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Thursday Outline

3.36pt

1. What about yesterday?

2. Recursive Computation

3. Determinant Representations
4. Closest Normal Points

5. Fraction-Free Computation
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Preamble
In lecture 4 we show how we approach the order problem

a1(z)p1(z) + - + am(z)pm(z) = O(z%)

but in an exact arithmetic environment where coefficient growth
can be an issue. As an example, we have that the power series
ai(z) € K[[z]] where K is an integral domain such as the integers
or else a multivariate domain Flu, ..., uy] of parameters over a
field F. In such cases we wish to ensure we do not do arithmetic
over the quotient field as we wish to avoid all coefficient gcd
computations.

In this case we return to making use of linear algebra with
structured matrices. The main tool is the construction of Mahler
Systems which are order bases which are in a Popov normal form.
We show how such order bases arise naturally when solving with
nonsingular structures along a specific path of computation which

depends on our specification of our degree bounds. We include
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hints as to what needs to be done when we encounter singular
submatrices. The resulting algorithm is efficient and easy to
implement as it turns out to be a simple small variation of the
sigma-basis algorithm from yesterday.

In fact this lecture only got to page 20, that is, we stopped just
before trying to address the singular case. We still include the
slides which would have been used had | used more time for this
algorithm description..

This work was done jointly with Bernhard Beckermann.
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Fraction-Free Guassian Elimination (FFGE)

a b c a b c
d e f 0 e f

» Only using cross multiplication results in exponential growth of
coefficients: O(2™-N?) in n. x n case ( N bound for size of entries).
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Fraction-Free Guassian Elimination (FFGE)

a b c a b c
d e f 0 e f

» Only using cross multiplication results in exponential growth of
coefficients: O(2™-N?) in n. x n case ( N bound for size of entries).

» Bareiss (1968), observes a common divisor after 2 steps

a b c

0 6 f - ...
A~| 0 0 a(.) - a(.)

0 0 a() - a(.)

Gives linear growth of coefficient size. Cost O(n® - N?2).
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Fraction-Free Guassian Elimination (FFGE)

a b c a b c
d e f 0 e f

» Only using cross multiplication results in exponential growth of
coefficients: O(2™-N?) in n. x n case ( N bound for size of entries).

» Bareiss (1968), observes a common divisor after 2 steps

a b c

0 6 f - ...
A~| 0 0 a(.) - a(.)

0 0 a() - a(.)

Gives linear growth of coefficient size. Cost O(n® - N?2).
» FFGE computes the Cramer solution of a linear problem.
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Example : Euclidean Gcd
a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21
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Example : Euclidean Gcd
a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Euclidean Algorithm over Q[z] (monic)

m(z) = z'—1z22+%2
() = Z2+E8z-8
r3(z) = z—5139
r4(z) = 1
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Example : Euclidean Gcd

a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Euclidean-like Algorithm over Z[z] (Cross multiplication)
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Example : Euclidean Gcd
a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Euclidean-like Algorithm over Z[z] (Cross multiplication)

m(z) = 15z —322+9
T2(z) = 1579522 430375z — 59535
r3(z) = 1254542875143750 z — 1654608338437500

T4(z) = 12593338795500743100931141992187500
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Example : Euclidean Gcd

a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Fraction-free Algorithm over Z[z] (Removing contents)
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Example : Euclidean Gcd

a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Fraction-free Algorithm over Z[z] (Removing contents)
r(z) = 5z'—2z2+3

T2(z) = 13z22425z2—49

r3(2z) = 4663z — 6150

T4(Z) = 1
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Example : Euclidean Gcd

a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Fraction-free Algorithm over Z[z] (Subresultants)
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Example : Euclidean Gcd
a(z),b(z) € Zlz] given by (Knuth)

a(z) = 28 4+2°5-32% 322 +822+22-5
b(z) = 3z°+5z% —4z2 — 9z + 21

Fraction-free Algorithm over Z[z] (Subresultants)

m(z) = 15z —322+9
T2(z) = 652241252 —245
r3(z) = 9326z — 12300

r4(z) = 260708
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What | hope to describe today

Given A(z) = [a1(z),...,am(z)] a vector of power series from
K[z]], T = (nq,...,nm) a degree bound, K integral domain.

| want to describe the following process:

b Determine a sequence of degree values Vi, and orders oy,
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What | hope to describe today

Given A(z) = [a1(z),...,am(z)] a vector of power series from
K[z]], T = (nq,...,nm) a degree bound, K integral domain.

| want to describe the following process:
b Determine a sequence of degree values Vi, and orders oy,
b Vi is closest normal point to i
» Compute a sequence of matrix polynomials Mg, v,)(z)
» Each Mg, y,)(2) is an order basis for order oy.
» Each Mg, v,)(z) has a special degree structure

b Structured linear algebra our guide
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Furthermore

» Mg, 3,)(z) to Mg, ., 5.,)(2) uses fraction-free arithmetic
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Furthermore

