4x7 — 8%2 — 6X3 + 5%4)% + 1)(2x7 — 4x2 — 3x3)

P

» p =P(—x1 + 2x2) with

P(z) = (—zx3 + xa)((—4z — 6x3 + 5%4)% + 1) (=22 — 3x3)
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Pi(z,x3) = —zx3 +x4 and Pi(z) = ((—2z +5x4)* + 1)(—2)
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Algorithm MultivariatelLD

Input. p € R[x1,...,xn] and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1

S 0 AW N

o N

If p € R, return p; else ¢ = conty, ..., (p) and p =p/c.

If n =1, return. If n =2, call BivariatelLD on p and return.
Call algorithm recursively on conty, «, (p) and update Py, p.
If p=1, return cPo [T\ Pi(Au1xq 4+ -+ 4 AinXn ).

Set A1 ={((1),p(x0,X2,.-.,%Xn))} with xo an indeterminate.

For k = 1,...,“—1 and ((uh"')Hk)»h(XO)Xk+1)"')Xn)) € Ax,
call BivariatelLD with input h(xo,xx1) and update Po, Ay 1.

For ((M»---)Hn),h(xo)) € /\nv Update Pm(}\mlxl +"'+}\mnxn)-

return cPo [[1%; Pi(Ai1x1 + - + AinXn ).
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Complexity over Z

Let p € Z[x1,...,xn]. Then the algorithm MultivariatelLD takes

o(1)
(n+10g [Pl + degy, ..., (P))

word operations.

Huang, SCG, UW Integer-Linear Decomposition 13/15



Timings (in seconds)

Test suite: p = Po(x1,... ,Xn)HPi()\i]X] + oo+ AinXn)

i=1

» Pi(z) = fu(z)fi2(z)fiz(z), n,m €N,
> degxl,...,xn(PO) = do and degz(fij) :] -d.

(n,m, do, d) AL LZ MILD
2, 2 ) 225 339  0.77
(2,2, 5, 15) 972 13.80  2.82
(2,2,5,20) | 4420 3580  6.68
(2,3,10,10) | 1080 1340  3.14
(2,3,20,10) | 17.10 16.00  3.80
(2,3,30,10) | 19.40 18.00  5.32
(2, 2,
(23
(2,4
(3,2
(4,2

20,15) | 1520 16.00  3.34
129.00 62.00 14.80
.20, 15) | 801.00 181.00  47.40
,5) 671 1080 252
,5) | 710.00 657.00 440.00
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Timings (in seconds)
m
Test suite: p = Po(x1,... ,Xn)HPi()\ﬂX] + oo+ AinXn)
i=1
» Pi(z) = fur(2)fi2(2)fi3(z), n,m €N,
> degx|,...,xn(P0) = do and degz(fij) :] -d.

n,m, do, d) AL LZ MILD
12, 5, 10) 225 339  0.77

5, 15) 972 1380  2.82
2.5.20) | 4420 3580  6.68
,3,10,10) | 10.80 1340  3.14

, 20, 10) 17.10  16.00 3.80
, 30, 10) 19.40  18.00 5.32
, 20, 15) 1520  16.00 3.34
20, 15) | 129.00 62.00  14.80

P OODNDDNMDDNOMNNNDNNDONDNDNODN
NN PODNDLOWLWLODNDDNDDN

NN N N N N S S S~ —

,4,20,15) | 801.00 181.00  47.40
,2,5,5) 671 10.80 252
,2,5,5) | 710.00 657.00 440.00
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Summary

Results.
» An efficient algorithm for bivariate integer-linear decomposition

» Generalized to handle general multivariate polynomials as well

Future work.

» g-Integer-linear decomposition for multivariate polynomials
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