Computation of Numerical Padé-Hermite and Simultaneous
Padé Systems I: Near Inversion of Generalized Sylvester Matrices
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Abstract. We present new formulae for the “near” inverses of striped Sylvester and mosaic
Sylvester matrices. The formulae assume computation over floating-point rather than exact arith-
metic domains. The near inverses are expressed in terms of numerical Padé-Hermite systems and
simultaneous Padé systems. These systems are approximants for the power series determined from
the coefficients of the Sylvester matrices. The inverse formulae provide good estimates for the condi-
tion numbers of these matrices, and serve as primary tools in a companion paper for the development
of a fast, weakly stable algorithm for the computation of Padé-Hermite and simultaneous Padé sys-
tems and, thereby, also for the numerical inversion of striped and mosaic Sylvester matrices.
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1. Introduction. Let n = [ng, ... ,ng] be a vector of integers with ng > 0,
0 < B < k. A striped Sylvester matrix of order ||n| is given by
i aé()) a](CO)

1 Mo=| @ || HON

gD gl =no) B

where ||n|| = ng + ... + ng and where the coefficients a(;) € R, the field of real

numbers. Assume that a(()o) # 0. In this paper, we present a formula for the inverse
of M,, expressed in terms of Padé-Hermite and simultaneous Padé systems.
Padé-Hermite and simultaneous Padé systems [7, 9] are approximants for the

vector A'(2) = [ap(2),...,ar(z)] of power series associated with the coefficients of
M,,, namely,
lInll—1
ag(z) = Z ag) 2¢, with 0 < 8 < k.
£=0

They provide necessary and sufficient conditions for M,, to be nonsingular, and gen-
eralize the notions of Padé-Hermite and simultaneous Padé approximants. Padé-
Hermite and simultaneous Padé approximants were introduced by Hermite in the last
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century and has been widely studied by several authors (for a bibliography, see, for
example [1, 2, 3, 4, 15]).

The inverse formula given here is intended to be applied in a numerical setting; it
accommodates errors that may have been made in the computation of Padé-Hermite
and simultaneous Padé systems. That is, the formula gives the “near” inverse for
M, since it expresses the inverse in terms of Padé-Hermite and simultaneous Padé
systems which are computed using floating-point arithmetic. There are other closed
formulae (c.f. [12, 16, 18, 19, 20]) for M, !. The formula given here is different in that
it expresses the inverse directly in terms of numerical Padé-Hermite and simultaneous
Padé systems.

The near inverse formula depends on the computation of both Padé systems. It
is possible to determine a simultaneous Padé system from its “dual” Padé-Hermite
system via the adjoint operation [6, 15]. In a numerical setting, however, this does
not provide enough control over the resulting floating-point errors [14]. Instead, si-
multaneous Padé systems can be computed independently. Whereas a Padé-Hermite
system can be obtained by solving a system of linear equations with M, as the
coefficient matrix, a simultaneous Padé system can be similarly and independently
obtained with a coefficient matrix that is a specialized mosaic Sylvester matrix. This
specialized mosaic Sylvester matrix of order k|n|| is defined to be

* *
50,1 e 0,k
* . .
(2) Mn = . . ’
* DY *
k,1 k,k

where S, 5 are matrices of size (||n| —nq) x ||n||, with

(0) (In|l—1)
aﬁ DRI aﬁ
Sgﬁ - — . )
(0) (no)
a3 as
aéo) . aé\lnl\—l)
S* = T, .
8.8 . : )
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for 1 < 8 <k, and with the remaining S, 5 = 0. The matrix M7 is closely related to
M,,. Indeed, in the special case when k = 1 the matrix M,, and the transpose of M?
coincide, up to a sign and a permutation of the rows and columns. Similarly, when
k > 1 and ap(z) = 1, the matrix M,, and the transpose of M? are both obtained by
a suitable block extension of the same matrix. In this paper, we also provide a “near”
inverse formula for the matrix M;,, again in terms of numerical Padé-Hermite and
simultaneous Padé systems.

The inverse formulae provide “good” estimates for the condition numbers of M.,
and M and these enable the stable numerical computation of Padé-Hermite and
simultaneous Padé systems described in the companion paper [6]. In return, the ac-
curate computation of Padé-Hermite and simultaneous Padé systems by the algorithm
in [6] enables the effective inversion of generalized Sylvester matrices by the formulae
given in this paper, as well as the solution of linear systems of equations with these
as the coefficient matrices.