» Mg, 3,)(z) to Mg, ., 5.,)(2) uses fraction-free arithmetic

» Elements of M, 5,)(z) are all determinant polynomials
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Furthermore

» Mg, 3,)(z) to Mg, ., 5.,)(2) uses fraction-free arithmetic
» Elements of M, 5,)(z) are all determinant polynomials

» Coefficients of M )(z) grow linearly

(0%, V)
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Furthermore

» Mg, 3,)(z) to Mg, ., 5.,)(2) uses fraction-free arithmetic
» Elements of M, 5,)(z) are all determinant polynomials

» Coefficients of M )(z) grow linearly

(0%, V)

» FF algorithm essentially same as Sigma Basis algorithm with
an additional normalization step at each iteration
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Theorem (Properties of the algorithm FFFG)

For each k let oy be the order at step k, a degree bound My and
Vo, the closest normal point to M. Then

(a) For all k, oy, the vector space of solutions of the linear system
of type (oy, k) is spanned by the vectors associated with

3 3 =0G)_=06) i .
ME]) (Z), Z'M(](y)’yk)(z)’ ceey an Vo ]M()Oiyk) (Z) ) = ]) ceey TL

0yVi) ( (

(b) Any P(z) of type (0, 1) satisfies

P(z) =« (Z)ME?V )(Z) 4+ (Xm(Z)M(m) (2)
yVk
with deg o(z) < 7)) — 7.

(c) For all k,0 > 0 we have rank K(fly, o) = |min(Vg, ny)|.
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Recursive Computation

Closest normal points

Independent linear functionals
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :
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Matrix Reduction view of Algorithm
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :

ao
a
az

as
as
(e78
az
asg

Points:

(1,0,0), (1,1,0),

Qo
aj
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as
as
as
(e78
az
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aj
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Qg
as
ae

(1,1,1), (2,1,1)
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :

Qap 0 0 bo 0 0 Co 0 0
a; ap O |b;y byo 0 |cg ¢ O
a, ap ap bz b] b() C2 €C1 Co

as a3 az | by by balcs c3 c2
as a4 as b5 b4 b3 Cs C4 C3
ag 0as ag b6 b5 b4 Cé Cs5 Cg
ay ag das b7 bs b5 C7 Cg Cs
ag ay ag bg b7 bg Cg C7 Cg

Points:

(1,0,0), (1,1,0), (1,1,1), (2,1,1), (2.2,1)
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :

Qap 0 0 bo 0 0 Co 0 0
a; ap 0 |b;y byg 0 |cg ¢co O
a, ap ap bz b] b() C2 C1 Co

asg az az b4 b3 bz Cgqg C3 C2
as ag as b5 b4 b3 Cs C4 C3
ag 0as ag b6 b5 b4 Cé Cs5 Cg
ay ag das b7 bs b5 C7 Cg Cs
ag ay ag bg b7 bg Cg C7 Cg

Points:

(1,0,0), (1,1,0), (1,1,1), (21,1), (2.2.1), (2,2,2)
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :

Qap 0 0 bo 0 0 Co 0 0
a; ap O |b;y byg 0 |cg ¢co O
a aq Qo bz b] b() C2 Cq Co

asg az az b4 b3 bz Cgqg C3 C2
as a4 as b5 b4 b3 Cs C4 C3
ag a5 ag bg b5 b4 Cée Cs5 Cg
ay ag das b7 bs b5 C7 Cg Cs
ag ay ag bg b7 bg Cg C7 Cg

Points:

(1,0,0), (1,1,0), (1,1,1), (21,1), (22.1) , (2.2.2) , (3,2,2)
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :

Qo 0 0 bo 0 0 Co 0 0
aj Qo 0 b] bo 0 Cq Co 0
a aq ap bz b] bo C2 C1 Co
as az aq b3 bz b] C3 C2 C
as a3 az [ by by balcs c3 c2
as a4 as b5 b4 b3 Cs C4 C3
ag a5 ag bg b5 b4 Cée Cs5 Cg
ay dag as b7 b6 b5 C7 Cg Cs
ag ay ag bg b7 bg Cg C7 Cg

Points:

(1,0,0),(1,1,0), (1,1,1), (2,1,1), (2,21) , (22,2) , (3.2,2), (3,3.2)
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Matrix Reduction view of Algorithm

Reduce (when everything goes well) according to submatrices :

Qo 0 0 bo 0 0 Co 0 0
aj Qo 0 b] bo 0 Cq Co 0
a ay ap bz b] bo C2 C1 Co
as az aq b3 bz b] C3 C2 C
as a3 az [ by by balcs c3 c2
as a4 as b5 b4 b3 Cs C4 C3
ag a5 Qg bg b5 b4 Ce Cs5 Cg
ay dag as b7 b6 b5 C7 Cg Cs
ag ay ag bg b7 b6 Cg C7 Cg

Points:

(1,0,0), (1,1,0), (1,1,1), (21,1), (2.21), (2.2.2), (3.2.2) , (3.3.2) ,
(3.3,3).
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—

Construction: (ny,...,Nm) = (M1,...,Ny) + €

Our algorithm assumes that we have a specific path of
computation. We start by assuming that each coefficient matrix
for our linear system of equations encountered is nonsingular.

