New Bounds for Hypergeometric
Creative Telescoping

Hui Huang

KLMM, AMSS, Institute for Algebra,
Chinese Academy of Sciences Johannes Kepler University



Outline

» Modified Abramov—Petkoviek reduction

» Reduction-based creative telescoping

» Upper and lower order bounds for minimal telescopers

Huang, CAS & JKU Reduction & Telescoping 2/20



Outline

» Modified Abramov—Petkoviek reduction

» Reduction-based creative telescoping

» Upper and lower order bounds for minimal telescopers

Notation. For f(y),

oy(f) :=~f(y+1) and Ay(f):=Ffly+1)—~(y).

Huang, CAS & JKU Reduction & Telescoping

2/20



Hypergeometric summability

Definition. A nonzero term T(y) is hypergeometric over C(y) if

Oy (T)
T

€ Cly).

Example. T € C(y)\ {0}, y!, (}), ...

Definition. A hypergeom. term T(y) is summable if

T(y) = Ay(hypergeom.).

Example. y-y! = (y+ 1)! —y! is summable; but y! is not.
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Multiplicative decomposition

Definition. u/v € C(y) is shift-reduced if

YleZ, ged <v, 0'5(11)) =1.

For a hypergeom. term T(y), 3 K, S € C(y) with K shift-reduced

s.t.
Uy(H) —K

T=SH, where

Call
» K, a kernel of T

b S, the corresponding shell of T
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Modified A.-P. reduction (CHKL2015)

Theorem. Let T(y) be hypergeom. with a multi. decomp.

Gy(H) '

u
T=SH d —:=
S an "

Then 3 a,b, q € Cly] with deg,(a) < deg,(b) s.t.
T=a() + (3+)H
summable part  non-summable part

Moreover,
T is summable & a=q =0.
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Modified A.-P. reduction (CHKL2015)

Theorem. Let T(y) be hypergeom. with a multi. decomp.

Gy(H)
T

Then 3 a,b, q € Cly] with deg,(a) < deg,(b) s.t.

- s - G

summable part remainder

T=SH and

Moreover,
T is summable & a=q =0.

Note. b, q satisfy shift-free, strongly-prime and other conditions.
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Term bound for g

Notation. (lverson bracket)

[[“‘ﬂ:{] if --- i.strue

0 otherwise

Proposition.
max (deg (u), deg, (v ))
terms of < Y Y
# @ = —[deg, (uw—v) < deg,(u) —1].
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Bivariate hypergeometric terms

Definition. A nonzero term T(x,y) is hypergeometric over C(x,y)
if
ox(T) Oy (T)
T T

€ C(x,y).

Creative-telescoping problem. Given T(x,y) hypergeom. , find a
nonzero operator L € C(x)(oy) s.t.

L(T) = Ay(G) for some hypergeom. term G(x,y)
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Existence of telescopers

Definition. p € C[x,y] is integer-linear if

p= H(qu + Biy +vi)

1

where &4, 3; € Z and y; € C.

Existence criterion (Wilf&Zeilberger1992, Abramov2003).
Assume applying modified A.-P. reduction yields

T:Ay(--~>+<%+%) H.

T has a telescoper & b is integer-linear.

Then
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T w.r.t. y with order p.
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T w.r.t. y with order p.

Idea. Set T = SH, a multi. decomp. and u/v = oy(H)/H

co(x) T=Ay(---

~~
~—
+
o
o
Ko
N
‘ )
o
+
0
o
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T w.r.t. y with order p.

Idea. Set T = SH, a multi. decomp. and u/v = oy(H)/H

co(x) oR(T) = Ay () +cp(x) (ap 4 dp

Y Y
(é ci(x)(f}(> (T) = Ay<-~) n (Z ¢(x) (;‘] n ij>)H
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T w.r.t. y with order p.

