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Abstract

Formulas for the inverse of layered or striped Toeplitz matrices in terms of so-
lutions of standard equations are given. These results are also generalized, in the
generic case, to mosaic Toeplitz matrices and also to Toeplitz plus Hankel matrices.
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1 Introduction

Gohberg and Semencul [5] have shown that for the generic case of a Toeplitz matrix
A = la;—]{%—,, it is enough to solve the two equations
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in order to obtain A~!. Note that there are 2m —1 involved parameters in the definition of
Toeplitz matrices and the requirement of solving two sets of linear equations is therefore
minimal. Denote by {E®}™  the standard basis, and define an equation of the type
A-X = EY as a standard equation. In Gohberg and Krupnik [4] it is shown that
generically one can use the standard equations A - X = EM A.Z = E® in order to
obtain A7!. Ben-Artzi and Shalom [1] have generalized these results showing that three
standard equations, when properly chosen, will always be enough in order to construct the
inverse of a Toeplitz matrix. Recently, the authors [12] proved that actually two standard
equations are sufficient as the solution of the third equation can be obtained using the
entries [a;_;] as well.

In this paper, we consider wider classes of matrices. Let A = [A4;]¥; be an m-
by-m matrix in which A; = [aglq];”;léll (with ¥ . m; = m), namely, each 4; is an

m;-by-m Toeplitz structured matrix. Such a matrix is referred to as a layered Toeplitz
matrix while its transpose is a striped Toeplitz matrix. Note that such a matrix involves
(k+ 1) - m — k parameters. Lerer and Tismenetsky [13] have shown that solving k + 1
systems of equations, not all being standard equations, is enough to reconstruct A=1. We
show that this can be done with k + 1 standard equations in the following way:

Theorem 1.1. Let A be an m-by-m layered Toeplitz matrix with layers of size
ma, ..., mg. Suppose there are solutions X M») = col(x§Mp));”:1 to the k standard equa-

tions
A-XMe) — pMy) -y — 1,

where, for each p, M, = 1+3,_, m; denotes the first row of the p-th layer. For each p let
hy, be the index of the largest non-zero component of X (Mp) and let j be any index such
that h; = max{hy}p=1. k.

a) If m; <m — h; + 1 then A is not invertible.

b) If m; > m — h; + 1 and there is a solution to the standard equation

A - X Mj+m=h;+1) _ p(Mj+m=h;+1)

then A is invertible with inverse

A7l = row([row((Q + P)i_l . X(MP)]?Z]];:I

where Q = S, — b XM . pOo) . AL S, (with Sy, is the m-by-m lower shift matrix)
and P = (X(Mj+m—hj+1) _ Qm—hj+1 . X(MJ)) . F(m)/xELMJ) O



Layered and striped Toeplitz matrices are special cases of a larger family called mosaic
Toeplitz matrices (see for example Heinig and Amdebrhan [8]). In Section 4, we show
that in the generic case we can obtain the inverse through solutions of k + ¢ standard
equations. Finally, in Section 5 we also consider the class of Toeplitz plus Hankel matrices
(see [1], [9]) and show that in the generic case we need to solve four standard equations
in order to determine the inverse matrix.

2 Preliminaries

In this section we prove some preliminary results necessary for our inversion formulae.
For convenience the following notation is useful. For the rest of this paper row(b;)¥_, will
denote the matrix [by, -, by], while col(b;)5_; will denote the matrix [by,---,b]". Note
that this notation is valid if the b; are scalars, vectors or even matrices of appropriate
sizes. The following result from Gohberg and Shalom [6] will be used throughout this

paper.

Lemma 2.1. Let A be an m-by-m matrix, and P, Q m-by-m matrices satisfying P -
A = A-Q. Suppose XM ...  X® are column vectors such that the matrix

R = row[row[P"" - A- X(p)]?lpl]gzl
is invertible (for a given set of integers {m,} with m = % ;m,). Then A is invertible
and has inverse given by

A7t = row[row[@Q" - XW)m)k_ . R

p=1

Remark: The case k = 1 of Lemma 2.1 first appeared in Ben-Artzi and Shalom [1].