This leads naturally to the solving of m linear systems at each step
which in turn results in an m x m matrix polynomial M having
certain important properties.

For instructional purposes it is better to illustrate the process with
specific values of m and degree bounds n;.
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Construction: (3,2,2) — (3,3,2)

» Assume we have an ‘order basis’ at location (3,2, 2)

» Then show how to compute ‘order basis’ at location (3, 3,2).
b We assume that everything is ‘good’ at both locations

» We make sure arithmetic is fraction-free and efficient

b Let Linear Algebra tell us what to do at each step

» ‘order basis’ in this context called Mahler System
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(3,2,2) — (3,3,2)

Solve:
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(3,2,2) = (3,3,2)

Solve:

I Qo 0 0 bo 0 Co 0 1T Po i i 0 i
ay Qo 0 b] bo C1 Co P 0
a; ag ap bz b] C2 C P2 0
az a aj | bs by C3 C2 do =—d ap
as az az|byg bz|cs c;3 q1 ap
as a4 a3 | bs bsg|cs ca To ar

| a6 as a4 |bg bs|ce ¢5 | | To | | a3 |

with d = det S(3 ;7). This gives

p(z) 3
M= q(z) with degrees | 1
r(z) 1
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(3,2,2) = (3,3,2)

Solve:

I Qo 0 0 bo 0 Co 0 1T So i [ 0 i
ay Qo 0 b] bo C1 Co S1 0
a; ag ap bz b] C2 C S2 bo
a3 a» aj | by bylcy ¢ to =—d| by
as a3 az | by b3z |cs c3 t b,
as a4 as b5 b4 Cs Cg Uo b3

L Qg a5 Qg b5 b5 Cs Cs 1L uq ] L b4 ]

with d = det S(3 ;7). This gives

p(z) 3
M= q(z) with degrees | 1
r(z) 1
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(3,2,2) = (3,3,2)

Solve:

I Qo 0 0 bo 0 Co 0 1T So i [ 0 i
ay Qo 0 b] bo C1 Co S1 0
a; ag ap bz b] C2 C S2 bo
as az aj | bz by|cs c2 to =—d| by
as a3 az | by b3z |cs c3 t b,
as a4 as b5 b4 Cs Cg Uo b3

L Qg a5 Qg b5 b5 Cs Cs 1L uq ] L b4 ]

with d = det S(3 ;7). This gives

plz) s(z) 32
M= | q(z) t(z) with degrees | 1 2
r(z) u(z) 11

AEC Summer School : Lecture 4 15/39



(3,2,2) = (3,3,2)

Solve:

I Qo 0 0 bo 0 Co 0 1T Jdo i [ 0 i
ay Qo 0 b] bo C1 Co g1 0
a; a; ao|by by|cy ¢ g2 Co
as daz; aq b3 bz C3 C2 ho =—d Cq
as asz az b4 b3 C4q4 C3 h] C2
as a4 a3 | bs bsg|cs ca Vo c3

| a6 as ag |bg bs|ce c5 | | V1 | | Ca |

with d = det S(3 ;7). This gives

plz) s(z) 32
M= | q(z) t(z) with degrees | 1 2
r(z) u(z) 11

AEC Summer School : Lecture 4 15/39



(3,2,2) = (3,3,2)

Solve:

I Qo 0 0 bo 0 Co 0 1T Jdo i [ 0 i
ay Qo 0 b] bo C1 Co g1 0
a; a; ao|by by|cy ¢ g2 Co
as daz; aq b3 bz C3 C2 ho =—d Cq
as asz az b4 b3 C4q4 C3 h] C2
as a4 a3 | bs bsg|cs ca Vo c3

| a6 as ag |bg bs|ce c5 | | V1 | | Ca |

with d = det S(3 ;7). This gives

g
M= | q(z) t(z) h(z) | with degrees

—_—
NN
N =N

AEC Summer School : Lecture 4 15/39



(3,2,2) = (3,3,2)

Note: Leading coefficient matrix of M is diagonal with coeffcients d.

Note each column has order 7

g(z) ] [
h(z) | with degrees

—_—
NN

N =N
| I
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(3,2,2) = (3,3,2)

» Goal is the to go from M3, 7) to M(3332)

b Degree structures are

3 2 2 3 2 2
1 2 1 — 2 3 2
11 2 11 2

Need to worry about degree structures
Need to increase order of each column.
Need to normalize correctly

Need to use fraction-free arithmetic
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(3,2,2) = (3,3,2)

» Goal is the to go from M3, 7) to M(3332)

b Degree structures are

3 2 2 3 2 2
1 2 1 — 2 3 2
11 2 11 2

Need to worry about degree structures
Need to increase order of each column.