This paper is organized as follows. Preliminary definitions and basic facts about
Padé-Hermite and simultaneous Padé systems are given in the next two sections. §3
gives a near commutativity relationship between these two systems in floating-point
arithmetic, while §4 and §5 give the approximate inversion formulae for striped and
mosaic Sylvester matrices. The final section gives a summary and some conclusions.

We conclude this section by defining some norms which are used in §4 and §5.
Let

o0

a(z) = Za“) L eR(],

£=0

where R[[z]] is the domain of power series with coefficients from R, and define the
bounded power series

RE[[]] = {G(Z)

a(z) € R[[7]], Z la®] < oo} .
=0

A norm for a(z) € RP [[2]] is

la(z) =) lat?].
£=0

RE[[z]] includes the domain of polynomials R[z]. So, for

0
s(z) = Z sz e R[],
=0

we use the norm

%)
ls() =" 1“1
£=0

For vectors and matrices over RZ[[z]], we use the 1-norm unless otherwise speci-
fied. So, for example, the norm for A%(z) is

4G = max, {llas(:)]}

and the norm for S(z) € R(p11)x (k+1)[2] is

k
I1S(:)] = gmax, {Z |sa,5<z>||} .

a=0
It is easy to verify that various compatibility conditions are satisfied. For example,
[A*(2) - S(2)Il < [IA" ()]l - IS (=)
and

la(z) - o) < lla(z)] - [[6(2)]],
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where b(z) is also a bounded power series. In addition, for S*(2) € R(k41)xk+1)[2]
and A*(z) € Rﬁﬂ)xk[[z]],

157(2) - A*(2)]

< [IS*@I- 1A,

[1S(=) - S* ()l < 1S(2)I - [1S*(2)]I-
In the subsequent development, we also make use of the inequality
la(z) (mod 2" < Jla(2)],

where

i o0

a(z) (mod ZI™M+1) = Za“) 2+ Z 0-2" e RP[[2]]
=0 e=|In|l+1

2. Multi-dimensional Padé Systems. In this section, we introduce the notion
of Padé-Hermite and simultaneous Padé systems. Let n = [ng,...,nx] and define
2|l = no + - - - + ng. Also let

Al (2) = [ag(2), - .., ax(2)],

where
ag(z):Zag)ze, 6=0,...,k,
£=0

with a(ﬁe) € R, the field of real numbers. Assume that aéo) # 0, which means that
ag ' (2) exists. Assume also that Af(z) is scaled so that |jag(z) (mod 2I™MI+1)|| = 1,
0< B <k

The (k4 1) x (k + 1) matrix of polynomials

Zp((Z)) | UI((Z)) Uk((Z))

z (Z) Ut(Z) z2q1(z v1,1(2 s U1 E(R

@ se= = | .
2qp(2) | vka(2) o0 vgk(2)

is a numerical Padé-Hermite system (NPHS) [9] of type n for A(z) if the following
conditions are satisfied.
I. (Degree conditions): For 1 < a,( <k,

no—1 no
(4) pz) = p2", ug(z) = Y ug' 2",
£=0 £=0
Nag—1 N
qa(2) = Z g2, Vo, p(2) = Zvﬁ)ﬁzé.
=0 £=0
II. (Order condition):
(5) A(2)8(2) = 2T (2) + 6T (2),
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where TU(z) = [r(2),2W(2)] with W¥(z) = [w1(2),...,wg(z)] is the residual, and
where 6T (z) = [z dr(z), SW'(2)] is the residual error, with §W*(2) = [dw1(2),. .., dwk(2)]
and with

lIn]l—2 K

or(z) = Z or9 28 Swg(2) = Zéwg) 24
=0 ¢=0

If 67%(z) = 0, then S(z) is an exact, rather than a numerical, Padé-Hermite system.
III. (Nonsingularity condition): The constant term of V(z) is a diagonal
matrix,

(6) V(0) = diag [y1,---, 7],
and
k
(7) v=(ag") 7 ]9 #0,
a=0

where v9 = 7(0).

Remark 1: The nonsingularity condition III is equivalent to the condition that
r(0) # 0 and that V(0) be a nonsingular diagonal matrix.

