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Introduction

• Consider the nth order homogeneous linear ODE

An(x)y(n)(x) + · · ·+A1(x)y′(x) +A0(x)y(x) = 0

where the Ai(x) are elliptic functions.



Introduction

• Consider the nth order homogeneous linear ODE

An(x)y(n)(x) + · · ·+A1(x)y′(x) +A0(x)y(x) = 0

where the Ai(x) are elliptic functions.

• e.g., Lamé’s equation (Kamke 2.26):

y′′(x)− [n(n+1)℘(x) +B]y(x) = 0

where n is a positive integer, B any constant, and ℘(x) the

Weierstrass ℘ function.
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Examples from Kamke

1.49: y′ + a℘′(x)y3 + 6a℘(x)y2 + (2a+1)
℘′′(x)
℘′(x)

y + 2 (a+1) = 0

2.27: y′′ +
(
a sn2x+ b

)
y = 0

2.28: y′′ =
(

1
30
℘(4)(x) +

7
3
℘′′(x) + a℘(x) + b

)
y

2.72: y′′ + a℘′(x)y′ + [α+ β℘(x)− 4na℘2(x)]y = 0

2.73: y′′ +
℘3 − ℘℘′ − ℘′′

℘′ + ℘2
y′ +

(℘′)2 − ℘℘′ − ℘℘′′

℘′ + ℘2
y = 0

2.74: y′′ + k2snx cnx

dnx
y′ + n2y dn2x = 0

and also 2.439–2.441, 3.9–3.14, 3.28, 4.10
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Felix Klein on the younger generation

Als ich studierte, galten die elliptischen Funktionen—in

Nachwirkung der Jacobischen Tradition—als der unbestrittene

Gipfel der Mathematik, und jeder von uns hatte den

selbstverständlichen Ehrgeiz, hier selbst weiterzukommen. Und

jetzt? Die junge Generation kennt die elliptischen Funktionen

kaum mehr.
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Felix Klein on the younger generation

Als ich studierte, galten die Abelschen Funktionen—in

Nachwirkung der Jacobischen Tradition—als der unbestrittene

Gipfel der Mathematik, und jeder von uns hatte den

selbstverständlichen Ehrgeiz, hier selbst weiterzukommen. Und

jetzt? Die junge Generation kennt die Abelschen Funktionen

kaum mehr.

When I was a student, Abelian functions were considered, in the

tradition of Jacobi, to be the height of mathematics, and each

of us dreamed of making a contribution in this area. And now?

The younger generation scarcely even knows what an Abelian

function is.
—Felix Klein (1849-1925) 6
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• f(x) is doubly-periodic of the first kind if there exist two periods T , T ′ such
that

f(x+ T ) = f(x), f(x+ T ′) = f(x)

• elliptic = doubly-periodic of first kind + analytic (except poles)
e.g., ℘(x), ℘′(x), snx, cnx, dnx
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Weierstrass ℘ Function

• doubly-periodic of the first kind

• poles (of second order) at mT +m′T ′, for all m,m′ ∈ Z

• (℘′)2 = 4℘3 − g2℘− g3, (g2, g3 constants related to T , T ′)

⇒ ℘′′, ℘′′′, . . . expressible in terms of ℘ and ℘′:

℘′′ = 6℘2 − 1
2g2, ℘′′′ = 12℘℘′, etc.

• Any elliptic function can always be expressed as

R1(℘) +R2(℘)℘′ ∈ K(℘, ℘′),

where R1(℘), R2(℘) are rational functions of ℘
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Picard’s Theorem (c. 1879)

• Consider the nth order homogeneous linear ODE

An(x)y(n)(x) + · · ·+A1(x)y′(x) +A0(x)y(x) = 0 (1)

where the Ai(x) are elliptic functions.



Picard’s Theorem (c. 1879)

• Consider the nth order homogeneous linear ODE

An(x)y(n)(x) + · · ·+A1(x)y′(x) +A0(x)y(x) = 0 (1)

where the Ai(x) are elliptic functions.