>
>
» Need to normalize correctly
>

Need to use fraction-free arithmetic

First two needs are easy. Last two are not easy.
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(3,2,2) = (3,3,2)

» Goal is the to go from M3, 7) to M(3332)

b Degree structures are

3 2 2 3 2 2
1 2 1 — 2 3 2
11 2 11 2

Need to worry about degree structures
Need to increase order of each column.

>
>
» Need to normalize correctly

» Need to use fraction-free arithmetic

First two needs are easy. Last two are not easy.

Require initial ‘residual’ and leading coeffs of other terms.
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Determinant Representations
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Qag
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(473

ao
ai
az
as
as
as

t
Set p(z) =de

ao
ay
az
as
as
as
Qe

ap
ay
az
as
as
as

Co
C1
C2
C3
Caq
Cs
Ce

0
0
ao
ag
az
as
ag

ZZ

Co
C1
C2
C3
Cq
Cs

as

|
School
er

Summ:

AEC

Po
P
P2
qo
q1
To

To

Co
C1
C2
C3
C4q
Cs
Ce
0

: Lecture 4

0
Co
C1
C2
C3
C4q
Cs

0
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Determinant Representations

ao
aq
az
as
Qag
as
(473

Set q(z) = det

ao
ai
az
as
as
as

ao
Qaq
az
as
Qg
as
Qag
0

QAo
a
az
as
as
as
0

Co 0

€1 Co

2 O

C3 C2

Cq4 €3

Cs Cag

Cé Cs 1L
0 0 |by
0 0 |b
QAo 0 bz
aj QAo b3
a; Qg b4
az a | bs
ag as b6
0 0|1

AEC Summer School

Po

P1

P2

qo | =—d

q1

To

To ]
0 Co
bo C1
b] C2
bz C3
b3 Cyg
b4 Cs
bs | ce
z |0

: Lecture 4
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0
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t
Set v(z) = de

ao
ag
az
as
ag
as
ae
0

QAo
a
az
as
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as
0

Co
C1
C2
C3
Caq
Cs
Ce

0

0
Qo
ay
az
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ag

0

| :
School
er

Summ:

AEC

Co
C1
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Cq
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Determinant Representations

ao
aq
az
as
as
as
Qg
| a(z)

det

Notice that a(z)p(z) + b(z)q(z) + c(z)r(z) = det 8(4,212127 +0(z%)

0
ao
ap
az
as
ag
as

a(z)z a(z)z

0

0
Qo
a
az
as
aq

0 bo 0
0 by bo
0 by by
QAo b3 bz
aj b4 b3
az b5 b4
as b6 b5
2 a(z)z® | b(z) b(2)z
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Determinant Representations

det

Notice that a(z)s(z) + b(z)t(z) + c(z)u(z) = det S(3,3,22” 4+ O(z8)

ao
aq
az
as
as
as
Qg

L az)

0
ao
ay
az
as
ag
as

a(z)z a(z)z

0

0
Qo
a
az
as
aq

21b(z) blz)z b(z)z?
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Co
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C2
C3
C4
Cs
Ce
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Co
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C3
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Determinant Representations

Qo
aq
az
as
aq
as
Qae
| a(z)

det

Notice that a(z)g(z) + b(z)h(z) + c(z)v(z) = det S(3,2,3)2" + 0(z%)

0
ao
ap
az
as
ag
as

a(z)z a(z)z

0

0
Qo
a
az
as
aq

bo 0 Co
b1 bo C1

b> b, c2
b3 b2 c3
by b3 Cq
bs by Cs
bs bs Ce

2 1b(z) blz)z] c(z)
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0
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Cq
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0
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C3
C4q
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Uses of Determinant Representations

» Similar determinant representations for all the entries in M
» First column first term of residual is det S(4; 7
» Second column first term of residual is det S(3 37

» Third column first term of residual is det S3; 3
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Uses of Determinant Representations

» Similar determinant representations for all the entries in M
» First column first term of residual is det S(4; 7

» Second column first term of residual is det S(3 37

» Third column first term of residual is det S3; 3

» Leading coefficents of M are

det 8(3’2)2) det 3(2’3)2) det 5(2’2‘3]
det 8(4’])2) det 3(3,2)2) det 3(3’1 ,3)
det 8(4,2’]) det 8(3’3)1) det 5(3’2’2)

(might have to check signs here)

AEC Summer School : Lecture 4 18/39



Check:

ao
aj
az
as
ag
as
(473

t
Set p(z) =de

ao
ai
az
as
as
as

o

ao
a
az
as
ag

ao
ay
az
as
ag
as
Qe

bo

b>
bs
by
bs

Qao
a
az
as
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Co
C1
C2
C3
Caq
Cs
Ce

o
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Co
C1
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C3
Cq
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by
b2
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by
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0

|
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Summ:

AEC

Po
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qo
q1
To
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0
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by
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0
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C3
C4q
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Ce
0
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Check:
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as
(473

t
Set q(z) =de
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ai
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o

ao
a
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ag

Qo
ai
az
as
Qg
as
Qae
0

bo

b>
bs
by
bs

Qo
ag
az
as
(e%
as
0

0
Co
C1 Co
C2 C
c3 C2
C3
Caq
Cq
Cs
Cé Cs 1L
0 | by
X 0 | by
0
0 :;2
QAo X
aj Qo b4
2 o o
as az o
a
4 Qs ]
PR

|
School
er

Summ:

AEC

Po
P
P2
qo

q1
To

To

0
bo
by
b2
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by
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z

Co
C1
c2
C3
Caq
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0

: Lecture 4
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Check:

ao
aj
az
as
ag
as
(473

ao
ai
az
as
as
as

o

ao
a
az
as
ag

t
Set v(z) = de

ao
aj
az
as
Qaq
as
(¢%5
0

bo

b>
bs
by
bs

QAo
ay
az
as
a4
as
0

Co
C1
C2
C3
Caq
Cs
Ce

o
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a
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as
(e¥1
0

| :
School
er

Summ:

AEC

Co
C1
C2
C3
Cq
Cs

bs
0

Po
P
P2
qo
q1
To
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0
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by
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b3
by
bs

0
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C1
C2
C3
Cyq
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Ce
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Remaining process

b Use cross multiplication to increase order of other columns
» Correct normalization of leading coefficent matrix of new M
» Increase order of pivot column and multiply this by det S35 )

» Implies that we have a new M

» Leading coefficent matrix is diagonal
b Leading coefficients are now d(3,2,7) - d(3,3,2). Need d(332).

» Uniqueness implies d(3 7 ») divides every term exactly.
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Singular Jumps

Suppose at nonsingular submatrix : (3

ao
aq
az
as
a4
as
Qg
az
as

0
ao
aj
az
as
ag
as
(e78
az

0
0
ao
aj
az
as
Qa4
as
Qae

be 0 0
by by O
b, by bo
b; by by
bs by by
bs bs bs
be bs by
b; bg bs
bs by b

Determinants: (leading term of residual)

di1,1,1) #0

AEC Summer School :

)= (1,1,1)
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Ce
c7
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Singular Jumps

Suppose at nonsingular submatrix : 1(3) == (1,1,1)

Qo 0 0 bo 0 0 Co
a; ap 0 | by by 0|
a aq Qo bz b] b() C2
as az aq b3 bz b] C3
asg az az b4 b3 bz (]
as a4 as b5 b4 b3 Cs
ag Qs ag b6 b5 b4 Ce
az Qg as b7 bs b5 C7
ag ay dag bg b7 bg Cs

Determinants: (leading term of residual)

di2,1,1) =0

Co
C1
C2
C3
Cq
Cs
Ce
c7
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Singular Jumps

Suppose at nonsingular submatrix : 1(3) == (1,1,1)

Qo 0 0 bo 0 0 Co
aq Qo 0 b] bo 0 Cq
a aq Qo bz b] b() C2
as az aq b3 bz b] C3
asg az az b4 b3 bz (]
as a4 as b5 b4 b3 Cs
ag Qs ag b6 b5 b4 Ce
az Qg as b7 bs b5 C7
ag ay dag bg b7 bg Cs

Determinants: (leading term of residual)

d(1,2,) =0

Co
C1
C2
C3
Cq
Cs
Ce
c7

AEC Summer School : Lecture 4

Co
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C3
Caq
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Singular Jumps

Suppose at nonsingular submatrix : 1(3) == (1,1,1)

Qo 0 0 bo 0 0 Co 0 0
a; a 0 |by by 0 |ci co O
a ayp Qo bz b] b() C2 C1 Co
as az aq b3 bz b] C3 C2 C
asg az az b4 b3 bz Cqg C3 C2
as a4 as b5 b4 b3 Cs C4 C3
ag Qs ag b6 b5 b4 Cé Cs5 Cug
ay ag das b7 bs b5 C7 Cg Cs
ag ay ag bg b7 bg Cg C7 Cg

Determinants: (leading term of residual)
d1,1,2) =0

Implies c3-rd coefficient linear dependant on previous co, ¢1, C2
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Singular Jumps

i) = (1,1,

1)

ao
a
az

as
as
(e78
az
asg

0
ap
aj

as
ag
as
(e78
az

0
0

Qo

az
as
Qa4
as
Qe

bo
o
ba

by
bs
bs
by
bs

0
bo
by

bs
ba
bs
bs
bz

0
0
bo

b2
b3
ba
bs
bs

Determinants: (leading term of residual)

Implies c3-rd coefficient linear dependant on previous co, c1, C2

Co
C1
C2

C4
Cs
Ce
c7
C8

Co
C1

C3
Cq
Cs
Ce
C7

AEC Summer School : Lecture 4
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Singular Jumps