Remark 2: The NPHS is said to be normalized [9] if the nonsingularity condi-
tion III is replaced by r(0) = 1 and V(0) = I. This can be achieved by multiplying
S(z) on the right by T'~1, where

The NPHS is said to be scaled [14] if each column of S(z) has norm equal to 1 and
if, in addition, y3 > 0, 0 < 8 < k. Here, also, scaling a NPHS is accomplished by
multiplying it on the right by an appropriate diagonal matrix.

Remark 3: The nonsingularity condition III, namely v # 0, refers to the non-
singularity of the associated striped Sylvester matrix M, defined in (1); in [9] it is
shown that an exact NPHS exists iff M,, is nonsingular.

Remark 4: In [5, 6, 9], rather than S(z), the Padé-Hermite system is defined to
be S(z) - diag|z,1,...,1]. The notation used here is consistent with that of [16], and
simplifies the presentation of some of the results.

A Padé-Hermite system gives an approximation to a vector of formal power series
using matrix multiplication on the right. A simultaneous Padé system is a similar
approximation using matrix multiplication on the left and with degree constraints
that can be thought of as being “dual” to the degree constraints of a Padé-Hermite
system.



Let!

9) A™(2) =

1) matrix of polynomials

) o up(?)
2) e ap(2)

2qx(2) | 2ppa(2) - 2pia(2)

is a numerical simultaneous Padé system (NSPS) [7, 9] of type n for A*(z) if the
following conditions are satisfied.
I. (Degree conditions): For 1 < a,(3 <k,

lInll—no lInll—ngs
(11) v*(z) = Z v 0L ug(z) = Z ug(@ze,
=0 =0
lInl|—no—1 lInf|—ns—1 ,
THOESED DEHEES DROENED DR ES
£=0 £=0
II. (Order condition):
(12) S5*(2)A*(z) = "IT*(2) + 6T*(2),
where T*'(z) = [z W*(2)|R*'(z)] with R*(z) a k x k is the residual, and where
8T*(2) = [6W*(2)|z 6R*!(2)] is the residual error, with §R*(z) a k x k matrix and
lIm]| lInll—2
dwp(z) (5w*(£) 2, ory 5(2) Z 67";;(2 z
=0

If 0T*(z) = 0, then S*(z) is an exact NSPS.
ITII. (Nonsingularity condition): The constant term of R*(z) is a diagonal matrix

(13) R*(0) = diag [v1,--- ]
and
k
(14) v =) [ #0.
a=0
1 More generally,
af‘)’l(z) ceal (2)
TS| e
A=) = : : :{ C*(2) ]
“2,1(z) al’;’k(z)

with C*(0) nonsingular, but the restriction to (9), which algebraically is made without loss of gener-
ality, permits us to establish in §3 a duality relationship between Padé-Hermite systems and simul-
taneous Padé systems.
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where 5 = v*(0).

Remark 5: The NSPS is said to be normalized [7] if the nonsingularity condi-
tion IIT is replaced by v*(0) = 1 and R*(0) = I). This can be achieved by multiplying
S*(z) on the left by I'*~!, where

(15) I = diag [, - - 7kl -

The NSPS is said to be scaled when each row of S*(z) has norm equal to 1 and
if, in addition, v* > 0, 0 < a < k. Here, also, scaling a NSPS is accomplished by
multiplying it on the left by an appropriate diagonal matrix.

Remark 6: The nonsingularity condition III, namely v* # 0, refers to the non-
singularity of the associated mosaic Sylvester matrix M? defined in (2); in [7] it is
shown that an exact NSPS exists iff M is nonsingular.

Remark 7: In [5, 6, 9], rather than S*(z), the simultaneous Padé system is de-
fined to be diag[l,z,...,z]-S*(z). This is for notational convenience only.

3. Duality. Theorem 1 below gives a relationship between Padé-Hermite and
simultaneous Padé systems which is crucial to the results of the subsequent sec-
tions. It generalizes earlier results of Mahler and their extensions to block matrices
[10, 15, 17, 21].