Let A = [Ap i {,_, be an m-by-m matrix where A,, = [a?i’;?)]ﬁﬁj; with
m = ’;:1 m, = Zgzl ng. Such a matrix is called a mosaic Toeplitz matriz having

k layers and ¢ stripes. Define

Sy Sna

Shno Shy
S(M) = . and S(N) =

S Sn

k
where S; is the i-by-i lower shift matrix S; = [(5p7q+1]§,7q:1. In addition define integers M,
p=12,...,kand Ny, ¢q=1,2,... L by M, =1+, m; and N, = 37, n;. For a given
integer p, M, marks the first row of the p-th layer of A, while for a given ¢, N, denotes
the last column of the ¢-th stripe.



Lemma 2.2. Let A be a mosaic Toeplitz matrix. Then

l k
S(M) LA A S(N) — ZS(M) LA E(Nq) . F(Nq) _ ZE’(MP) . F(Mp) A S(N) (1)
p=1

g=1

where E® is the i-th standard column vector and F( = (E®)T is the i-th standard row
vector.

Proof: From the definitions of S(s) and S(y) along with the mosaic structure of A
we see that

S(M)A_AS(N) = [Smp.Apvq_AP,q'an]k :

p=1,g=1
Since each A, , is a Toeplitz matrix we have

—a Elpqu a(—pqu)q 3 0
I
Sy, = Apg = Apg - Sny = : : :
0 0 al?,
hence Sy - A — A - Sy is given by
Ny Ny
! !
- 1,1 1,1 1,0 1,6 1
A L 0 —a = 0
(1,1) (1,0)
0 e 0 all) e 0 e 0 all) )
: : - : : »
0 .- 0 altb 0 .- 0 alv?
k1 k1 k,l k¢
Mk — _a(—l ) . _a’(f(n)lfl) ( O) _a’(—l ) e —a(,(n)lfl) ( 0)
k1 ket
0 e 0 al) e 0 e 0 al) )
k1 : kel
0 - 0 alt 0o 0 al ]
The lemma is clear from the above decomposition. O

We remark that Lemma 2.2 is a natural generalization ot the well known rank two
decomposition of ST — T'S for a shift matrix S and a Toeplitz matrix 7.



Lemma 2.3. (see also Heinig and Rost [9]): Let A = [A, J* [ _ with A, = [az(»’i’;’)}z’;ﬁ,jiql

be a mosaic Toeplitz matrix. With the notation as above, the matrix A is invertible if
and only if the following equations are soluble:

A XOB) = gy p=1,... .k (2)
A-ZWND) = Supy-A-END g =10 (3)

In this case '
A7 = roulrow[Q - XMW

where
k

l
Q = S(N) + ZZ(NQ) . F(Nq) _ ZX(MP) . F(Mp) A S(N)

g=1 p=1

Proof: We will apply Lemma 2.1 to A with P = S, @ given above and the
columns XM») p=1,... k determined by equation (3). Note that the structure of S
implies that

Pt AL X M) — pMpti=l) o 1 < < my, p=1,...,k.

Therefore ‘
R =rowlrow[P"™" - A. XM}k

is precisely the identity matrix. Consequently the formula for A~! holds. O

3 Layered and Striped Toeplitz Matrices

In this section we prove the main Theorem stated in the introduction, along with some
other related results. Therefore we now consider the special case where ¢ = 1, that is, of
a mosaic Toeplitz matrix having a single stripe. Such matrices are referred to as layered
Toeplitz matrices. In this case, Lemma 2.3 implies that determining the invertibility of A
(and also its inverse) is accomplished by solving the k& + 1 linear equations

A-XMe) = p(Mp) p=1,... k (4)
A-Z = Sun-A-E™. (5)

The inverse in the case that such solutions have been found is then given by

A7 = roufrowf@ - XWI]E
where Q = S, + Z - FI™ — Y8 X(Mp) . Q). 4. S,
Proof of Theorem 1.1.

If by chance Sy - A - E() =0, then the invertibility of A can be determined with
only k standard equations. In the Toeplitz case (i.e. when k = 1) this can happen if and

5



only if A is lower triangular (cf. [12]). When k > 1, there are other cases where only k
standard equations determine the inverse of A (cf., Example 3.1).

