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Motivation J

Consider system of differential equations

ay ()Y ") + -+ @ (@)F () + ag()F) = F(x)

with a;(x) € K™"[[x]] and 7(x) € K"[[x]]. (i.e. working locally
about point 0).
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Motivation J

Consider system of differential equations

a7 ") + -+ ar(@F () + a0 = fx)

with a;(x) € K™"[[x]] and y(x) € K"[[x]]. (i.e. working locally
about point 0).
Usually convert to 1° order systems

A@DY' (1) = BO)Y(t) + C(¢)

Various techniques used to build solutions or solution types
(e.g. existence of rational function or exponential solutions).
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Motivation J

Consider system of differential equations

ay(0)F () + - + @ (0)F ' (x) + ap()Fx) = F(x)

with a;(x) € K™"[[x]] and 7(x) € K"[[x]]. (i.e. working locally
about point 0).

We instead want to work directly with the higher order system.
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Motivation J

Consider system of differential equations

ap(0)F @) + - + a1 (OF ' (x) + ap(0)Fx) = f(x)

with a;(x) € K™"[[x]] and y(x) € K"[[x]]. (i.e. working locally
about point 0).
We instead want to work directly with the higher order system.

View problem as
L(D)y(x) = f(x)
with L(D) € K™"[[x]][D] and transform L(D).
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Matrix Normal Forms

Given : L(D) € K™™[D].
Do row and column operations

L(D) = easier
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Matrix Normal Forms J

Given : L(D) € K™™[D].
Do row and column operations U(D) and V(D) so that

U(D)L(D)V(D) = easier

(easier = L*(D) € K™ [D] in some sort of normal form)

U(D), V(D) € K™ [D] invertible
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Matrix Normal Forms J

Given : L(D) € K™™[D].
Do row and column operations U(D) and V(D) so that

U(D)L(D)V(D) = easier

(easier = L*(D) e K™ [D] in some sort of normal form)
U(D), V(D) € K™m[D] invertible

Gives L*(D)y*(x) = f*(x) with L*(D) € K"™[[x]][D]
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Normal Forms : Hermite J

Hermite forms of L.

hiy - - hy
vL=| Y
0 - 0 hg

with h; larger than h;;.

Problem : Degrees of elements growth
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Normal Forms : Smith

Smith form of L.

S11 0 0
vrLv=|? ™

S

0 0 sw

with Sii d|V|d|ng Sit+1,i+1-

Problem : Trivial in case of differential domain, i.e.

s11 = -+ = Sr-1x-1 = 1 (Johannes Middeke)
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Normal Forms : Popov J

Popov form of L.

pir o o Dlk

Pki 0 o Dkk

with each row having a highest degree pivot

Problem :
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Normal Forms : Popov J

Popov form of L.

pir o o Dlk

Pki 0 o Dkk

with each row having a highest degree pivot

No Problem : We like this one.
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Example : Algorithms Based on Popov Forms J

Popov transforms L(D) so that L(D)j(x) = f(x) converts naturally
to larger first order system.

@ Popov to First Order

@ Solution method of First Order

@ Convert first order solution method back to original higher
order system
(possible since conversion to Popov is reversible)

DEAM2 Workshop 2011 Simultaneous Row and Column Reduction 10/44



First Order System : Harris Algorithm (1968) J

L(D) = a1(x)D + a>(x) with a;(x) € K™"[[x]]

Harris algorithm produces matrices S, T € K"[[x]] such that

Li(D) 0 B ()
0 cix) O
S-L(D)-T = '
ck(x)
0 0

with L(D) = prqD + b(x), b(x) € K4[[x]] and c;(x) € K"*"((x))
invertible for all i.
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Second Order System |

L(D) = ay(x)D? + a;(x)D + ax(x) with a;(x) € K™"[[x]]

Theorem: Barkatou, El Bacha,Pflligel (ISSAC 2010)
There exist S € K((x))™™[D] and T € K((x))”"[D] invertible such

that
a1 (0)D? + by (XD + ¢11 (x) cra(x) 0 0
c21(x) b2 (X)D + ¢p2(x) 0 0
S-L(D)-T = .
0 0 c33(x) 0
0 0 0 0

with a11(x), by (x) and c33(x) invertible matrices.
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Second Order System (cont.) J

