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Notation. For f(y),

o (f):=f(y+1) and A (f):=f(y+1)—1f(y).
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Hypergeometric terms

Definition. A nonzero term T(y) is hypergeometric over C(y) if

A ¢ iy,

Example. T € C(y)\ {0}, y!, (%), ...

Definition. A hypergeom. term T(y) is summable if
T(y) = Ay (hypergeom.).

Example. y - y! = (y + 1)! — y! is summable; but y! is not.

Huang, CAS & JKU Reduction & Telescoping 3/19



Multiplicative decomposition

Definition. u/v € C(y) is shift-reduced if
VleZ, gcd (v,aﬁ(u)) =1

For a hypergeom. term T(y), 3 K,S € C(y) with K shift-reduced

s.t.
oy (H)

T = SH, where =K.

Call
» K, akernelof T

b S, the corresponding shell of T
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Modified A.-P. reduction (CHKL2015)

Theorem. Let T(y) be hypergeom. with multi. decomp.

H
T—sH with Y. o)
v H

Then 3 a, b, g € Cly] with deg,(a) < deg,(b) s.t.

Moreover,
T is summable < a=q9=0.
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Term bound for g

Notation. (Iverson bracket)

[[“.]]:{1 .-+ Is true

0 otherwise
Proposition.

max (deg, (u), deg, (v))
#remsofd S g, (u - v) < deg, () — 1].
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Bivariate hypergeometric terms

Definition. A nonzero term T(x,y) is hypergeometric over C(x, y)
if
ox(T) ay(T)
T T

€ C(x,y).

Creative-telescoping problem. Given T(x,y) hypergeom. , find a
nonzero operator L € C(x){oy) s.t.

L(T) = A,(G) for some hypergeom. G(x,y)
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Existence of telescopers

Definition. p € Cl[x, y] is integer-linear if

p=[](cix+ Biy +)

1

where «;, 8; € Z and ~v; € C.

Existence criterion (Wilf&Zeilberger1992, Abramov2003).

In the initial reduction

a0 q0
T=A,... —+ — | H.
}/( )+<b0+v>

Then

T has a telescoper < by is integer-linear.
Huang, CAS & JKU
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T with order p.
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T with order p.

Idea. Set T = SH, a multi. decomp.

Co(X) T

I
>
<
—/
;/
+
8
>
N—r
N
g|&
+
< |8
N———
I

cﬂx)aX(T)::Ay(n')—%cﬂx)<

%umgn:AAm)+qm<?+%>H
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T with order p.

Idea. Set T = SH, a multi. decomp.

r cO(X)TZAy( )—l—co(x) <£+?)H
N quwgn:AA )+m@<f+T>H

g@ﬁﬂﬂ;Adm>+qw<%+%>H

(z: c,-(x)a;> (M =a,(-)+ (
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Reduction-based telescoping (CHKL2015)

Goal. Given p € N, find a telescoper for T with order p.

Idea. Set T = SH, a multi. decomp.

p
ci(x)ol is a telescoper for T
i=0
)
p
94 9
. LU ) -0
, 5(x) (bj + v)
j=0

)

(IR T T S =0

c0(x)ao(x,y) + -+ + co(x)g(x,y) =0
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Example

Consider

T = :
X+ 2y
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Example

Consider )
T = -yl
X+ 2y Y
» A multi. decomp. T = SH where
_ 1
 x+2y
and .
H=yl with Uylg ) i1

P u:=y+1land v:=1.
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Example

Consider )
T = yl
X+ 2y Y
2 0
T=A ~)H
v(&0) + <x+2y i v)
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Example

Consider
1

T = :
X+ 2y

y!

T:Ay(go)+< 2 +0)H

xX+2y v

o(T) =4, (g1) + <2 + O)H

x+2y+1 v
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Example
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Example

Consider
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Example

Consider

co(x)- ( 2 + O)
0 X+2y v No solution in C(x)!
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Example

Consider
— 1 -yl
X+ 2y
2 0
T_Ay(g0)+<x+2y v)
2 0
oM =8, + (gt o)
—4/x 2/x
ATV =8, @)+ (i )
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Example

Consider

~—4/(x+1) . 2/(X+1)>H

x+2y+1 v
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Example

Consider
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Example

Consider

—4/(x+1) 2/(x+1)
_x—|—2y—|—1+ % )
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Example

Consider
1

T = :
X+ 2y

y!

Therefore,

b the minimal telescoper for T w.r.t. y is

L=(x+1)-02—x-024+2-0,—2

M
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Example

Consider

T x+ 2y
Therefore,
b the minimal telescoper for T w.r.t. y is
L=(x+1)-02—x-024+2-0,—2

b the corresponding certificate is

G=(x+1)-g3—x-@+2-g1—2-g
B 2y!
C(x+2y)(x+2y +1)
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Upper bound

Example (cont.). T = y!/(x + 2y).
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Upper bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

T = Ago) + <aO+qO)H with by = x + 2y.

bg v
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Upper bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

T = Ago) + <aO+qO)H with by = x + 2y.

bg v
» 3peNsit.
a0 9 a4 9 _
c:o(x)<b0+v>+ +cp(x)<bp+v> 0
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Upper bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

T = Ago) + <aO+qO)H with by = x + 2y.

bg v

» 3pe N st
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Upper bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

T = Ago) + <ZO+qO)H with by = x + 2y.
0 v

» JpeN* st
(R +- +G(x)% =0
co(x)qo + -+ + cp(x)g, = 0
b Property. by = x4+ 2y or x + 2y + 1.
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Upper bound

Example (cont.). T = y!/(x + 2y).
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Upper bound

Example (cont.). T = y!/(x + 2y).