For each p, let h, denote the index of the highest non-zero component of X (Mp) and
suppose h = max{h,}. For each index i let R; = min{m; —1,m — h}. Then we show

that we can always construct column vectors X M) . XMi+FE) gatisfying
a) A . X(M2+T) = E(Mi+7‘) 0 S r S RZ
b Q- XWMitr=1)  —  x(Mitr) | <p < R,

where Q = S,,, — F_, XMp) . p(Mp) . A S Note that, since the last m — h components
of each of the XM») are zero the structure of @) then implies that

(M;+r—1)
€, ‘

= :rfffﬁ*”‘” == xiﬂfﬂl forh+r <u<m.

Clearly the above holds for » = 0, hence assume that we have an r with 1 <r < R;

such that XM X(Mi+r=1) qatisfying a) and b) above have already been constructed.
From i
Souy A=A S+ Sauy - A- Em) . pim) _ ZE(MP) M) g S, (6)
p=1

we have that

S(M) A X(MH-T—I) =A. Sm . X(MH-T—I) + S(M) A E(m)xgr]\ﬁi—&—r—l)

k
_ Z E(Mp) . F(Mp) A Sm . X(Mi'f‘T‘—]-)'
p=1

Since m —r+1> h+ 1> h at follows that :1:7(7]1\4_2 4+1 = 0. The construction is true for all

j < r —1, hence the structure of ) implies that

w%\/jﬁr_l) = x%fr—Q) == x%?«ﬂ
SO xwﬂ”_l) = 0. Since r < R; < m; — 1 we also have that EMit7) — Seary - E(Mi+r—1)
Therefore
k
EMitr) 4. S, - x (Mi+r=1) _ ZE(MP) M) AL s . X (Mi+r—1)
p=1

k
= A. {Sm . X (Mitr=1) _ ZX(MP) M) 4 S . X(M¢+r1)}
p=1

= A.-Q - XMitr=1)
Clearly XMi+7) = @ . X (Mi#7=1) then satisfies conditions a) and b).

We are now in a position to prove Theorem 1.1. Let j be an index such that h; = h
and assume that m; — 1 <m — h. Then S - EWMi+mi=1) — () and

x%ﬁmj—l) x%rmg‘ﬂ) (M) —0

6



since h < m —m; + 1. A similar argument to that given previously then implies that
A-X =0 where X = Q- XMi+m5=1)  Since

(Mj+m;—1) _ _ (M)
Thimy = Tyt == A0

and h +m; < m + 1, X is nonzero and hence A must be singular.

Now let j be an index such that h; = h with m; —1 > m — h. Suppose there exists
a solution X (Mitm=hi+1) 4 the standard equation

A- X(Mj+mfhj+1) — E(M]‘erfthrl)

(Note that there may be more than one possibility for the choice of j). Then
(M;) (Mj+m=h;)

T, = Tm and using equation (6) we obtain
Sy - A XMitm=h) — gL X (Mmehy) G AL B 7 Ms+tm=hj;)
_ Zk EMp) . p(Mp) . A .G . X (Mj+m—h;)
F(Mj+m—h;+1) _ A- S, - XMitm=h) £ G0 A E(mug@)
— Z’;Zl E(Mp) . F(Mp) A S’ . X(MjJFm*hj)
A . X (Mj+m—h;+1) _ A-S, .X(Mj+m—hj) + S - A- By ( i)
—A- Z . F(Mp) . A~Sm'XM+m‘hj).

Therefore A - 7 = S - A-EM™ for

k
7 = (]1\4') A X Mtm=hi 1) g (Mytm=hy) ZX(Mp) CFMp) AL x (Mytmehy)
$h] J p:l
1
_ X (Mj+m—h;+1) _ ~ym—h;j+1 (M)
= o {x Q XML

and so by Lemma 2.3 A is invertible with inverse given by

A~ = row[row|(Q + P)"! X(J\/lff’)]?l”l]p_1
with P = Z - F™). O
Remark 1. When k& = 1 Theorem 1.1 first appeared in [12].