At = (1,1,1), 0®

ao
aq
az
ag
as
(¢73
az
as
Qas

0
ao
aq
as
a4
as
Qe
az
as

03 41

0 |bp O O
0 |bi by O
Qo bz b] bo
az b4 b3 bz
as b5 b4 bg
as b6 b5 b4
as b7 b@ b5
Qg bg b7 b6
ay b9 bg b7

Determinants: (leading term of residual)

di1,1,1) #0

AEC Summer School :

Co
C1
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Cq
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Ce
Cc7
C8
Co

Co
C1
€3
C4
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Ce
c7
(&3
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Closest Normal Point

Intuition :

Pick the appropriate columns/pivots.

ao
aj
az
as
ay
as
(e78
az
as

ao
aj
az
as
Qg
as
Qe
az

ao
aq
az
as
as
as
Qag

bo 0 0 Co
b] bo 0 Cq
bz b] bo C2
bz b2 by |cs
bs b3z ba|cy
bs bs b3 |cs
bs bs ba|cs
b; be bs |cz
bs b7 bs | cs

Co
C1
C2
C3
Cq
Cs
Ce
Cc7
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Closest Normal Point

Intuition :

Qo
aq
az
as
as
as
Qe
az
as

Points:
(1,0,0)

Closest Normal Points:

(1,0,0)

ao
aj
az
as
Qg
as
Qe
az

ao
aq
az
as
as
as
Qag

Pick the appropriate columns/pivots.

Co
C1
C2
C3
C4q
Cs
Ce
c7
C8

Co
C1
C2
C3
Cq
Cs
Ce
Cc7
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Closest Normal Point

Intuition : Pick the appropriate columns/pivots.

Qo
ay
az
as
as
as
Qe
az
as

Points:
(1,0,0), (1,1,0)

Closest Normal Points:

(1,0,0), (1,1,0)

ao
aj
az
as
Qg
as
Qe
az

ao
aq
az
as
as
as
Qag

bo 0 O
b by O
b, by by
b3 bz by
bs b3 b2
bs by b3
bs bs by
b; be bs
bs b7 bs
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Closest Normal Point

Intuition :

Points:

Qo
ay
az
as
as
as
Qe
az
as

ao
aj
az
as
Qg
as
Qe
az

ao
aq
az
as
as
as
Qag

(1,0,0) , (1,1,0), (1,1,1)

Closest Normal Points:

(1,0,0), (1,1,0) , (1,1,1)

bo 0 O
b by O
b, by by
b3 bz by
bs b3 b2
bs by b3
bs bs by
b; be bs
bs b7 bs

AEC Summer School :

Pick the appropriate columns/pivots.

Co
C1
C2
C3
C4q
Cs
Ce
c7
C8

Co
C1
C2
C3
Cq
Cs
Ce
Cc7
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Closest Normal Point

Intuition :

Points:

Qo
ay
az
as
as
as
Qe
az
as

ap
aq
az
as
Qg
as
Qe
az

ao
aq
az
as
as
as
Qag

(1,0,0), (1,1,0), (1,1,1), (2,1,1)

Closest Normal Points:

(1,0,0), (1,1,0) , (1,1,1)

AEC Summer School :

Pick the appropriate columns/pivots.

Co
C1
C2
C3
C4q
Cs
Ce
c7
C8

Co
C1
C2
C3
Cq
Cs
Ce
Cc7

Lecture 4
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Co
C1
C2
C3
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Closest Normal Point

Intuition : Pick the appropriate columns/pivots.

QAo 0 0 bo 0 0 Co 0
aq Qo 0 b] bo 0 Cq Co 0
a Qg Qo bz b1 bo C2 Cq Co
asy daz aq b3 bz b] C3 C2 C
as as az b4 b3 bz Cq4 C3 C2
as a4 as b5 b4 b3 Cs C4 C3
ag a5 Qg bg b5 b4 Cé6 Cs5 Cg
ay ag as b7 b5 b5 C7 Cg Cs
ag ay ag bg b7 b6 Cg C7 Cg

o

Points:
(1,0,0), (1,1,0), (1,1,1), (2,1,1), (2,2,1)

Closest Normal Points:
(1,0,0), (1,1,0), (1,1,1), (1,2,1)
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Closest Normal Point

Intuition : Pick the appropriate columns/pivots.