Hvars = p+1
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Upper bound

Example (cont.). T = y!/(x + 2y).

’ﬂ‘ Prop. bj = x+2yorx+2y+1

a 4 ... dp _
Hvars = p+1 CO(X)bo + + Cﬂ(X)bZ =0

c(x)go+ -+ c(x)g, =0
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Upper bound

Example (cont.). T = y!/(x + 2y).

common denom. B = (x + 2y)(x + 2y + 1)

’ﬂ‘ Prop. bj = x+2yorx+2y+1

a 4 ... dp _
Hvars = p+1 CO(X)bo + + Cﬂ(X)bZ =0

c(x)go+ -+ c(x)g, =0
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Upper bound
Example (cont.). T = y!/(x + 2y).

TT deg (a;) < deg, (b;)
common denom. B = (x + 2y)(x + 2y + 1)

’ﬂ‘ Prop. bj = x+2yorx+2y+1

a 4 ... dp _
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Upper bound

Example (cont.). T = y!/(x + 2y).

#eqns over C(x) =2
ﬂ deg (a;) < deg, (b;)
common denom. B = (x + 2y)(x + 2y + 1)

’ﬂ‘ Prop. bj = x+2yorx+2y+1

a 4 ... dp _
Hvars = p+1 CO(X)bo + + CP(X)bZ =0

c(x)go+ -+ c(x)g, =0
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Upper bound

Example (cont.). T = y!/(x + 2y).

#eqns over C(x) =2
ﬂ deg, (a;) < deg, (b;)
common denom. B = (x + 2y)(x + 2y + 1)

’ﬂ‘ Prop. bj = x+2yorx+2y+1

#Hvars = p+1 CO(X)%—F +Cﬂ( )Fp =0

co(x)qo+ -+ cp(x)gp =0

U Prop. # terms of g < max (degy » degy (V) )
— [degy (u — v) < deg, (u) — 1]
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Upper bound

Example (cont.). T = y!/(x + 2y).

#eqns over C(x) =2
ﬂ deg, (a;) < deg, (b;)
common denom. B = (x + 2y)(x + 2y + 1)
’ﬂ‘ Prop. bj = x+2yorx+2y+1
a0 R dp _
#Hvars = p+1 CO(X)bO t T Cﬂ(X) b, 0
co(x)qo + -+ cy(x)g, =0

max (degy , degy, (v) )

Prop. # terms of g <
U/ p-# = —ﬂdeg(u—v)<deg (u) — 1]

#eqns over C(x) =1
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Upper bound

Example (cont.). T = y!/(x + 2y).

#eqns over C(x) =2
ﬂ deg, (a;) < deg, (b;)
common denom. B = (x + 2y)(x + 2y + 1)
’ﬂ‘ Prop. bj = x+2yorx+2y+1
a0 dp __
#Hvars = p+1 CO(X)bo+ +Cﬂ( )bp =0
eqns over C(x) = 3

#q () CO(X)qO+"'+Cﬂ(X)P:0

max (degy , degy, (v) )

Prop. # terms of g <
U/ p-# = —ﬂdeg(u—v)<deg (u) — 1]

#eqns over C(x) =1
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Upper bound

Example (cont.). T = y!/(x + 2y).

#eqns over C(x) =2
ﬂ deg, (a;) < deg, (b;)
common denom. B = (x + 2y)(x + 2y + 1)
’ﬂ‘ Prop. bj = x+2yorx+2y+1
ao ap _
x )20 .o X)£ =
Fvars = p+ 1 () -+ X5 =0

#eqns over C(x) = 3 co(x)go+ -+ cy(x)g, =0

max (degy , degy, (v) )

Prop. # terms of g <
U/ p-# = —ﬂdeg(u—v)<deg (u) — 1]

#eqns over C(x) =1

Conclusion. Upper bound is 3.
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New upper bound

Theorem. Assume T has initial reduction

d |, qo0
y( )+<bg+v>

with by = c [, H‘z’zo(a;x + Biy + i + k), and for each i # j,
either

ai#Faj or Bi#£B or vi— &L

Then the order of the minimal telescoper for T w.r.t. y is no more
than

Bnew :=max{deg, (u),deg,(v)} — [deg, (v — v) < deg (u) — 1]
+Y i jmax_ {cu}
i=1

<k<d;
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Apagodu-Zeilberger upper bound (2006)

Definition. A hypergeom. term T is said to be proper if it is of the
form

T (qix + aly + ) (Bix — Bly + ﬁf’)!zy

T =
P Ly i vy o)

Theorem. Assume T is proper hypergeom. . Then the order of the
minimal telescoper for T w.r.t. y is no more than

Baz = max { (o +vi), Y (Bi+ M:)} .