• If the general solution of (1) is uniform (i.e., path-independent),

then (1) possesses at least one solution that is doubly-periodic of

the second kind.
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Doubly-Periodic of the Second Kind

• F (x) is doubly-periodic of the second kind if there exist two

periods T , T ′, and two constants s, s′ such that

F (x+ T ) = sF (x), F (x+ T ′) = s′F (x)

• F ′(x) also doubly-periodic of the second kind, same T , T ′, s, s′

• hence F ′(x)
F (x) is doubly-periodic of first kind:

F ′(x+ T )
F (x+ T )

=
sF ′(x)
sF (x)

=
F ′(x)
F (x)

=⇒ F ′(x)
F (x)

∈ K(℘, ℘′)

• ⇒ F (x) = e
∫ x

f(u)du, for some f ∈ K(℘, ℘′).
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Classical Solution of Lamé’s Equation

y
′′
(x)− [n(n+1)℘(x) + B]y(x) = 0

• One solution is

y(x) =
σ(x− a1)σ(x− a2) · · ·σ(x− an)

σn(x)
e
x
∑n
i=1 ζ(ai),

where σ(x) and ζ(x) are the Weierstrass sigma and zeta functions, respectively, and a1,

a2,. . . ,an are constants satisfying the n equations:

℘′(a1) + ℘′(a2)

℘(a1)− ℘(a2)
+
℘′(a1) + ℘′(a3)

℘(a1)− ℘(a3)
+ · · ·+

℘′(a1) + ℘′(an)

℘(a1)− ℘(an)
= 0

℘′(a2) + ℘′(a1)

℘(a2)− ℘(a1)
+
℘′(a2) + ℘′(a3)

℘(a2)− ℘(a3)
+ · · ·+

℘′(a2) + ℘′(a3)

℘(a2)− ℘(an)
= 0

...

℘′(an−1) + ℘′(a1)

℘(an−1)− ℘(a1)
+
℘′(an−1) + ℘′(a2)

℘(an−1)− ℘(a2)
+ · · ·+

℘′(an−1) + ℘′(an)

℘(an−1)− ℘(an)
= 0

(2n− 1)
n∑
i=1

℘(ai) = B.

• A second solution is y(−x).
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Our “closed form” solutions

• first-order right hand factors in K(℘, ℘′)[Dx]

• Picard’s Theorem implies these exist for many odes of interest

• e.g., Lamé’s Equation, for n = 1:

Dx −
℘′(u)−

√
4B3 − g2B − g3

2(℘(u)−B)
, Dx −

℘′(u) +
√

4B3 − g2B − g3

2(℘(u)−B)

i.e., solutions

y1(x), y2(x) = exp

(
1
2

∫ x ℘′(u)±
√

4B3 − g2B − g3

℘(u)−B
du

)
12
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Transforming to Singer’s Work

• change independent variable from x to z = ℘

• ℘′ =
√

4z3 − g2z − g3 =
√
ω(z), d

dx →
√
ω(z) ddz

• then ode is in K
(
z,
√
ω(z)

)
[Dz]

• looking for factors in K
(
z,
√
ω(z)

)
[Dz]

• solved by Michael Singer, for arbitrary order

• we give an efficient algorithm for 2nd order case
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Finding elliptic function solutions

• Find solutions of the form R1(℘) +R2(℘)℘′ for

An(x)y(n)(x) + · · ·+A1(x)y′(x) +A0(x)y(x) = 0

• change independent variable from x to z = ℘:

℘′ =
√

4z3 − g2z − g3 =
√
ω(z),

d

dx
→
√
ω(z)

d

dz

• now looking for solutions R1(z) +R2(z)
√
ω(z) ∈ K(z,

√
ω(z))

• similar to finding rational solutions (∈ K(x)) of a linear ode

• ...but solutions will not often be of this form 14



Product of Solutions

• suppose An−1(x) = 0 in

An(x)y(n)(x) +An−1(x)y(n−1)(x) + · · ·+A0(x)y(x) = 0

and that {y1(x), . . . , yn(x)} form a basis of solutions, all doubly-

periodic of second kind.



Product of Solutions

• suppose An−1(x) = 0 in

An(x)y(n)(x) +An−1(x)y(n−1)(x) + · · ·+A0(x)y(x) = 0

and that {y1(x), . . . , yn(x)} form a basis of solutions, all doubly-

periodic of second kind.