Idea. Set T = SH, a multi. decomp. and u/v = oy(H)/H

P
Z ci(x)oy is a telescoper for T
i=0
:H: MAP reduction

p . .
E C]'(X) ((1)+q]>:0
. b] A%
j=0
T gedby,v) =1

co(x)m-l----—i—cp(x)a

CO(X)qO(X)U) + - +CP(X)qP(X)U) =0
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Example

Consider

T= .
X+ 2y
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Example

Consider :
T= y!
X+ 2y Y
» A multi. decomp. T = SH where
1
S —
X+ 2y

and

H
Hey with 2 g

H

P u:=y+1landv:=1.
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Example

Consider
T= y!
X+ 2y Y
2 0
T=A - |H
y(go) + <X+2y + v)
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Example

Consider

T= -yl
X+ 2y Y

2 0
colx): <x+2y + v)

+ () #_‘_9
arx x+2y+1 v
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Example

Consider :
T= -y!
X+ 2y Y
2 0
co(x)- < 5 + )
Xty v [No solution in (C(x)!]

+ () #_‘_9
arx x+2y+1 v
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Example

Consider

oM =8y @)+ (g )
(M) =y (92) + (5 + 20
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Example

Consider B '
Tx+2y 7
s (g
ox(T) =4y lg1) + (x+22y+1 +S>
() =y (g2) + (o + ¥
w21 =y (g2) + (Lo +
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Example

Consider :
= .u!
x+2y 7
) 2 0
Cotx): <x+2y +v>
2 0
+C‘(X)'(x+2y+1 +v>
—4/x  2/x
+e2(x)- (x—i—Zy v)
—4/(x+1) 2/(x+1)
+C3(X).(_x+2y+1 + v >
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Example

Consider

A/ x+1) 2/(x+1)>
+
X+2y+1 v
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Example

Consider

T= -yl
X+ 2y Y

Therefore,

» a minimal telescoper for T w.r.t. y is

L=(x+1)-02—x-02+2-0,—2
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Example

Consider :

T=
X+ 2y

y!

Therefore,

» a minimal telescoper for T w.r.t. y is
L=(x+1)-02—x-02+2-0,—2

b the corresponding certificate is

G=(x+1)-g3—x-g2+2-91—2-9o
2y!
(x+2y)(x+2y+1)
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Relationship among remainders

Definition (shift-related). Let f, g € C(x)[y] be shift-free w.r.t. y.

multi-set

non-trivial irred.
monic factors of f
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Relationship among remainders
Definition (shift-related). Let f, g € C(x)[y] be shift-free w.r.t. y.

multi-set multi-set

non-trivial irred.
monic factors of g

q

non-trivial irred.
monic factors of f

P
PZUS(CI)»EEZ

Proposition. T = SH a multi. decomp. and u/v = oy(H)/H. Let
LTy =A (- qi
GX(T)—AU( )+<bi v)H Vie N.

Then by = ot(by), VieN.
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Relationship among remainders
Definition (shift-related). Let f, g € C(x)[y] be shift-free w.r.t. y.

multi-set multi-set

non-trivial irred.
monic factors of g

q

non-trivial irred.
monic factors of f

P
PZUS(Q)JEZ

Proposition. T = SH a multi. decomp. and u/v = oy(H)/H. Let

G;(T):Ay(")Jr (3)1>H Vi e N.

(b integer-linear]

Then b; ~, oi(bp), VieN. integer-linear
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Upper bound

Example (cont.). T=y!/(x+ 2y).
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Upper bound
Example (cont.). T=y!/(x+ 2y).
» Modified A.-P. reduction:

T=A(go) + <ao+qo> H with by =x+2y.
bo A%
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Upper bound
Example (cont.). T=y!/(x+ 2y).

» Modified A.-P. reduction:

T = Algo) + <a°+‘1°> H with bo=x+2y.

bo
b dpe N st
I (U RV G 9o _
o) (o ) et (24 ) =0

Huang, CAS & JKU Reduction & Telescoping 12/20



Upper bound
Example (cont.). T=y!/(x+ 2y).

