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Bivariate integer-linear decomposition

Definition.

p ∈ R[x, y] irreducible, is integer-linear over R if

p = P(λx+ µy)

P(z) ∈ R[z] irreducible;

ei ∈ Z+;

(λ, µ) ∈ Z2.

coprime, µ ≥ 0, distinct.

Example. p =

(

4x− 6y+ 2

)(3x+ 6y+ 1)((x+ 2y)2 + 1)

(3xy+ 3)

p = P(4x− 6y)

with P(z) = z+ 2.
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Bivariate integer-linear decomposition

Definition. p ∈ R[x, y](((((irreducible, is integer-linear over R if

p =

m∏
i=1

Pi(λix+ µiy)
ei

Pi(z) ∈ R[z] irreducible; ei ∈ Z+;
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Bivariate integer-linear decomposition

Definition. p ∈ R[x, y] admits the integer-linear decomposition

p = c · P0(x, y) ·
m∏
i=1

Pi(λix+ µiy)

c ∈ R; P0 ∈ R[x, y] primitive and merely having non-integer-linear
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Applications

Integer-linearity

Ore-Sato theorem (Ore1930, Sato1990)

Wilf-Zeilberger’s conjecture (Abramov&Petkovšek2001,
Abramov&Petkovšek2002, Chen&Koutschan2019)

Applicability of Zeilberger’s algorithm
(Abramov2003, Chen,Hou,H.,Labahn&Wang2019)

Integer-linear decomposition

Ore-Sato decomposition (Payne1997)

Creative telescoping algorithm (Le2003, GHLZ2019)
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Previous work

Goal. Given p ∈ R[x, y], find p = cP0(x, y)
∏m
i=1 Pi(λix+ µiy).

Abramov-Le (2002)

r = λi/µi ⇐⇒ contx(p(x, y− rx)) /∈ R

Find candidates for the (λi, µi) via resultant

Compute Pi(z) = primz

(
contx

(
p(x, 1

µi
(z − λix))

))

Li-Zhang (2013)

p = P(λx+ µy) ⇐⇒ p =

d∑
k=1

ck

kth homogeneous component

(λx+ µy)k

Full factorization of p

Check integer-linearity of each irreducible factor

Group factors of the same type
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Key observation

Given p ∈ R[x, y] primitive w.r.t. y, want

p = P0(x, y) ·
m∏
i=1

Pi(λix+ µiy), µi > 0.

Squarefree part of leading homogeneous component

P̃0(x, y)·
m∏
i=1

(λix+ µiy)

⇐⇒ P̃0(1, z) ·
m∏
i=1

(λi + µiz)

Require: R admits effective rational root finding

e.g., Z, Z[x1, . . . , xn], Q(α) with α an algebraic number
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Algorithm BivariateILD

Input. p ∈ R[x, y] and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p ∈ R, return p; else c = contx,y(p) and P0 = p/c.

2 If contx(P0) or conty(P0) 6= 1, update Pm(λmx+ µmy) and P0.

3 If P0 = 1, return c
∏m
i=1 Pi(λix+ µiy).

4 Compute the leading homogeneous component g̃ of P0.

5 Find all nonzero rational roots {−λ/µ} of g̃(1, z).

6 For each −λ/µ, if contx(P0(µx, z− λx)) /∈ R, update

Pm(λmx+ µmy) and P0 = P0/Pm(λx+ µy).

7 return cP0
∏m
i=1 Pi(λix+ µiy).
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Complexity over Z (word operations)

Given p ∈ Z[x, y] with degx,y(p) = d and ||p||∞ = β.

BivariateILD Abramov-Le Li-Zhang

O∼(d3 logβ) O∼(d4 + d3 logβ) O∼(d7 logβ)

Recall

word length of nonzero a ∈ Z: O(log |a|);

max-norm of p =
∑
i,j≥0 pijx

iyj ∈ Z[x, y]: ||p||∞ = maxi,j≥0 |pij|.
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Multivariate integer-linear decomposition

Definition. p ∈ R[x1, . . . , xn] admits the integer-linear decomposition

p = c · P0(x1, . . . , xn) ·
m∏
i=1

Pi(λi1x1 + · · ·+ λinxn)

with

c ∈ R;

P0 ∈ R[x1, . . . , xn] primitive and merely having non-integer-linear
factors except for constants;

Pi(z) ∈ R[z] non-constant and primitive;

(λi1, . . . , λin) ∈ Zn distinct integer-linear types.

p is integer-linear over R ⇐⇒ P0 = 1
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An appealing idea

Given p ∈ R[x1, . . . , xn] primitive w.r.t. xn, want

p = P0(x1, . . . , xn) ·
m∏
i=1

Pi(λi1x1 + · · ·+ λinxn), λin > 0.