Remark 2. It is natural to ask if it is possible that one can always use less than k + 1
standard equations to determine both invertibility and inverse of a layered Toeplitz matrix.
This is not the case as has been shown in [12] in the & = 1 case.

Remark 3. A mosaic Toeplitz matrix with £ = 1, that is, with only one layer, is called a
striped Toeplitz matriz. Since the transpose of a striped Toeplitz matrix is layered Toeplitz
the results of this section (using row standard rather than column standard equations)
are also valid for the striped Toeplitz case. Our methods, however, do not construct the
inverse of a striped Toeplitz matrix in terms of column standard equations as was the case
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for layered Toeplitz matrices. Indeed it is an open question how such a representation
can be constructed.

Example 3.1. Suppose A is the 5-by-5 layered Toeplitz matrix

1 100 a
a1 1 00
A=11 01 b ¢
1101 b
1110 1

with m; = 2 and my = 3 (and hence M; = 1 and My = 3). There are solutions to
A- XD =FE® and A- X® = E®) given by

b+1 1
—ab?+b*4+ac—a—-b—c+1 —a’+a—1

XY=\ a?*-0*—ab—ac+b+c—1|/d and XO = a’?—2a+1 | /d
—ab—ac+a+b+c—2 a’>—ab—a+b
ab+a—b—1 a—1

with d = a?b — ab®> + a®> + b*> — ab + ac — 2a — c + 2.

Ifa=b=c=0, then Sy - A-E® = 0. Therefore A is invertible with inverse given by

{X(l) L QXD X® 0. x® Q2. XC’))}

with
[ —1/2 =1/2 0 0 0 ]
/2 1/2 0 0 0
Q=25 — (XU .FO L XO . Oy 4.8, =] 1/2 1/2 0 0 0
1 0 100
12 1/2 01 0|

If a =1 and b and ¢ are arbitrary, then hy =4 and hy = 2. Since my — 1 < m — hy
and there is already a standard solution for column M; +m — hy + 1 = 3, A is invertible.
In this case the construction used in the proof of Theorem 1.1 allows one to avoid the
extra P matrix. The inverse in this case is given by

{X(l) L Q- X0 X® 0. x® Q2. X(3)]

where
[ -1-b -1 =b —1—=b—c 0]
1+06 1 b b+c 0
Q:S5—(X(1)-F(1)+X(3)-F(3))-A-S5= 1 1 0 1 0
1 0 1 1 0
0 0 0 1 0 ]




Ifa=2b=—1and ¢ # 1, then hy =4 and hy, = 5. Since my > m — hy + 1, we need
to solve the extra standard equation

A-XW = g®

in order to determine invertibility. There is such a solution in this case so A is invertible
with inverse given by

XO @+ P)- XMW, X® (Q+P) X (Q+P) X

where now Q = S5 — (XM . FO) 4 XO . FG)Y. A. S5 and P = (X@W —Q-X(?’))-F(E’)/xg?’).
This gives

r 0 _ 1 1 ___c 4c-5 q
c—1 c—1 c—1 c—1
0 3 _ 3 2+4c __6c¢c—9
c—1 c—1 c—1 c—1
c—2 1 c—2 1
P+Q=1|1 & L — L
1 -3 24c  _ 24c  2c*+c—6
c—1 c—1 c—1 c—1
1 1 _ 1 c—2
- 0 c—1 c—1 c—1 c—1 .
. 1
Note that (P + Q) XMW = Q- XD gince xé) —0 .

The standard equations that are used in Theorem 1.1 all correspond to the first rows
of each layer. It is also possible to use standard equations that instead use the last rows
of each layer.

Theorem 3.1. Let A be a m-by-m layered Toeplitz matrix with layers of size myq, ..., my.

(Mp) EMP))m to the k standard equations

Suppose there are solutions X = col(x i

A-XWM) = pM) =1k,

where, for each p, M, = 3,-, m; denotes the last row of the p-th layer. For each p, let ¢,
be the index of the first non-zero component of X») and let j be any index such that

t; =min{t,}p=1, k-
a) If m; <t; then A is not invertible.
b) If m; > t; and there is a solution to
A XMi=ty) — p(M;j—t;)
then A is invertible with inverse
A7 = row[row|(Q + P)"A_IX(M”)]1 ]k

i=mylp=1

where Q = S — Yk XM) . pO) . 4. ST p = (X(Mimh) — Q. X (M) . FO) /M and
ST is the m-by-m upper shift matrix.