• then Y (x) := y1(x) · · · yn(x) is doubly-periodic of first kind

=⇒ Y (x) ∈ K(℘, ℘′)
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Symmetric Power ODE (≤ 1886)

• Let y1, y2 be any solutions of

y′′(x) +A(x)y(x) = 0 (2)

• Then y2
1, y1y2, y2

2 are solutions of

Y ′′′(x) + 4A(x)Y ′(x) + 2A′(x)Y (x) = 0 (3)

• From a solution Y of (3), compute

C =
√

(Y ′)2 − 2Y Y ′′ − 4AY 2

• Then solutions y1, y2 of (2) are:

y1(x) = exp
∫ x Y ′ − C

2Y
du, y2(x) = exp

∫ x Y ′ + C

2Y
du 16
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Example

• Lamé’s Equation, for n = 1:

y′′ − (2℘(x) +B) y = 0 (4)

• Symmetric Power ODE:

Y ′′′ − 4 (2℘(x) +B)Y ′ − 4℘′(x)Y = 0 (5)

• Basis for solutions Y ∈ K(℘, ℘′) for (5):

{℘(x)−B}

• Solutions to Lamé’s equation (4):

y1(x), y2(x) = exp

(
1
2

∫ x ℘′(u)±
√

4B3 − g2B − g3

℘(u)−B
du

)
17



Case 1: Two Hyperexponential Solutions

• Let y1, y2 be two independent hyperexponential solutions of
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Case 1: Two Hyperexponential Solutions

• Let y1, y2 be two independent hyperexponential solutions of

y′′(x) +A(x)y(x) = 0

i.e.,
y′1
y1

,
y′2
y2
∈ K(℘, ℘′)

• by Abel’s Theorem, y1, y2 have nonzero constant Wronskian C:

y′2y1 − y′1y2 = C

• divide by y1y2 = Y and rearrange, giving:

Y =
C

y′2
y2
− y′1

y1

• r.h.s. terms are all ∈ K(℘, ℘′), so Y ∈ K(℘, ℘′) also

• ⇒ symmetric power method still works for this case 18
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Case 2: One Hyperexponential Solution

y′′ −
(

6℘+ 1− g2

2℘
+

2
℘
℘′
)
y = 0

• has a solution y1 = ex℘, doubly periodic of 2nd kind

• i.e., has a right hand factor Dx − y′1
y1

= Dx −
(

1 + ℘′

℘

)
• but y2

1 /∈ K(℘, ℘′), no 2nd solution y2 such that y1y2 ∈ K(℘, ℘′)

⇒ symmetric power method fails

19
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x − r(x), where r(x) = a(℘) + b(℘)℘′

• transform independent variable from x to z = ℘:

℘
′
=
√

4z3 − g2z − g3 =
√
ω(z), Dx =

√
ω(z)Dz

• L becomes a differential operator in K(z,
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√
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• “conjugate” of L:

L = ω(z)D
2
z +

ω′(z)

2
Dz − a(z) + b(z)

√
ω(z)

• if (Dz − r1) | L, then conjugate (Dz − r1) | L

• let L̂ = symmetric product (L,L). 4th order ODE, in K(z)[Dz]

• then (Dz − r1 − r1) ∈ K(z)[Dz] is right hand factor of L̂
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Recovering Factors of L

• if Dz − c(z) is a right hand factor of L̂, set

v(z) =
c(z)

2

t(z) = v(z)2ω(z) + v′(z)ω(z) +
1
2
v(z)ω′(z)

u(z) =
1

2b(z)
(a′(z) + 4a(z)v(z)− 4t(z)v(z)− t′(z))

• if a(z) = u(z)2 + t(z), then we have the factorization

L = (Dx + s(x)) (Dx − s(x))

where s(x) = u (℘(x)) + v (℘(x))℘′(x)
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Example, completed

y′′ −
(

6℘+ 1− g2

2℘
+

2
℘
℘′
)
y = 0 (6)

• check symmetric power for solutions Y ∈ K(℘, ℘′)

⇒ none found, so at most one hyperexponential solution

• next, transform variable x→ z = ℘, construct L, L̂

• find right hand factor of L̂:
(
Dz − 2

z

)
• ⇒ v(z) = 1

z, u(z) = 1

• ⇒ right hand factor of (6) is D −
(

1 + ℘′

℘

)
, i.e., a solution is

y1(x) = e
∫ x

(1+
℘′(u)
℘(u)

)du = ex℘
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Conclusion

• complete algorithm for factoring 2nd order odes in K(℘, ℘′)[Dx]

• two hyperexponential solutions (symmetric power): in Maple

• one hyperexponential solution: soon in Maple

Future Work

• higher order odes - e.g., Beke-like algorithm

• for second order, Kovacic-like algorithm
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