Squarefree part of leading homogeneous component

P̃0(x1, . . . , xn) ·
m∏
i=1

(λi1x1 + · · ·+ λinxn)

Compute Pi(z) from contx1,...,xn−1
of

p(λinx1, . . . , λinxn−1, z− λi1x1 − · · ·− λi,n−1xn−1)

Inefficient in high dimension!!!
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A proposition by Abramov-Petkovšek (2002)

Let p ∈ R[x1, . . . , xn]. Then

p = P(λ1x1+ · · ·+ λnxn)

m
p = Pij(αijxi + βijxj) for any 1 ≤ i < j ≤ n

where

P(z) ∈ R[z], λi ∈ Z;

Pij(z) ∈ R[x1, . . . , xi−1, xi+1, . . . , xj−1, xj+1, . . . , xn][z];

αij, βij ∈ Z.
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Example

Consider

((x1 − 2x2)x3 + x4)((4x1 − 8x2 − 6x3 + 5x4)
2 + 1)(2x1 − 4x2 − 3x3)

p ∈ Z[x3, x4][x1, x2]

= P(−x1 + 2x2) with

((x1 − 2x2)x3 + x4)((4x1 − 8x2 − 6x3 + 5x4)
2 + 1)(2x1 − 4x2 − 3x3)

P(z) ∈ Z[x4][z, x3]

(−zx3 + x4)((−4z− 6x3 + 5x4)
2 + 1)(−2z− 3x3)

P ′1(z) ∈ Z[z, x4]

((−2z+ 5x4)
2 + 1)(−z)
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Algorithm MultivariateILD

Input. p ∈ R[x1, . . . , xn] and R admits effective rational root finding.

Output. The integer-linear decomposition of p.

1 If p ∈ R, return p; else c = contx1,...,xn(p) and p = p/c.

2 If n = 1, return. If n = 2, call BivariateILD on p and return.

3 Call algorithm recursively on contx1,x2(p) and update Pi, p.

4 If p = 1, return cP0
∏m
i=1 Pi(λi1x1 + · · ·+ λinxn).

5 Set Λ1 = {((1), p(x0, x2, . . . , xn))} with x0 an indeterminate.

6 For k = 1, . . . , n− 1 and ((µ1, . . . , µk), h(x0, xk+1, . . . , xn)) ∈ Λk,
call BivariateILD with input h(x0, xk+1) and update P0, Λk+1.

7 For ((µ1, . . . , µn), h(x0)) ∈ Λn, update Pm(λm1x1+ · · ·+ λmnxn).

8 return cP0
∏m
i=1 Pi(λi1x1 + · · ·+ λinxn).
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Complexity over Z

Let p ∈ Z[x1, . . . , xn]. Then the algorithm MultivariateILD takes(
n+ log ||p||∞ + degx1,...,xn(p)

)O(1)

word operations.
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Timings (in seconds)

Test suite: p = P0(x1, . . . , xn)

m∏
i=1

Pi(λi1x1 + · · ·+ λinxn)

Pi(z) = fi1(z)fi2(z)fi3(z), n,m ∈ N,

degx1,...,xn(P0) = d0 and degz(fij) = j · d.

(n,m, d0, d) AL LZ MILD
(2, 2, 5, 10) 2.25 3.39 0.77
(2, 2, 5, 15) 9.72 13.80 2.82
(2, 2, 5, 20) 44.20 35.80 6.68
(2, 3, 10, 10) 10.80 13.40 3.14
(2, 3, 20, 10) 17.10 16.00 3.80
(2, 3, 30, 10) 19.40 18.00 5.32
(2, 2, 20, 15) 15.20 16.00 3.34
(2, 3, 20, 15) 129.00 62.00 14.80
(2, 4, 20, 15) 801.00 181.00 47.40
(3, 2, 5, 5) 6.71 10.80 2.52
(4, 2, 5, 5) 710.00 657.00 440.00
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Summary

Results.

An efficient algorithm for bivariate integer-linear decomposition

Generalized to handle general multivariate polynomials as well

Future work.

q-Integer-linear decomposition for multivariate polynomials
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