QAo 0 0 bo 0 0 Co 0
aq Qo 0 b] bo 0 Cq Co 0
a; aq ap bz b1 bo C2 C Co
as dz aq b3 bz b] C3 C2 C
as a3 az | by bz balcs c3 ¢
as a4 as b5 b4 b3 Cs C4 C3
ag a5 Qg bg b5 b4 Cé6 Cs5 Cg
ay ag as b7 b5 b5 C7 Cg Cs
ag ay ag bg b7 b6 Cg C7 Cg

o

Points:
(1,0,0), (1,1,0), (1,1,1), (2,1,1), (2,21) , (2,2,2)

Closest Normal Points:
(1,0,0), (1,1,0), (1,1,1), (1,2,1), (2,2,1)
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Closest Normal Point

Intuition :

Qo
ay
az
as
(e%
as
Qe
az
as

Points:

(1,0,0), (1,1,0), (1,1,1), (21,1), (22.1), (2.2.2) , (3,2,2)

Closest Normal Points:
(1,0,0), (1,1,0), (1,1,1), (1,2,1), (2,21) , (2,2,2)

AEC Summer School : Lecture 4
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Pick the appropriate columns/pivots.

Co
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Cs
Ce
c7
C8

Co
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Closest Normal Point

Intuition : Pick the appropriate columns/pivots.

QAo 0 0 bo 0 0 Co 0
aq Qo 0 b] bo 0 Cq Co 0
a; aq ap bz b1 bo C2 Cq Co
as daz; aq b3 bz b] C3 C2 C
as a3 a» | by bz brlcys c3 ¢
as a4 as b5 b4 b3 Cs C4 C3
ag as ag | bg bs bsg|lce c5 ¢4
ay ag as b7 be b5 C7 Cg Cs
ag ay ag bg b7 b6 Cg C7 Cg

o

Points:
(1,0,0), (1,1,0), (1,1,1), (2,1,1), (2,21) , (22,2) , (3,2,2), (3,3,2)

Closest Normal Points:
(1,0,0), (1,1,0), (1,1,1), (1,2,1), (2,2,1), (2,2,2)
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Closest Normal Point

Intuition : Pick the appropriate columns/pivots.

QAo 0 Co 0
aq Qo 0 b] bo 0 Cq Co 0
a aj Qo bz b1 bo C2 Cq Co
as dz aq b3 bz b] C3 C2 C
ag asz az b4 b3 bz Cq4 C3 C2
as ag as b5 b4 b3 Cs C4 C3
ag as ag | bg bs by |lce c5 ¢4
ay ag as b7 be b5 C7 Cg Cs
ag ay ag bg b7 b6 Cg C7 Cg

o
g
o
o
o

Points:

(1,0,0), (1,1,0), (1,1,1), (21,1), (2.21), (2.2.2), (3.2.2) , (3.3,2) ,
(3.3.3).

Closest Normal Points:
(1,0,0), (1,1,0), (1,1,1), (1,2,1), (2,2,1), (2,2,2)
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Closed Normal Point

Pick pivot €, as

—

v= {u s.t. d(n(_’k) + &u) #0| nl = max{nék) vgk)}}
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Example

Closest normal points follow dots below.

nz

Figure: An example of singular Padé approximation.
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Fraction-Free Computation

Mahler Systems

Sylvester's ldentity
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Big Picture

Given Mabhler Systems M(V (%) z), order k:
» vO 0 v sequence of “closest normal points”

» Normal point = K(¥ ) |¥ (¥)]) nonsingular matrix

b compute “next’ Mahler System M(¥ (k1) z) order k + 1.
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Big Picture
Given Mabhler Systems M(V (%) z), order k:
» vO 0 v sequence of “closest normal points”
» Normal point = K(¥ ) |¥ (¥)]) nonsingular matrix
b compute “next’ Mahler System M(¥ (k1) z) order k + 1.
Issue : compute without fractions:
» Cross multiplier elimination in M(¥ (¥)| z) gives order k + 1

k+1)

» Correction of degrees gives multiple of M(¥ ( ,z)

» Sylvesters identity gives multiplier for free.

AEC Summer School : Lecture 4
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The Procedure (Good Case)

Starting at (n1,...,My,...,n;n). Degree structure.

degrees :

residuals :

orders :

ny

Tli—1

oy + 1

Tl1—1

ny

£0

Ok

AEC Summer School :

ng —1
Tli.—1
nm:—1
#0
Ok
Lecture 4

Tl]—] T

|
#0 ]
Ok
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The Procedure (Good Case)

Starting at (n1,...,n4,..

n

ny

degrees : :
| N — 1

residuals : | 0
orders : oy + 1

.yMm). Eliminate using column i

Tl1—1

ny

#0

Ok

AEC Summer School :

Tl]—]

ox + 1

Lecture 4

T11—1

ni

ox + 1
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The Procedure (Good Case)

Starting at (n1,...,M4,...,Nm). Increase order of column i

B n ng n]_] n]_]_
ni nl_|_'| ni ni
degrees : : .
n] e n]
| Mm — 1 Nim Ny — 1 Mm
residuals : [ 0o - 0o - 0 e 0]
orders : ox+1 -+ ox+1 -+ ox+1 -+ ox+1
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The Procedure (Good Case)

Starting at (nq,...,Mi,...,nm). Correct degrees in column i

r ni n]_] n1_]
ni nl_l_] ni
degrees : : :
le—1 TL]'
| Mm — 1 Ny — 1 Ny — 1
residuals : [ 0 0 0
orders : ox+1 -+ ox+1 -+ ox+1