Thus second order system L(D)y(x) = f(x) is converted to

A WD? + b1 (WD + ¢ () e o oz ]S
1) bypWD+cp@ 0 0 % £

0 0 c33(x) 0 A ) A ﬁ

0 0 0 0 2 ﬁ

Resulting system is decoupled into differential, algebraic and
arbitary components.
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Decoupling? J

The decoupled system

ai(x)D* + by1(X)D + ¢11(x) c12(x) l l Zi
= 0,

c21(x) by()D +cnkx) || 2

can be transformed to the first-order systems of ODEs:

1 0 -1 0 71
ai(x) D+| cn(x) bnkx) cr) Zi’ [=0.
by (x) oix) 0 2
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Row Reduction J

Definition: L(D), L(D) € K((x))™"[D] are said to be equivalent if
there exist U(D) € K((x))™™[D] and V(D) € K((x))*™"[D]
invertible s.t. L(D) = U(D) - L(D) - V(D).

Row operations on our operator L(D):
@ multiplying a row of L(D) by a nonzero element of K((x)),

© adding to any row of L(D) another row multiplied by an
element of K((x))[D],

© interchanging any two rows of L(D).
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Row Reduced Form J

Want to find U(D) € K™"[[x]][D], invertible, such that
L*(D) = UD) - L(D) = D"¢;(x) + l.ot. s
where €;(x) € K™[[x]] is nonsingular.

@ L*(D) is said to be in row-reduced form
@ 7 is the row order of L*(D)

@ (z(x) is the leading row coefficient matrix
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Reducing Row Degree ]

If L(D) not row-reduced implies : there exists nonzero vector of
the form v = (vi, ..., vn) € K[[x]]1™" such that v ¢; = 0.

1

1
Un@y=| v DYy DTy DT, DT

1
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Reducing Row Degree

If L(D) not row-reduced implies : there exists nonzero vector of

the formv = (v, ..

Un) =

Need n; > n; whenever v; # 0. Tells us how to choose j !

DEAM2 Workshop 2011

1

vy D™

n

. vm) € K[[x]1™" such that v £; = 0.

1

-
vjo1 DY

v

Visl DT+l sy DT

1

1
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Reducing Row Degree

If L(D) not row-reduced implies : there exists nonzero vector of
the formv = (v, ..

Un) =

1

v DM

., vm) € K[[x]1™" such that v £;

-
vt DYy DY

=0.

ni—n
Vi DT

1

Need n; > n; whenever v; # 0. Tells us how to choose ; !

Note: U;{(D)L(D) has lower row degree. Continue until row

reduced.

B-L (1997), Abramov-Bronstein (2001), B-C-L (2006)
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Simultaneous Row and Column Reduction

Row reduction followed by column reduction does not imply
simultaneous Row and Column reduction.

We have two algorithms for computing simultaneous
row-column reduced forms

@ Row then column then row then ---
@ A better use row, column combinations

Both depend on : Leading row and column matrix becomes

[ 50(1*411) (: ] and [ fC((I;n) : ]

Then iterate.
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Row then Column then Row - - - J

Consider the matrix differential operator given by
D +x 2D*> x*+x
L=| D* «xD* 2x+1 |,
D xD 1

Row reduction gives:

D3 +x 2D? X2+ x
LY=uL= 0 -D -D+2x%+1
D xD 1

Not column reduced.
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Row then Column then Row - - - J

Consider the matrix differential operator given by
D3 +x 2D*> x*+x
L=| D* xD* 2x+1 |,
D xD 1

Column reduction then gives;

2x 2D? 2 +x
L? =1V, = D? -D -D+2x*+1
-xD*+2D xD 1

Not row reduced.
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Row then Column then Row - - - J

Consider the matrix differential operator given by
D +x 2D*> x*+x
L=| D* «xD* 2x+1 |,
D xD 1

Row reduction then gives;