Proof. Let A = [A™]%_| and

I

k

where J; is the ¢-by-¢ matrix J; = [(5p,q,i+1];7q:1 having ones along the anti-diagonal and
zeros elsewhere. Then B B
Jony - A+ T = A= [AV]E,

is a layered Toeplitz matrix having components

) _ @

a'l
J T my—m—j-

The matrix A also has layers of size my, ..., ms, hence the first row of the i-th layer is
given by )
We will show that the conditions on A in Theorem 3.1 are equivalent to the conditions

on A in Theorem 1.1.

For each i the standard equation
A XxWM) — p(M;)
is equivalent to ) )
A XM — O
where XM = J . XM Note that if h; is the last component of X ) then

Clearly an index j such that t; = mmitl} corresponds to an index j such that
h; = max{h;}. If m; <t; then m; <m —h;+1so A (and hence A) is not invertible.

Similarly, from part b) the condition m; > t; corresponds to m; > m — Bj + 1 for
such a j while an equation of the form

A XMi=t;) — p(Mj—t;)

can be transformed into a solution of

A . X Mj+m=h;+1) _ p(M;+m—h;+1)

where X (Mitm=hi+1) — J . x (Mi ~t). Therefore A (and hence A) is invertible by Theorem
1.1. In this case the inverse of A is given by

A7 = row[row[(Q + p)i_l . XMP)];Z’}]’“

p=1

10



with Q = 8, — S5, X ) . O . 1.5, and P = (XMtm—hst) _ Qmehy+t . gO4)
Fm /:EELAJJJ ). Therefore
A = A Jany = row[row[(Q+ P)T XURITRIR Ty

p=1"
= —\7—1 mp
I (Q+P) ™+ Jpy - XUWITE - T

[

[

= rowl[row|(J,, - (Q + P) - Jm)i_lX(Mp)];ile;:l - Joy
= row[row[(Q + P) ' XML |k

i=mplp=1

which gives part b) since for example (setting J = J,;,)

k B _ 3 k B
J.Sm.J_ZJm.X(Mp).F(Mp),A.Sm_J — S;L_ZX(J%).F(Mp),J_A,J.SZ1
p=1

p=1

k
— SZ’; _ Z X(MP) . F(MP) LA Sg;
p=1

and a similar transformation shows that J - P -.J = P. O

Remark 4. Similar results hold for layered Hankel matrices (and also striped Hankel
matrices). Indeed if A is a layered Hankel matrix, then Ji-A is a layered Toeplitz matrix.
Hence for such matrices the argument presented in Theorem 3.1 is the main technique
required in translating the results in this paper to the layered and striped Hankel cases.

4 Generic Mosaic Toeplitz Matrices

Let A = [Ap s { ), with A4,, = [ag’j’;?)];ipl,jiql and Zlgzl m, = 22:1 n, be a mosaic
Toeplitz matrix. In this section we consider the problem of inverting a mosaic Toeplitz
matrix using only standard equations. Without loss of generality, we may assume that
k < ¢; otherwise, we would consider AT instead of A. As in previous sections, M, will

denote the first row of the p-th layer and IV, will denote the last column of the g-th stripe.

Theorem 4.1. Let A be a mosaic Toeplitz matrix and suppose there are solutions
X (Myp) — COl<x§Mp))j:1,...7m to the k standard equations

A XMp) — p(Mp) p=1,...,k, (7)

Assume that the /-by-k matrix

A

x=| ]
M M,
:175\,[1) xxj)

has full-rank ¢. If, for each m, > 1, there are solutions

A.X(MP+1) = E(MP'H) p= 1,...,k,

11



then A is invertible with inverse given by
A~ = row[row[(Q + P) T XML (8)
where
k
Q= Sy — Z CFOM) AL S,
and (setting V@ = XMi+1) if ;m; > 1 and 0 otherwise)

F(N1)

P= (VO VO] QX0 L X))y |
F(Ne)

Here , Y is any right inverse of the ¢ ranked /-by-k matrix X, ie. X Y = 1.