» Modified A.-P. reduction:

T:A(go)—|—< qO)H with by = x + 2y.
bo v

b dpe N st
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Upper bound
Example (cont.). T=y!/(x+ 2y).

» Modified A.-P. reduction:

T:A(go)—|—< qO)H with by = x + 2y.
bo v

b dpe N st
o
co(x)—+ -+ cp(x) = =0
by
colx)qo+---+cplx)gp =0

» Property. by =x+2y orx+2y+1.
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Upper bound

Example (cont.). T=y!/(x+ 2y).

co(x)qo+ -+ cp(x)gqp =0

Huang, CAS & JKU Reduction & Telescoping

12/20



Upper bound

Example (cont.). T=y!/(x+ 2y).

Ftvars = p + 1
co(x)qo+---+cplx)qp =0

Huang, CAS & JKU Reduction & Telescoping

12/20



Upper bound

Example (cont.). T=y!/(x+ 2y).

/ﬂ\ Prop. bj = x+2yorx+ 2y + 1
ao
0

Ftvars = p + 1 CO(X)F+"‘+Cp(X)E—z:0

co(x)qo+ -+ cp(x)gqp =0
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Upper bound

Example (cont.). T=y!/(x+ 2y).

common denom. B = (x +2y)(x + 2y + 1)

/ﬂ\ Prop. bj = x+2yorx+ 2y + 1

Qo 4 ... 9 __
Hvars = p + 1 co(x)bo + +cp(x)bp =0

co(x)qo+ -+ cp(x)gqp =0
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Upper bound

Example (cont.). T=y!/(x+ 2y).

) degy (ai) < degy (by)
common denom. B = (x +2y)(x + 2y + 1)

/ﬂ\ Prop. bj = x+2yorx+ 2y + 1

0 4 ... G __
Ftvars = p + 1 co(x) 0 + +Cp(x)bp =0

co(x)qo+ -+ cp(x)gqp =0
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Upper bound

Example (cont.). T=y!/(x+ 2y).

#eqns over C(x) < 2
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Upper bound

Example (cont.). T=y!/(x+ 2y).

#eqns over C(x) < 2
) degy (ai) < degy (by)
common denom. B = (x +2y)(x + 2y + 1)

/ﬂ\ Prop. bj = x+2yorx+ 2y + 1

Ftvars = p + 1 CO(X)%+"'+Cp(X)%:O
co(x)qo + -+ + cp(x)qp =0

max (degy (u), degy (v )

Prop. # terms of q <
iL —[degy (1 —v) < degy (u) — 1]
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Upper bound

Example (cont.). T=y!/(x+ 2y).

#eqns over C(x) < 2
/ﬂ\ degy (ai) < degy (by)
common denom. B = (x +2y)(x + 2y + 1)
/ﬂ\ Prop. bj = x+2yorx+ 2y + 1
Qo 4 ... G _
Hvars = p + 1 co(x) b T T Cp(x)bp 0
colx)qo + -+ cplx)gp =0
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Prop. # terms of q <
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#eqns over C(x) <1
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Upper bound

Example (cont.). T=y!/(x+ 2y).

#eqns over C(x) < 2
/ﬂ\ degy (ai) < degy (by)
common denom. B = (x +2y)(x + 2y + 1)
/ﬂ\ Prop. bj = x+2yorx+ 2y + 1
ao ap __
co(x)p 4+ -+ cp(x)z2 =0
Hvars = p + 1 of )bo+ + ol )bp

#eqns over C(x) < 3 co(x)go+ -+ cplx)qe =0

max (degy (u), degy (v )

Prop. # terms of q <
iL —[degy (1 —v) < degy (u) — 1]

#eqns over C(x) <1
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Upper bound

Example (cont.). T=y!/(x+ 2y).

