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Motivation

D-finite functions D-finite numbers

Po@)fP (2) 4+ - +po(2)f(z) =0 Limits of P-recursive seqs

[\ Abel’s theorem
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Formal power series vs. analytic complex functions

f:U— C, UCC open,

f= Zanz“ € R[[zl] Vv € U, Vz near (,
n=0 0
R a ring, z a formal indet. f= Zan(z—C)“ converg.
n=0
Algebraic object Analytic object
[ee]
eg., Zn!z“ e.g., exp(z)
n=0
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Algebraic functions and sequences

I a subfield of C.

Definition. f € F[[z]] is algebraic over F if there exists nonzero
P(z,y) € Flz,y] s.t. P(z,f(z)) =0.

Definition. (an)%°, € FN is algebraic over F if Y °° ) anz™ is
algebraic.
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Algebraic functions and sequences

I a subfield of C.

Definition. f € F[[z]] is algebraic over F if there exists nonzero
P(z,y) € Flz,y] s.t. P(z,f(z)) =0.

Definition. (an )52, € FN is algebraic over F if Yy anzis
algebraic.

Goal. Study

n—oo

Ap = { lim an’(an)n e N algebraic and convergent} .
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Is Ar a ring?

Given (an)n, (bn)n € FY algebraic.

b (an £ by)n is algebraic; @

» (an - by)n may not be algebraic. @

Answer: Not clear!
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Elements of Ar are algebraic

Lemma. Ap C F.

Proof via example.

Consider an = Y 11_, (%2) € Q and T}LH;Oan = (€ Ag.

\/1+z: ¢

f(z):ZOanz”: T ]_Z+>x<—|—>|<-(1—z)+---
—
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Algebraic elements are in Ag

Lemma.

» f FCRthen FNR C Ap.
» f F\R # 0 then F C Ap.

Proof via example.

Consider { = v/2, a root of p(y) =y —2 € Q.

P(z,y) = (1 —2)%y? =2 — (1 —2)(1 —2) € Qlz, yl.

Vz+49
5(1—2)

Huang, 1A, JKU
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Algebraic elements are in Ag

Lemma.
» IfFCRthen FNR C Ap.
» f F\R # 0 then F C Ap.
Proof via example.
Consider ¢ = v/2, a root of p(y) =y? —2 € Qyl.

P(z,y) = (1 —2)%y? =2 — (1 —2)(1 —2) € Qlz, yl.

1
VZ+49 7,99 19403 2 , 380299 .3 , 149077207 .4
50—2) 5552137202 +aegora 2 T 1050135042 T+ € Qllzl]
~ 1.441.414282+1.4142122%+1.4142135723+1.414213562 + - - -
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Sum up

Theorem.

» If FCR then A =FNR.

b If F\R # 0 then Ap =F.
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Sum up

Theorem.

» If F C R then Ar = FNR.

b If F\R # 0 then Ap =F.

Conclusion. Ay is a field!

Huang, 1A, JKU D-finite numbers

8/18



D-finite functions and sequences

R a subring of C and [F a subfield of C.

Definition. f € R[[z]] is D-finite over I if there exists
Poy-.-,Pp € Flzl, not all zero , s.t.

Pp(2)D2f(2) + - + po(2)f(z) = 0.

Definition. (an )52, € RN is P-recursive over I if there exists

Poy .-, Pp € FInl, not all zero , s.t.

Po(M)anyp +---+po(n)a, =0 forallneN.
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D-finite functions and sequences

R a subring of C and [F a subfield of C.

Definition. f € R[[z]] is D-finite over I if there exists
a nonzero operator L € F[z][D,], s.t.

L-f(z) =0.

Definition. (an)$2, € RN is P-recursive over I if there exists

a nonzero operator L € F[n][S,], s.t.

L-a, =0 forallneN.
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D-finite functions and sequences

R a subring of C and [F a subfield of C.

Definition. f € R[[z]] is D-finite over I if there exists
a nonzero operator L € F[z][D,], s.t.

L-f(z) =0.

Definition. (an)y2, € RN is P-recursive over I if there exists

a nonzero operator L € F[n][S,], s.t.

L-a, =0 forallneN.

Remark. Y 7, anz" D-finite <= (an)n P-recursive.
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D-finite numbers

Definition. ¢ € C is D-finite (w.r.t. R and F) if there exists
(an)n € RY convergent and P-recursive over F s.t.

lim a, = C.
n—oo
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D-finite numbers

Definition. ¢ € C is D-finite (w.r.t. R and F) if there exists
(an)n € RY convergent and P-recursive over F s.t.

lim a, =C.
n—oo

Goal. Study

Dy = {all D-finite numbers w.r.t. R and FF}.
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Examples of Dg g

v

VI=22, ()

be=3om

=3 0 Tex (8k4+1 - 8k2+4 - 8k1+5 - 8k1+6) .
1m= 52, (3 45

» LB =Y
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v
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Examples of Dg g

» V2=37, (1)

> e:ZEio%

v 1 (. 4 2 17
4 ”*Zk:omk(skﬂ Sk+4  8k45 8k+6)'

3
by 1/m= 3 () 15

3) = Zliio%
=22 (o) w (713430() with x < 1 and a € Q
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Examples of Dg g

» V2=37, (1)

> e:ZEio%

v

=3 0 Tex (8k4+1 - 8k2+4 - 8k1+5 - 8k1+6) .