Proof: By Lemma 2.3 the invertibility of A is equivalent to the existence of solutions
to equations

A XM py) p=1,....k (9)
A 20 = S A B =1, 0 (10
hence we need to determine the Z(N"),Z' =1,---,q

For any solutions of (7) equation (1) implies that
¢
Sy A- XM = A Sy - XM 43" Sy - A- BN ZE% PO AL Sy - XM,
q=1 p=1
Since

EMi+) if m, > 1

AL M) (M)
San - A-X San - E {0 if m; =1

we see that
[S(M) CACEND S0 ~A'E(N‘1)}-X — A([VD, - VO[S XM G X))
+ (X @0 p(h) -A-S(N),---,X(Mk) . CA- S - X X)X (M)
in which V® = XM+ if ;i > 1 and 0 otherwise.
Therefore, since X has full rank there are solutions to (10) given by
(ZW, ... Zz®] = (v ... v#]-

(Seny — (XM pOh) 4. Senyy - X M) p(My) LA Sen)) - (XM L X)) Ly

Y

hence A is invertible with inverse given by (8). O

Remark 1. When £ = ¢ =1, Theorem 4.1 is the same as the Gohberg-Krupnik formula.

12



Theorem 4.2. Let A be a mosaic Toeplitz matrix, M, the last row of the p-th layer and

N, the first column of the g-th stripe. Suppose there are solutions X M) = col(x§Mp))m

of the k standard equations =
A-XMe) — pMy) -y — 1k (11)
and assume that the /-by-k matrix
m%\fl) x(NJ‘f’“)
X=| .
x%l) x%\f’“)
has full-rank ¢ with right inverse Y. If, for each m, > 1, there are solutions
A XD — pOL=D gy — 1k, (12)

then A is invertible with inverse given by

A7t = rowlrow|(Q + P) X Me))L_

i=mplp=1
where

k
T M, M, T
Q:S(N)_El:X( ). )'A'S(N)7
p:

and (setting V@ = XM= if ;m; > 1 and 0 otherwise)

P=(vO ... v® Q. [xO) ... xM]).y.

Proof: Indeed, let A = Jan-A-Jiny. Then A is a mosaic Toeplitz matrix [Am]’;:lﬁ]:l
with the entries of A, , determined by

—(pa) _  (p9)
a; - ampfani'

Note that each A®9 also has size Mmy-by-n,.

It is a simple matter to use the argument of Theorem 3.1 to show that the conditions
on A in Theorem 4.2 correspond to the conditions on A in Theorem 4.1. Indeed, equations
of the form (11) are equivalent to

A XM) = pM) =1k,

where for each p, M, = M, —m, + 1 is the first row of the p-th layer of A and XO5) —
Jovy - XMr). Note that

w%\jk) _ x%l) j%\fl) j%\fk)
Xx=| = |
M, M _(M _(M,
xgvlk) xgvll) xgvel) :L,Svék)

13



where N; is the last column of the i-th stripe of A.

Similarly, equations of the form (12) are equivalent to
A XOL+) — pOt) gy — 1k

with X e+ — Jvy - X@p=1) Therefore A, and hence also 4, is invertible by Theorem
4.1. The inverse formula for A follows directly (using the arguments from Theorem 3.1)
from the inverse formula for A. O

Remark 2. Theorems 4.1 and 4.2 can also be given in the case of mosaic Hankel matrices.