1 i=1

1
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New upper bound v.s. Apagodu-Zeilberger

New Apagodu-Zeilberger

proper Bnew Baz

non-proper

example
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New upper bound v.s. Apagodu-Zeilberger

New Apagodu-Zeilberger
BNew
proper I Baz
Baz—[deg,(u —v) < deg, (u) — 1]
non-proper Bnew ?
Ty 9 10
Example.

(x +3y)!(x — 3y)!
(5x + 3y)(3x — y)(4x — 3y)!(5x + 3y)!"

T =
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New upper bound v.s. Apagodu-Zeilberger

New Apagodu-Zeilberger
BNew
proper I Baz
Baz—[deg,(u —v) < deg, (u) — 1]
non-proper Bnew ?
T 5 6
Example.
(x +3y —1)12
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(By —2x —4)1(2x + 3y —

)0
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New upper bound v.s. Apagodu-Zeilberger

New Apagodu-Zeilberger
BNew
proper Il Baz
Baz—[deg,(u —v) < deg, (u) — 1]
non-proper Bnew ?
T3 3 ?
Example.

X3y +2x2 2 2%y + xy? +23 X2y —x—y )

£ 2ty + D02+ y)(x + 2y)
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Lower bound

Example (cont.). T = y!/(x + 2y).
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Lower bound

Example (cont.). T = y!/(x + 2y).
» Initial reduction:

0
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Lower bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

T = Ag) + (ao +q°> H with by = x+2y.

by v
» dpe N st
a | qo a4  9p
04 H0 it Shydr) —o
co(x)(b0+ V)+ +c,(x)(bp+ )
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Lower bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

0

» dpe N st
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Lower bound

Example (cont.). T = y!/(x + 2y).

» Initial reduction:

T = Ag) + (ao +q°> H with by = x+2y.

b v

» dpe N st

co(x)go + -+ + cy(x)gp, =0
» Property. by = x+ 2y or x + 2y + 1.
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Lower bound

Example (cont.). T = y!/(x + 2y).
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Lower bound

Example (cont.). T = y!/(x + 2y).

a aj a
Colx) g+ Gl ok Gx)3E =0
i P
T PFD & by = x + 2y T
I
3di,s.t. bj = bg
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Lower bound

Example (cont.). T = y!/(x + 2y).

a aj a
Colx) g+ Gl ok Gx)3E =0
i P
T PFD & by = x + 2y T

3di,s.t. bj = bg
U, Prop. bj = x+2yorx+2y+1

minimal i = 2
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Lower bound

Example (cont.). T = y!/(x + 2y).

ao a; a
()0 G+ ) =0
1
T PFD & by = x + 2y T
4
3di,s.t. bj = bg
U, Prop. bj = x+2yorx+2y+1
minimal i =2

Conclusion. Lower bound is 2.
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New lower bound

Theorem. Assume T has initial reduction

=) qo0
y( )+(b0+v> )

with by integer-linear w.r.t. y. Then the order of the minimal
telescoper for T w.r.t. y is at least

; . h p
, max ~ min {p € N\ {0} : oy(p) | Ux(bo)}

deg,(p) > 1
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Abramov-Le lower bound (2005)

Theorem. Assume T has initial reduction

/
T=A,(..)+ 24
bo

where
v o (H) < ox(H)
v H T d T H
with o', v/, ¢/, d" and bg integer-linear w.r.t. y. Then the order of
the minimal telescoper for T w.r.t. y is at least

o4(p) | o%(bo)

max min ¢ p € N\ {0} : or
bo irred.  h€Z 1
AR oh(p) | ot ()
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New lower bound v.s. Abramov-Le

New Abramov-Le
max, ming max, miny
lower bound | {p:af(p)|al(bo)} { ay(p) | 7% (bo) }
p: or
of(p) | of~H(d")
example
Example.

Huang, CAS & JKU
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New Abramov-Le

max, ming max, miny

lower bound | {p:af(p)|al(bo)} { ay(p) | 7% (bo) }
.

: or
ah(p) | of~H(d")

T; 4 3

Example.

1
(x +3y + 1)(5x — 4y + 4)(5x — 4y + 14)I"

T =
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New lower bound v.s. Abramov-Le

New Abramov-Le

max, ming max, miny

lower bound | {p:af(p)|al(bo)} { ay(p) | 7% (bo) }
.

: or
ah(p) | of~H(d")

T 7 3

Example.

1
(x +3y +1)(5x — 7y)(5x — 7y + 14)1"

Ty =
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New lower bound v.s. Abramov-Le

New Abramov-Le

max, ming max, miny

lower bound | {p:af(p)|al(bo)} { ay(p) | 7% (bo) }
.

: or
ah(p) | of~H(d")

T3 12 5

Example.

1
"~ (x+ 5y + 1)(5x — 12y)(5x — 12y + 24)!"

T3
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Summary

Result.

» Order bounds for telescopers

Future work.

» Creative telescoping for g-hypergeometric terms
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