THEOREM 1. If S(2) is a NPHS of type n for A(z) and S*(2) is a NSPS of type
n for A*(z), then

(16) §*(2) - 8(2) = 2"l (@)~ T + 0, (=),

where

Or(2) = ag'(2) {[ ZZQ(@) }m(z) +0T*(2) [ 2Q(2) | V(2) ]} (mod 2IPI+1y,

Proof. The theorem (in the case that 67(z) = 0 and 6T*(z) = 0) follows from
[15]. The arguments used in the following proof, however, are considerably simpler.
Let



B v*(2) " * *
- [ 20" (2) }A (2)S(2) + S*(2)A%(2) [ 2Q(2) | V(2) ]

- zlnll{{ gfa) } [ r(z) | Wi(2) |+ [ Z?{S) } [ 2Q(2) [ V(2) ]}

zZ

v*(2) " X
| o) | e e | Vi ],

But, from (4) and (11), the degrees of S*(z)S(z) are bounded component-wise by
ln||. It then follows from (17) that

S*(2)S(z) = 2l [ v*(Ogr(O) I

= @)= 4 05 (2),

V] o

which is (16).
|
COROLLARY 2. If S(z) is a normalized NPHS of type n for A(z) and S*(z) is a
normalized NSPS of type n for A*(z), then for sufficiently small? 5T (z) and 6T*(z)

(18) S(z) - 5%(2) = 2™ (@) Ty + 011(2),
where

017(2) = S(2) 01(2) [21"1(a{) M T + 01(2)] 7 S*(2).

Proof. 1If 0;(z) is so small, that is, if 07(z) and 6T*(z) are so small, that
2l (a(()o))’llkﬂ + 07(2) is nonsingular, then from (16)

S*7(z) = 8(2) - [ (af”) M T + 01 (2)]
So,
S(2)8*(2) — 21" () s
= {S(z) = 2@l 1s (=)} 57 ()
= 5(2) { T = ANl T @) T i + 02207 5 (2)
= S(2) 01(2) "N (af™) T Iiyr + 01(2)] 71 S (2).

|
COROLLARY 3. The residuals T'(z) for a normalized NPHS of type n for A(z)
and T*(z) for a normalized NSPS of type n for A*(z) satisfy

(19) TH(z) §*(2) = ()1 A'(2) + 6,1 (2),
where
O11(=) = {A'(2)011(2) = 9T"(2)5"(2))} /21",

2 Tt is adequate, for example, that condition (34) of Corollary 6 be satisfied.
8



Proof. From (5) and (18), it follows that
{ZM T + 0T ()} $°(2) = A'(:) S(2) 87 (2)
= A (@) e +00(2)}

and so (19) is true. |

4. The Inverse of a Striped Sylvester Matrix. In this section, a formula is
given for the inverse of M, expressed in terms of both S(z) and S*(z). This enables
estimating the condition number of M,, without explicitly computing M *.

Associated with the NPHS S(z), define the order ||n| matrices

[ p©@ o pe=h | O D) ql<€0> q](cnrm .
0 : 0 : 0
P p(no—l) e q%nlfl) o o q](cnkfl)
0 ; 0 ; 0
I 0 0 0 0 0 0 ]
(20)
and, for 3 =1,2,...,k,
e n 1) n1) (1 (ng) 7
uﬂ) u,(ﬁ o) U§7B U§761 Uk,% e
S : 0 : 0
(no) .- (n1) .- (n&)
(21) Up = ug vig | Vs
: 0 ) 0
0 0 0 0 0 (U

Also, for any power series a(z) = > o, al?)z¢, and any integer function f(i, j),
i, = 1,2,..., let [a(f(i’j))]] denote a matrix of order ||n|| whose element in position
(i,7) is alF(@.9)

The main result of this section is Theorem 4 below which gives the inverse of M.,
in terms of the NPHS S(z) and the NSPS S*(z) of types n for A(z).

THEOREM 4. In terms of the normalized NPHS S(z) and the normalized
NSPS S*(z) of types n for A(z), the inverse of M,, satisfies

(22) M {[af ] 400} = al? { P [or =i ] g% g5

where

Orv = agm{[(em)gﬂ] _ i [agmuﬂ—j)] {(911)((;')6]')}

a=0

9



+ [5r<z‘+j—2>} {U*<||nu—z'—j+1>} zk:[ (i+i— 1)} [q;umu—i—j)}

Proof. The coefficient of 2°77=2 for 4,5 = 1,2,...,||n||, in the first component
of (5), namely,

k
z) + Z a0 (2) qu(z) = z”””‘lr(z) + or(2),

is
k ng—1
Z (45 =£=2) ,(0) +Z Z aliti=t=2)g(0) — p(=lnll+iti=1) 4 5p.(i+5-2)
£=0 a=1 (=0