#eqns over C(x) < 2
/ﬂ\ degy (ai) < degy (by)
common denom. B = (x +2y)(x + 2y + 1)
/ﬂ\ Prop. bj = x+2yorx+ 2y + 1
ao ap __
co(x)p 4+ -+ cp(x)z2 =0
Hvars = p + 1 of )bo+ + ol )bp

#eqns over C(x) < 3 co(x)go+ -+ cplx)qe =0

max (degy (u), degy (v )

Prop. # terms of q <
iL —[degy (1 —v) < degy (u) — 1]

#eqns over C(x) <1

Conclusion. Upper bound is 3.
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New upper bound

Theorem. Assume applying modified A.-P. reduction yields

T:Ay<~--)+<gz+io>H,

where by = c [ [}, Hg;o(oqx + Biy + vi + k)€i%, and for each
i #£], either

o F o or By FEP; or yi—vj ¢ Z.

Then the order of a minimal telescoper for T w.r.t. y is no more
than

BNew = max{degy( u),deg, (v)} — [deg, (u—v) < deg, (u) — 1]

+ Z Bi-  max {eud
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Apagodu-Zeilberger upper bound (2005)

Definition. A hypergeom. term T is said to be proper if it is of the
form

™ (o ( N(Bix — B! 8]
T:p(x,y)H(OClX—i_aly_‘_al )’(le Bly+[31)'zy

o1 (ko wy + ) vix = viy +v{)!

Theorem. Assume T is generic proper hypergeom. . Then the
order of a minimal telescoper for T w.r.t. y is no more than

Baz = max {Z(oc{ +vi), > (B{+ u{)} :

i=1 i=1
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form

™ (o ( N(Bix — B! 8]
T:p(x,y)H(OClX—i_aly_‘_al )’(le Bly+[31)'zy

o1 (ko wy + ) vix = viy +v{)!

M <ij<mst
fvi=y & o = uj’ & of — uj” € N}
{Bi =Vj & B{ :'V)-” & B{’—V)-” € N}

Theorem. Assume T is|generic|proper hypergeom. . Then the
order of a minimal telescoper for T w.r.t. y is no more than

Baz = max {Z(oc{ +vi), > (B{+ u{)} :

i=1 i=1

Huang, CAS & JKU Reduction & Telescoping 14/20



New upper bound v.s. Apagodu-Zeilberger's

New AZ Order

proper BNew BAZ < BNeW

non-proper

example
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New upper bound v.s. Apagodu-Zeilberger's

New AZ Order
BNew
proper [ Baz | < Brew
Baz—[deg, (w—v) < deg, (u) — 1]
non-proper Brew ? | < BNew
T 9 10 9
Example.

T (x + 3y)!(x — 3y)!
' (5x + 3y)(3x —y) (4x — 3y)!(5x + 3y’
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Example.
2.2 2. 2 2
T, = XY ey oy Floy Xt o),
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New upper bound v.s. Apagodu-Zeilberger's

New AZ Order
BNew
proper [ Baz | < Brew
Baz—[deg, (w—v) < deg, (u) — 1]
non-proper Brew ? | < BNew
T3 3 ? 3
Example.

X+ 3y + 2xPy? + 2Py +xyz+2y3+x2+yz—x—yy'

Ts (x2+y+1)(x2+y)(x+2y)
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Lower bound

Example (cont.). T=y!/(x+ 2y).
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Lower bound
Example (cont.). T=y!/(x+ 2y).
» Modified A.-P. reduction:

T=A(go) + <ao+ QO> H with by =x+2y.
bo A%
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LLower bound
Example (cont.). T=y!/(x+ 2y).

» Modified A.-P. reduction:

T = Algo) + <a°+‘1°> H with bo=x+2y.

bo
b dpe N st
I (U RV G 9o _
o) (o ) et (24 ) =0
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Lower bound

Example (cont.). T =y!/(x + 2y).