2x 2D? X2 +x
L® = U, L? = 2D 0 —xD+2¢°+x+1
—xD?*+2D xD 1

Now row and column reduced.
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Form of Simultaneous Row-Column Form )

Theorem

Let L(D) € K[[x]]™"[D] be simultaneous row-column reduced.
Can permute the rows and columns of L(D) so it has block form :

Ly - Ly |0
Ly -+ Ly |0
0O --- 0 ‘0

L;; are block square matrices satisfying
(a) L; row & column reduced, same row and column degree,
(b) deg(Li;) > deg(Lis1,i+1) for all i,
(c) deg(Ly) < deg(Ly) forj < i, deg(L;) < deg(L;;) forj > i,
(d) deg(Ly) < deg(Ly) fori < j, deg(L;j) < deg(Ly) fori > j.
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Example : Operator of Degree 8 J
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Example; Row Reduced Form |
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Example; Row Reduced Form )
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Example J
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Example J
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Form of Leading Coefficient

DEAM2 Workshop 2011

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
O
****‘*********
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Example J
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Form of Leading Coefficient

Scoooo

Scoocoo

Soocoo

Scoocoo

Scoocoo

Soocoo

Scoocoo

coococo

coococo

e e s e e e e
e e e e e .
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Example J

5 5 5 5|5 5|5 5 5 5 5 5 5
3 3 3 3|3 3|3 3 3 3 3 3 3
3 3 3 3|3 3|3 3 3 3 3 3 3

2 2 2 2|2 2|2 2 2 2 2 2 2
2 2 2 2|2 2(2 2 2 2 2 2 2
2 2 2 2|2 2|2 2 2 2 2 2 2

DEAM2 Workshop 2011 Simultaneous Row and Column Reduction 31/44



Example J

33 3 3[3 3[3|3 3|2 2 2 2
3 3 3 3|3 3]3]3 3]2 2 2 2
2 02 2 2|2 2|22 2]2 2 2 2
2 02 2 2|2 2|22 2]2 2 2 2
2 02 2 2|2 2|22 2]2 2 2 2
2 02 2 2|2 2|22 2]2 2 2 2

DEAM2 Workshop 2011 Simultaneous Row and Column Reduction 32/44



Example : Block Form )

(& 7 7 7 7
6 6 555
55 5 4 4
333 3 2
12 2 2 2 2
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Example : Block Form )

(8 7 7 7 6
6 6 55 4
555 43
333 31
12 2 2 2 2
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Example : Block Form )

(&8 7 7 7 5
6 6 553
55 5 42
333 31
12 2 2 2 2
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Example : Block Form )

[ 8 7 7 7 5]
6 6 553
55 5 21
333 31
12 2 2 2 2
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Example : Block Form )

[ 8 7 7 7 5]
6 6 4 3 2
55 5 21
333 31
12 2 2 2 2
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Example : Block Form )

[ 8 7 7 7 5]
6 6 4 2 1
55 5 21
333 31
12 2 2 2 2
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Example : Block Form )

[ 8 6 6 5 4]
6 6 4 2 1
555 21
333 31
12 2 2 2 2
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Example : Block Form )

[ 8 6 5 3 2]
6 6 4 2 1
555 21
333 31
12 2 2 2 2

DEAM2 Workshop 2011 Simultaneous Row and Column Reduction 40/44



Example : Block Form )

[ 8 5 4 2 1]
6 6 4 2 1
55 5 21
333 31
12 2 2 2 2
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Example : Block Form )

[ 8 5 4 2 1]
56 421
4 4 5 21
2 22 31
1 111 2
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Example : Block Form )

[ 8 5 4 2 1]
56 421
4 4 5 21
2 2 2 31
11112
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Future Directions J

@ Handle coefficient growth in computation

Do all arithmetic in K[[x]][D] (not K((x))[D])
Control growth via fraction-free algorithm
Method : structured linear systems of equations

"]
]
("]
o Difficulties : everything mentioned in Mark’s talk

@ Direct methods for higher order egns via normal forms

e Translate : convert (H) — solve (F) — convert (H)
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