This is the (¢, 7)th component of
(23) [rIIHID]  [5(HD] < [aénnnﬂ—j)} [pImi+it=2)

k

£ 3 [l [ D] g, P,

a=1
Similarly, the coefficient of zi*7=1 fori,j =1,2,...,||n|, in the (3 + 1)st component,
8 = 1,...,k, of (5), namely,
)+ Z a0(2) Vap(2) = M wg(2) + Sws(2),

no k neg
T I Y TN o L L N W ()
£=0 a=1¢=0

This is the (¢, 7)th component of

(24) [wgfllnll+i+j—2>] I [&U(ﬁiﬂ'—l)} _ {aéun\mﬂ')} [u(fl\n|\+i+j—l)}
k
+ Y [alniriea) [v:g\nuﬂﬂfl)} + M U
a=1
Next, the coefficient of z*=9=! for 4,5 = 1,...,||n[|, in the first row and first

column of (18) for a normalized NPHS and a normalized NSPS, namely,

k
2+ us(2)gh(z) = M @) T 4 27 0100 (2),

is

’nol

Z pH(i—i—t=1) (Z>+ZZ ST, O (gD,

B=14£=0
10



This is the (¢, 7)th component of

(25) [p(—\|n|\+i+j—2)} [,U*(H"H—i—j-ﬁ-l} zk:[ —In|l+i+5— 1)} [q;(”nu_i_j)}

= [(911)<()fo_j)} :
The coefficient of 2=~ in the first column and the (o + 1)st row, a = 1,...,k, of
(18), namely,

k
2)+ Y ap(2)g5(2) = 27 (0rr)a0(2)
f=1

is

Z”*(l 1) zk:i (it 0 _ (9,167,
B=1 £=0

a,0

This is the (¢, 7)th component of

(26) {qgjl\n\lﬂﬂ‘ﬂ)} {v*(l\”\lﬂ’fﬁrl)} + Z[ (—lInll+iti— 1)} [qg(“"”_i_j)}

k
B=1
[911 (Z ])}'

Also, the coefficient of 27, for i,5 = 1,..

,--, ||| in the first component of (19)
for a normalized NPHS and NSPS, namely,

r(2)*(2) + 22 iww)q;;(z) (af) ™" ao(2) + (Or11)0(2).
B=1
is the (4, j)th component of
@27 (a{)! [agi*j)} n [(9,,,)&”} _ [r(—||n|\+i+j—1>} {v*(llnl\—i—j-&-l)}
+ zk: [wéfl\n\lﬂﬂ‘%)] [q;(\lnllfifj)} _
B=1

We are finally ready to prove the theorem. ;From (23), (

24), (25), (26) and (27),

M, L Pt [v*wnnfifm)} +zk:ug {qg(unn—i—j)]
B=1
— {[T(—unuﬂﬂ'—l)] I [5T(i+j—2)] _ [a(()\lnl\ﬂ'—j)} [p(—\|n|\+i+j—2)}

k
-3 {ag\nuﬂ—j)} {qg—l\"ll+i+j—2)}} {v*u\nu—i—m)]

a=1

11



{[wé—\lnll+i+j—2)] n [Mgﬂ—l)] _ [a(()\lnll+i—j)] [u(ﬁ—\lnllﬂ-&-j—l)}

{a((ll\n\lﬁ—j)} {U&TA\H\HHJ’*UH [qg(l\n\lfifj)]
[T(f\laniJrjfl)} [U*(Hnﬂfz‘f]#l)} +2k: {wé—l\n\lﬂﬂ'—z)} {q;(\lnl\—z‘—j)}
[5r<i+j—2>} {v*(unn—i—m)} zk:[ (i+5— 1>] [[;H”H*i*j)}

B=1

i [ag|"||+i*j)} [(911)(1 n]

=0
a(()o))*l [aé"_j)} + 0y .

+
NE

T
I

M=

I
—

52

—~

The result (22) now follows.