Remark 3. In the case of a block Toeplitz matrix there are examples where the inverse
can be given in terms of solutions of standard row and standard column equations. For
example the formulae of Gohberg and Heinig [3] gives the inverse once the first and last
block rows and columns of the inverse are known. Inversion formulae given in terms only
of solutions to standard block row and block column equations are also given in Ben-
Artzi and Shalom [2] and Lerer and Tismenetsky [14]. Using appropriate row and column
permutations it is easy to see that block Toeplitz matrices are same as mosaic Toeplitz
matrices having constant width stripes and constant height layers. In this context the
formulae of Gohberg-Heinig describes the inverse in terms of solutions of standard column
equations corresponding to the first and last columns of each stripe and standard row
equations corresponding to the first and last rows of each layer. It would be of interest to
generalize such formulae to inverses of more general mosaic matrices. This would also be
true of corresponding mosaic forms of the formulae of Ben-Artzi and Shalom and Lerer
and Tismenetsky, even in the generic case. It is an open question whether or not one can
construct an inverse for a non-generic mosaic Toeplitz matrix using only standard row or
standard column equations.

5 Generic Toeplitz plus Hankel Matrices

In this section we show that the techniques used previously are also applicable to matrices
having the structure of a Toeplitz plus Hankel matrix. In this case we obtain results of
Heinig and Rost [10]. Thus let A =T + H where T' = [t,;]",_, is a Toeplitz matrix and
H= [hi—i-j—l]Z;:l is a Hankel matrix. The matrix U = S,,, + S% takes the role of the shift
matrix of previous sections.

Lemma 5.1. A =T + H is invertible if and only if there are solutions to

A- XV =ED, A-Z(l):(ST-T+S-H)-E(1)
A- X = pim), A-Z(m):(ST-T+S-H)-E(m)

In this case

A = row [Qi_l -X(l)}

14



where
Q=Q1-S+Qy-ST+2zW.pW 4 zm  pm)
with
Qi=(I—-XV.FO.T_ xm . pm. m)
Qy=(I—-XV.FO. g X . pim.T)

and
R =row [Ui_l . E(l)]fn

=1

Proof: Set P = U, and note that

P-A = AP+(S+SN - (T+H)—(T+H) (S+5")
= (S T-T-9)+S"T-T-S")+(S-H-H-5")+(S"-H—-H-5)
(ST-T+S-H)-E(l)-F(1)+(S-T+ST-H)-E(m)-F(m)
—EW.FO (7. S+ H.-ST)—E™.Fm™ . (H.54+T.57)
= A-Q.

Since R = row[P"'- A- XM]™ | is invertible, the result then follows directly from Lemma
2.1. O

Theorem 5.2. Let A = T + H and suppose there are solutions to the four standard
equation
A-XO  =pgO) A-X® = p®
A Xm=1) — pm=1) 4. xm) = pm)
Suppose the 2-by-2 matrix
X = [ ) ]

20 lm)

is invertible. Then A is invertible with inverse given by

m

A7t =row {(Q + P)t. X(l)} R™!

=1
where Q = Q, - S + Q- ST with

Qi=U—-XV.pO.7_ xm. pm) . )
Q= —-XV.pO. g xtm. pm.T)

F ]

P= ([X(Q),X(m_l)] -Q- [X(l),X(m)]) XL [ o)

and
R=row [Ui_l . E(l)]fn

=1

Proof: For notational convenience let

B, = ST T+S-H By, = S-T+5S" H,
By = T-S+H-ST, B, H-S+T-57.

15



Then

E®Q=U.ED = A.U-XD4 B .ED. 204 By Ft™ . 4O
—A-XO. OB xW g xm L pm) g x®
Em D —y.EM = A.U.X™ 4B ED. g™y B, g

—A- XM .. B xm g xm) . pm) B x ()

hence
[31 BV B,. E(m)} X
= [Bi-EW -2l + By— B -al) B EW a4 By B 2|
_ {B EOE 1)X(1 + BEMpmxM) - p g p®) xm 4 g pim) pim) .X(m)}
= A [y y®)]
where

yh = x@ 4 xO.p®W. g xW 4 xm o pm) . g x® . x®
y@ = x4 xW. p®. g, xm 4 xm) pm g xm _ . xm

Therefore, when X is invertible we obtain
[Z(l) ’ Z(m)] — [y(l) : Y(m)] . x!

which implies that A is invertible by Lemma 5.1. The inverse formula also follows directly
from the previous lemma.

Acknowledgements: The authors would like to thank an anonymous referee for
pointing out some errors in the original proof of Theorem 1.1.
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