1m =32, () 5

» C(3) = Zliio %

» =Y o (r )kE(;Q“) with x < 1and x € Q

by =20 (- )

v
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Examples of Dg g

» VZ=32, (1)

be=3om

=300 ver (8k4+1 - 8k2+4 - 8k1+5 - 8k1+6) .
1m= 52, (3 45

» LB =Y

v

e
b M) =332, (Eig‘)% with x < T and x € Q

by = =R (- 3)
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Basic properties
Proposition.
1 RC Dry and Ar C Dp.
2 R CRy= DR,y CDgr,rand FCE = Dry C Dgg.
3 If Ris a ring/an F-algebra, then so is Dy .
4 If F C E is an algebraic extension, then D = Dy k.
5 If R C FF then Drr = DR Quot(R)-

6 If R and IF are closed under ( ™), then so is Dgr and
Drr = Dreryr + iDrerr (if 1 € Drpp).
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D-finite numbers are “evaluations”

Theorem. For every & € Dy, there exists g(z) € R[[z]] D-finite
over F s.t. £ =lim, ,;- g(z).

Proof via example. ((3) =) >° 1 = lim, ,;- Liz(z) = Liz(1).

n=0 n3 -
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Proof via example. ((3) =) >° 1 = lim, ,;- Liz(z) = Liz(1).
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Li3(Z):Z:;:1C(_3))Z—*+*'(1—Z)—|—*-(]—z)2+...
n=0
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D-finite numbers are “evaluations”

Theorem. For every & € Dy, there exists g(z) € R[[z]] D-finite
over F s.t. £ =lim, ,;- g(z).

Proof via example. ((3) =) >° 1 = lim, ,;- Liz(z) = Liz(1).

n=0 n3

Li3(z)zzzn Cm—*+*'(1—z)+*-(1—z)2+.._

3
n 11—z
n=0

+1og(z—1)-(*-(1—z)+*-(1—z)2+---)

n {_arg(z —-1)

27 J(*’(1_Z)+*'(Z—1)2+...)

Corollary. D-finite numbers are computable when R and F are.
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Evaluations are D-finite numbers

Theorem.

Let R DO F and f € Drrllz]]. If there exists L € F[z][D,] \ {0} with
zero ordinary s.t. L-f =0, then V( € F non-singular and Vk € N,

M () € Dyp.
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Evaluations are D-finite numbers

Theorem.

Let R DO F and f € Drrllz]]. If there exists L € F[z][D,] \ {0} with

zero ordinary s.t. L-f =0, then V( € F non-singular and Vk € N,
M () € Dyp.

Proof. Algebraic case 4+ analytic continuation.
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Analytic continuation

/
/"I_
. -
e \
/ \
]
1
T
‘7
\
\
\\ ’
-
X S~al-

Figure: a simple path P with a finite cover UJ.S:O By, (Bj), Bj € F

(x stands for singularities of L)
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Examples of Dg g (cont.)

b 1/e, Ve, exp(V2)

y V2

» log(1+/3)
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Examples of Dg g (cont.)

» 1/e, v/e, exp(v/2) : f=exp(z) € Qllz] annihilated by
L=D,—1

y V2

» log(1+/3)
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Examples of Dg g (cont.)

» 1/e, v/e, exp(v/2) : f=exp(z) € Qllz] annihilated by

L=D,—1

by v2"2 . f= (24 1)V2 € Dygllzl] annihilated by

L=(z+1)*D?+(z+1)D, -2

» log(1+/3)
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Examples of Dg g (cont.)

» 1/e, v/e, exp(v/2) : f=exp(z) € Qllz] annihilated by

L=D,—1

by v2"2 . f= (24 1)V2 € Dygllzl] annihilated by

L=(z+1)*D?+(z+1)D, -2

b log(1++/3): f=1log(1 +2) € Qllz]] annihilated by

L=(z+1)D2+D,
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Examples of Dg g (cont.)

» 1/e, v/e, exp(v/2) : f=exp(z) € Qllz] annihilated by

L=D,—1

by v2"2 . f= (24 1)V2 € Dygllzl] annihilated by

L=(z+1)*D?+(z+1)D, -2

b log(1++/3): f=1log(1 +2) € Qllz]] annihilated by

L=(z+1)D2+D,

» e : f=(z+ 1)t € Q(i)[[z]] annihilated by

L=(z+1)D,+1
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Open questions

b Evaluation at singularities

» Quotients of D-finite numbers
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Summary
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Algebraic functions VR Algebraic numbers
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Summary

D-finite functions VR
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D-finite numbers
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