Corollary 5 below drops the requirement in Theorem 4 that S(z) and S*(z) be
normalized. In particular, the corollary is valid in the case that S(z) and S*(z) are

scaled.
COROLLARY 5. In terms of the (unnormalized) NPHS S(z) of type n for A(z)
and the (unnormalized) NSPS S*(z) of type n for A*(z), the inverse of M,, is given

M, {[aéiij)} + élv}
:aéo) {(%7 )~ 17>t[ (Ilnfl—i— g+1} zk: (v875) 1% {q;(lnlij)}}7
p=1

by

(28)

0y = a(()o){[(ém)(()z’—j)} _ zk: {a((lHnHJrifj)} {(én)g’sj—&-l)}

a=0
+ (r070) ! [M(wrz)] [kunnfifm)}

i (v873) -1 [ (i+5— 1)} {q;(l\n\lﬂ'*j)} },

Oiri(2) = {At(z)en(z) — T ()(IUT) 18" (2)) } /20,
Orr(z) = S(z) (I*T)~6r(2) (I°T) !
-[z””“wé“’)-lfkﬂ +0r()(T) TS (2),

+0T7(2) [ 2Q(z |V(z> ]} (mod 2Inl+1y
12



Proof. The normalized NPHS is obtained from an unnormalized one by mul-
tiplying it on the right by the diagonal matrix diag[y',...,7;']. Similarly, the
normalized NSPS is obtained from an unnormalized one by multiplying it on the left

by the diagonal matrix diag[yg ',...,7; ']. The result now follows directly from
(22).
|
Let
k
(33) k=Y (175"
B=0

In the corollary below, we give a bound for M ! in terms of k.
COROLLARY 6. If the residual errors 6T (z) and §T*(z) associated with the scaled
S(z) and the scaled S*(z) are not too large, so that

(34) [0+ 1)k +2)10” (g™ (2) (mod I1+1)] + )]
[+ 26T () + 16T (2)]]] < 1/8,

then

(35) M < 26 Jag”| - flag ' (2) (mod 2/

Proof. We use Corollary 5 with S(z) and S*(z) scaled. We begin by finding
a bound for 7y appearing in the inverse formula (28) for M,,. A bound for 67y
depends on bounds for 0;(z), 0;7(z) and 0;;7(2). jFrom (16),

167(2)]| < llag *(2) (mod 2" {(k + 16T (2)]| + 16T ()11} ,

since [|S(z)|| = 1 and ||S*(2)|| < k + 1. ;From (16) and (32), note that 6;(z) is a
matrix polynomial of at most degree ||n|| and so, using (34),

ad” 2116, (== (T T) 7Y = (ol 87 (2)(T*T) 72 < & - o] - 16:1(2)] < 1/2,

since ||(I*T) || < k. So as in Stewart [22, page 187], the inverse of (aé()))_1[k+1 +
20, (2= 1) (I*T) ! exists and

_ (0)
. 1 a
@) e + A, ) |

1 —[|lal” 2116 (z=1)(TT) -1
2/al’].

IN

To determine a bound for 6;7(z) in (31), let N = maxo<s<x{ns} and observe

from 18 that f;7(z) is also a matrix polynomial, now of degree at most |n|| + N.
Consequently,

(36) W)l = [V ()
| {zNs ) @)~ {0, ) )

13



-1

@) e+ B T s )
e Ca 1 8 B e | L e Ca
@) D + G, )

26ag” |- S - 161 (=)]] - [15* ()

< 262k + 1) [af”| - 161(2)])-

IA

IN

In addition, it now follows that a bound for f;77(z) in (30) is given by
1651l < 2620k + 1) [ag” | - 101 ()] + sk + 1) 0T ()]

We are now ready to give a bound for Orv appearing in the inverse formula (28).
But, first observe that

I @n§ ] I < 10521

and that

k

k
IS [l 0] [ @S] I < 32 eI < 1@ )
a=0

a=0

Thus,

a=0

1frvlln = ||aé°>{[<ém>$J‘ﬂ—i[aglnw—ﬂ} ()]

+ (o)t [5T<z’+r2>] [U*umnfifm)}

b St [ouft ] [0 } I

p=1

< ag”l- {é‘mz)n + 1)+ (073) 1T ()] + Bi(vm;)lnwt(z)n}
< a1 {18511 + 1801 () + £l0T" ()] |
< ol {k(k + DISTH )] + 482Gk + Dlat”| - 161 ()] + wl1T ()] }
< Ak +2)- lag| {16T*(2)]
+arlay”| - llay" (2) (mod )| [(k + DIST' ()| + 0T (2)]] |
< dllag"(2) (mod 1| [+ 1)k + 20| [(k + DIOTH )] + 167 (2]

It then follows from (34) that

o7 —1.. .
1[a§ =] drvlln < llag (=) (mod M| iyl < 172,

14



a1
and so I, + {a(()Z_J)} Orv is invertible. In addition,

{[a§) +d0) 1 < {flnl + [ éIV}_l ]

1[e5=] " 1

< —=
1= a§ ] bl
.11
< 2| [af ] I

< 2llagt(2) (mod ZI"IFY).