AEC Summer School : Lecture 4

Tl]—]

i

oy + 1
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The Procedure (Good Case)

Now at point (ny,...,ni+1,...,n,). Degrees, orders are correct.

r n1 PR n1_] e n1—1
ni -n_1+] ni
degrees : :
le—1 T‘Lj
| tm—1 - np—1T -+ nyp—1
residuals : [ 0 0 0
orders : or+1 -+ ox+1 - o+ 1

AEC Summer School : Lecture 4
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Mm

ok +1
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The Procedure (Good Case)

Now at point (ny,...,ni+1,...,n,). Degrees, orders are correct.
I ng n1—1 TL]-] Tl]—1_
ks e My 1 ut ng
degrees : : :
le —1 T‘Lj
| N — 1 Nm — 1 Ny — 1 Nm |
residuals : [ 0 0 0 0 ]
orders : or+1 -+ ox+1 o+ 1 o +1
Question : |s normalization correct?

AEC Summer School : Lecture 4
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The Procedure (Good Case)

Starting point : Mz(z). Look at leading coefficients.

d(q) o da—eyy o daieey
d(i) dii—e)
Icoeffs : :
di—g;) dei)
dii—em) o dgi-em) 0 di—em)
residuals : [ 0 o dive) o diiaey)
orders : ox +1 oK o)

AEC Summer School : Lecture 4
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The Procedure (Good Case)

Starting point : M(,z). Use column 1i to increase orders

4
CANES!

Icoeffs :
" (f—em)
residuals : [ 0
orders : oy + 1

dii—gy) a* (q—zy)
d(i) 4" (g
: J
dir—gj) 4" q)
d(f—am) * (fgm)
d(frey) 0
ok ok +1

AEC Summer School : Lecture 4
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The Procedure (Good Case)

Starting point : Mz

Icoeffs :
d*(ﬁ: Em)
residuals : [ 0
orders : oy + 1

(e a* (i)
a*(q) A (qi—g;)
4" (ngj) 4" )

ox +1 ox +1

AEC Summer School : Lecture 4

o +1

)(z). Increase order of column i. Correct column i
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Is normalization correct ?

Result of procedure is : dimy - Mse(2).
Why?
Elimination gives :

g = Ay dir+e) — da—g)  d(Rrep)

= dia) diave)
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Why?
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Question : Why is second equation correct?
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Is normalization correct ?

Result of procedure is : dimy - Mse(2).

Why?

Elimination gives :

i—e) = d—e - d(ﬁ+€j) - d(ﬂfﬁj) cd(riqe)

= dia) diave)

Question : Why is second equation correct?

Answer : Sylvester’s identity!
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

a
Arq1
A =
ary1
Am1
det (A) =

ey
Arqeq
aryeq

Qmcy

AEC Summer School : Lecture 4
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Ame,

A1m
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

a
Arq
A =
ary1
Am1
det (A) = det (Av; cq)

A1y
arqeq
Arsycq

Amey
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

a a]C]
Arq1 Arqcy
A =
Arsy1 Arsycq
Am1 Amey
det (A) = det (A,—I‘C1)det (AerCZ]
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

arg are, aie, A1m
(1,.]] Arqcy Arqcy Arym
A =
Arsy1 Arjcq Aryc) Aro,m
Am1 Amey Amesy Amm
det (A) = det (A,—I‘C1)det (ArZ»CZ] —  det (Ar%czj
38/39
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

an A1y Alcy A1m
Arq1 Arqcq Arqcy Arym
A =
ar,n Qrycq  tc Qrycy arym
Am1 Ameq Amesy Amm
det (A) = det (A,—I‘C1)det (ArZ»CZ] —  det (Ar1,62)det (A,-ZVC]]
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

ar aje, aic, arm
(1,.]] Arqcy Arqcy Arym
A =
ar21 Arjcq Arycy Ary;m
Am1 Ameq Amesy Amm
det (Arv | ry,cq,c,) det (A) = det (Ar; cq)det (Ar, c,) — det (Arg c,)det (Ar; ¢;)
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Sylvester's ldentity

Let A, . be A with row T and column c removed.

* Sylvester's identity:

an ey Alcy A1m
Arq1 Arqcy Arqcy Arym
A =
Arsy1 Arjcq Aryc) Ar,m
Am1 Amey Amesy Amm
det (Ar; vy cq,c,) det (A) = det (Ar; cq)det (Ar, c,) — det (Arg c,)det (Ar; ¢;)
* In our case we need :
diry dv2ey) = daree) s diive) — dave) Cdii2e)
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Mahler Systems

Definition
Given 0 and 1@ a Mahler System is

Mo =Mo" ", M ™ ]

where the ith column is +p(n+ €, 2).

Note : Mahler systems have degrees bounded by
m

n,
deg My =

NOTE: Leading coefficents of diagonals : d ).
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