» Modified A.-P. reduction:

T:A(go)—|—< qO)H with by = x + 2y.
bo v

b dpe N st
co(x)—=+ - +cp(x)—==0
o) (5
(x)go + - -+ cplx)gp =0
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Lower bound

Example (cont.). T =y!/(x + 2y).

» Modified A.-P. reduction:

T:A(go)—|—< qO)H with by = x + 2y.
bo v

b dpe N st
o
co(x)—+ -+ cp(x) = =0
by
colx)qo+---+cplx)gp =0

» Property. by =x+2y orx+2y+1.
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Lower bound

Example (cont.). T=y!/(x+ 2y).
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Lower bound

Example (cont.). T=y!/(x+ 2y).

ap a; a
coX) =+ A ciX)— 4+ cp(x) 2 =0
bo by b,
T WD&b0:X+2gT
N
Ji,s.t. by = by
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Lower bound

Example (cont.). T=y!/(x+ 2y).

ap
bo
T PFD & by = x + 2y
Ji,s.t. by = by

U/ Prop. by =x+ 2y orx + 2y + 1

bt o) ()2 =0

co(x) X b,

— o

minimal 1 =2
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Lower bound

Example (cont.). T=y!/(x+ 2y).

a a a
co(x)b—z ~|—'--+c-l(x)b—1.L —|—---+cp(x)b—p =0
i P
T WD&b0:X+2gT
I
Ji,s.t. by = by

U/Prop. by =x+2yorx+2y+1

minimal 1 =2

Conclusion. Lower bound is 2.
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New lower bound

Theorem. Assume applying modified A.-P. reduction yields

T:Ay(---)+<gz+1°>H,

with by integer-linear. Then the order of a telescoper for T w.r.t. y
is at least

3 . P
Jmaxwin {p € NA{0): o} (p) | o2(bo) }

deg, (p) > 1
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Abramov-Le lower bound (2005)

Theorem. Assume applying modified A.-P. reduction yields

T:Ay(--')+<bo q°>H Ay(- )+§§H’,

with by integer-linear, a) = aov + boqo and H' = H/v. Let

¢’ ox(H’)

AT

Then the order of a telescoper for T w.r.t. y is at least

ol (p) | o2 (bo)

max I}ILH% p e N\{0}: or
| by irred. S 1
dogy (p) = 1 o(p) | 0% (d")
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New lower bound v.s. Abramov-Le's

New AL Order
maxp minp max, minp
hypergeom. {p : O‘S(p) | Gﬁ(bo)} { ol (p) | 0% (bo) } > ..
p: or
oh(p) o "(d")
example
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New lower bound v.s. Abramov-Le's

New AL Order
maxp minp max, minp
hypergeom. | {p:oy(p)|ol(bo)} { ol (p) | 0% (bo) } > ..
p: or
oh(p) o "(d")
T 7 3 17
Example.
1

h= (x+3y+ 1)(5x — 7y)(5x — 7y + 14)!”
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New lower bound v.s. Abramov-Le's

New AL Order
maxp minp max, minp
hypergeom. | {p: oy (p)|o%(bo)} { ol (p) | 0% (bo) } > ..
p: or
of(p) | of ' (a")
T 12 3 29
Example.
T — 1
27 (x+5y + 1)(5x — 12y)(5x — 12y + 24)!”
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New lower bound v.s. Abramov-Le's

New AL Order
maxp minp max, minp
hypergeom. | {p: oy (p)|o%(bo)} { ol (p) | 0% (bo) } > ..
p: or
ol(p) 0§ 1 (d")
T3 104 2 o4
Example.
1 .
T; = o >2in N.

(x — oy — a)(x — oy —2)!

Huang, CAS & JKU Reduction & Telescoping 19/20



Summary

Result.

» Order bounds for minimal telescopers

Future work.

b Creative telescoping for g-hypergeometric terms
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