Therefore, a bound for M, ! in (28) is given

_ 1—7 A -1 0 *\ — *(||n||—i—7
M < 1] [0 ] v} - llal” {(0ng) P [or =
k . .
T Z(Vﬁ’YE)_lufz,ﬁ [q;(””H—l—J)} Ih
B=1
0 — n
< 2x[al”| - [lagt(2) (mod 2ImI+1)|.

|
(From (35), it follows that a bound for the 1-norm condition number of M,, is

_ 0 _
IMolls - ML < 2610l - lag L (2) (mod 2IP1+Y),

since it is assumed that each ag(z) is scaled.

5. The Inverse of a Mosaic Sylvester Matrix. In this section, a formula is
given for the inverse of M} expressed in terms of both S(z) and S*(z). This enables
estimating the condition number of M} without explicitly computing M*~1.

Associated with the NPHS S(z) and the NSPS S*(z2), for 8 = 1,2,...,k, define
the ||n|| x k||n|| matrices

n||—1 0 n||—1 0
om0 0 N SR )
Vﬁ - . L “e ' )
0 0
o) o
qglnII*?) . q£0) 0 ql(cl\n\l*?) . ql(cO) 0
Q _ . . . 7
0 . 0
HONE &
0 0

15



) (o) u’{(l) u;k(m) uz(l) uz(nk) .
0 : 0 0
peo | o i e
0 0 0
L0 0 0 0 0 0 |
and
r q;<0) q;(nrl) P;(,?) p;rlzrl) pgff;) ngzkﬂ) 7
: 0 : 0 : 0
Q0 = q;<n071) pgfrlzlfl) p;fzkfl)
0 0 0
L0 0 0 0 0 0o |
where g = ||n|| —ng. For 8 =1,2,...,k, also define the ||n|| x k|n|| residual error
matrices
W5 = [0W5,0,,,...,0,,]
and
SR=1[0R,0,,,...,0,,],
where
_ - r o or(inll=2) Sr(no—1) 7
(Inll=1) (no)
(5w[3 5w6
' _ (0)
W5 = s0® | 6R = o
B
0
sw® or(©) :
A - L0 0 |
and 0,, is a ||n|| x ||n]| — ng matrix of zeroes. Also, let

ng

where each 0, g is an (||n]| — na) x (||n|| — ng) matrix given by

o, =

1
O+ (0rr)
055+ o

16

@lnll=ng)
a,B

(011)(H”||+”a—”ﬂ+1)



with 077(z) the error appearing in (18). Finally, let [a

lower triangular, matrix as in §4.
The main result of this section is Theorem 7 below which gives the inverse of M}
in terms of the NPHS S(z) and the NSPS S*(z) of types n for A(z).

(i—7)

} denote an order ||n],

THEOREM 7. In terms of the normalized NPHS S(z) and the normalized
NSPS S*(x) of types n for A(z), the inverse of M2 satisfies

(387) M { (@) gy + 050 | = @[] Ty Ek: Vi [aff*j)}_l Q5.
B=1

where
(i-9)] 7 - (i—)] 7
(38) O = 0-0R'[af ] v =3 oWy [af] @
B=1
Proof. Let
[ plinl—2) p(no—1) qgl\n\|—2) qgnl_l) q,(g”"”_g)
0= P(O) qf))
0 0
p® gt” g\
L 0 0 0

Then, the order condition (5) for an NPHS implies that

(39)

M- Q= Q' [af )]~ oR".

ne—1) A
q](ck )

0
e

To see this, note the (¢, j)th component, 1 < i < ||n|| —ng, 1 < j < ||n||, of (39) is the

coefficient of zlInl=i=J in

k
ao(2) p(2) + Y aa(2) 4a(z) = 211710 (2) + 6r(2).

The remaining components of (39) are obvious identities.
Similarly, for 1 < g < k, let

. (Inl=1)
Ug

(no)
U

(Inll—1)
Y18

(0)
V1,8

17

oy
(0)
V1,8

(Inl—1)
Yk,8

(0)
Yk,3

e
(0)
Yk,3




Then, the coefficient of zI?1==i+1 1 < i < ||n|| — ng, 1 < j < |n||, in the order
condition (5) for an NPHS, namely,

k
a0(2) up(2) + Y aa(2) va5(2) = MM wp(2) + Sws(2),
a=1
gives the (7, j)th component of
x vyt vt |00 _ t

The remaining components of (40) are easy to verify.
Next, observe that Theorem 1 and Corollary 2 imply that

k
(41) Q' -V 4+ Y Vh- Q= (ay) I + 0.
g=1
Combining (39), (40) and (41), we obtain the result (37). ]

Corollary 8 below drops the requirement in Theorem 7 that S(z) and S*(z) be
normalized. In particular, the results of the corollary apply when S(z) and S*(z) are
scaled.

COROLLARY 8. In terms of the NPHS S(z) (unnormalized) of type n for A(z)
and the NSPS S*(z) (unnormalized) of type n for A*(z), the inverse of M2 is given

by

(42) M (@) gy + By

— k .
= o) @ [af ]V Y ) o] s

B=1
where
e . s\—1cpt | (G—7) -1 . k o e » *
0y = 0—(vv) OR [ao } 1% —Z(’Y,B’YB) Wpg [ao } Q5
B=1
and
900 éO,k:
6= .
0o -+ Ok
with
Gl e
oy = ' :
G5t ()l

Proof. The normalized NPHS is obtained from an unnormalized one by mul-
tiplying it on the right by the diagonal matrix diag[yy",...,7;']. Similarly, the
18



normalized NSPS is obtained from an unnormalized one by multiplying it on the left
by the diagonal matrix diag[y] - Ve Y. The result now follows directly from
(37). |

COROLLARY 9. If the conditions of Corollary 6 are satisfied, then?

(43) IME o < 26+ Jal”] - [lag (2) (mod 2I"I+1)]).

Proof. jFrom (36),

I6lle < (k+D)l|6r(2)]

< 22k + )2 (0] - lag (2) (mod 1) |- {(k + DT + 157" (=)}
Thus,
ivle = 1= Gowd) SR [f) v = DG W5 [a§ 7] @bl
B=1
< ko (033) 7+ 1) ST o (2) (mod ") 157 ()
+ Zm (k+1) - 6T ()] - lag™ (=) (mod 2I"I+1)] - ||5*(2)]
< n<k+1> Nlag* (2) (mod 2"I+1)|
ANOT ) + 26]al” | - [k + 1)I0T* ()| + 157 ()]] |
< 4] [+ )k +2)(lag ()(modz”"““)”—i—l)r

[+ 26T ()] + 16T ()] -

Therefore, using the assumption (34),

0)\— i L 0
1{ @) Ty + G5} oo < 21|

and so
M e < @) D + 050} e 00) € [a§ ] v
k
+ 2 u) v [af ] bl
< 25\@0 |- [lag ' (2) (mod 2IMI+1y)|.

6. Conclusions. In this paper we have presented new formulae for the “near”
inverses of striped and mosaic Sylvester matrices. The formulae are given in terms
of numerical Padé-Hermite and simultaneous Padé systems. They are important for

3 The oo-norm, rather than the 1-norm, is used here because it is more suitable for purposes in

[6].
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numerical computation since they incorporate errors caused by floating-point arith-
metic. In particular, the formulae can be used to determine good estimates for the
condition numbers of these matrices.

Our primary motivation for obtaining these formulae is the numerically stable
computation of Padé-Hermite and simultaneous Padé approximants, the subject of
the companion paper [6]. As such we have restricted our attention to a striped and a
specific mosaic Sylvester matrices. We conjecture that a similar approach can also be
used for determining near inverse formulae of other structured matrices, for example,
of mosaic Hankel, Toeplitz or Sylvester matrices [13, 16]. Some preliminary work on
this topic has already been done in [8].

Together with the results of [6], we believe that the formulae given in this paper
can be used to stably invert striped and mosaic Sylvester matrices and to stably solve
systems of linear equations with these as coefficient matrices. This matter requires
formal verification, such as that reported in [11] for the case k = 1 and ag(z) = 1.

Acknowledgement. We are very greatful to a referee who contributed much in
terms of the correctness of results and the clarity of presentation.
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