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Abstract. Implicit methods for Hamilton—Jacobi-Bellman (HJB) partial differential equations
give rise to highly nonlinear discretized algebraic equations. The classic policy iteration approach
may not be efficient in many circumstances. In this article, we derive sufficient conditions to ensure
convergence of a combined fixed point policy iteration scheme for the solution of discretized equa-
tions. Numerical examples are included for a singular stochastic control problem arising in insurance
(a guaranteed minimum withdrawal benefit), where the underlying risky asset follows a jump diffu-
sion, and an American option assuming a regime switching process.
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1. Introduction. A number of financial pricing problems are naturally modeled
in terms of solving nonlinear partial differential equations (PDEs). This is often
the case for problems which arise in the context of optimal stochastic control [25,
28, 29|, in which case the nonlinear PDEs are typically Hamilton—Jacobi-Bellman
(HJB) equations. Some examples include natural gas storage [33], insurance products
[26, 6, 14], asset allocation [34, 15], and optimal trade execution [1].

Solutions to nonlinear HJB equations are not necessarily unique, and one must
take care to provide numerical procedures which ensure convergence to the viscosity
solution [5, 4]. In order to ensure both numerical stability and convergence, implicit
methods can be chosen over explicit methods. Implicit methods result in a nonlinear
system of algebraic equations at each timestep. Solving these nonlinear equations is
often the computational bottleneck.

One popular approach for solving the nonlinear equations resulting from a fully
implicit discretization of HIB equations is based on the idea of policy iteration [21, 7,
25, 18, 8]. Policy iteration proceeds by solving a linear system at every step and then
finding the control which gives the best local solution. Policy iteration is particularly
effective when the linear system is sparse or well structured and hence easy to solve.

It has been known for some time that policy iteration can be viewed as a form
of Newton iteration [30, 32, 8]. An alternative approach, known as value iteration,
can be seen to be a type of nonlinear relaxation [25]. In this paper, we consider a
combination of both methods.

Although our main focus here is on financial applications, where we solve sys-
tems of nonlinear algebraic equations arising after discretization of HJB equations,
the final algebraic problem is similar to that arising in infinite horizon Markovian
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dynamic programming problems (MDPs). Hence many of the results we derive here
can be applied to MDPs coming from nonfinancial applications [25]. In addition, HIB
equations also arise naturally in optimal stochastic control problems [27].

Financial options are typically modeled as functions of risky assets, with the
asset prices following geometric Brownian motion. However, it is well known that
geometric Brownian motion is inconsistent with market data. Jump diffusion and
regime switching are two important approaches, both of which are considered to
better model observed risky asset stochastic processes [20, 13]. However, these are
precisely cases where the use of policy iteration has efficiency issues. For example,
when the underlying stochastic process is a jump diffusion then the policy iteration
matrix would be dense [16], and hence the use of a direct solution of each linear system
is prohibitive in terms of cost. Difficulties also arise when the underlying stochastic
process is modeled using regime switching. In this case the associated linear system
at each iteration is sparse, but the sparsity pattern has lost its structure. Using a
direct solution method (even with a good ordering technique) no longer turns out to
be efficient.

The main goal of this paper is to present an efficient scheme for solving the
nonlinear discretized equations which arise from fully implicit discretization of HJB
equations. We present a fixed point policy iteration scheme for solving the nonlinear
discretized equations which arise from fully implicit discretization of HJB equations.
We show that our approach converges and that the method is considerably more ef-
ficient than making use of full policy iteration. In order to validate our approach we
show how this fixed point policy iteration can be used in two specific examples from
financial applications. The first example is a singular control formulation of a guar-
anteed minimum withdrawal benefit (GMWB) [22], where the underlying risky asset
follows a jump diffusion process [13]. The second example is based on an American
option written on an asset which follows a regime switching process [24].

The main results of this paper are as follows:

e We derive sufficient conditions which ensure convergence of the fixed point
policy iteration scheme. These conditions are very natural if we use a mono-
tone discretization to ensure convergence to the viscosity solution.

e We verify that the conditions required for convergence are satisfied for the
GMWB and regime switching examples.

e We observe that in some formulations of the control problem [8], the nonlinear
optimization objective function admits an arbitrary scaling factor. We derive
sufficient conditions for the convergence of the fixed point policy iteration
which impose bounds on this scaling factor.

e We include numerical experiments which demonstrate that the fixed point
policy iteration is more efficient than various alternative algorithms.

We emphasize here that our analysis is based on a very general framework. Al-
though the numerical examples used in this paper have a finite control set, our analysis
applies as well to cases where the admissible set of controls is infinite. For example,
we do not require that the discretized equations be continuous functions of the control
(see [37] for a situation where this occurs). As such our results can be applied to a
wide variety of discretized HJB equations.

The proof of the convergence of the fixed point scheme for American options
under jump diffusion in [16] is a special case of the more general result obtained here.
The approach in this paper is also simpler than the method used in [12]. In addition,
we do not rely on a special choice for the initial iterate as in [30].
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2. Methods for solving algebraic equations. In [18] a number of problems
in financial modeling were presented in a general form as nonlinear HJB problems.
These problems were then solved by implicitly discretizing the associated PDE and
then solving the resulting discrete algebraic equations. For the applications addressed
in [18] an efficient method for solving the associated algebraic systems made use of
a (Newton-like) policy iteration scheme. However, in some cases policy iteration has
significant efficiency drawbacks. In particular this happens when the risky assets
follow a stochastic process which includes a Poisson jump process. In this section we
describe a new procedure, called fixed point policy iteration, which provides a method
for overcoming these computational bottlenecks.

2.1. Preliminaries. The algebraic equations in [18] can be represented in the
form

(2.1) sup{—A(Q)V-i—C(Q)} =0,
Qez

with A an N x N matrix and V,C vectors of length N. Here @ is an indexed set of
N controls, where each Q; € Z, with Z the set of admissible controls. We make the
following assumption.

Assumption 2.1.

(a) The set of admissible controls Z is compact.

(b) The matrices and vectors have the property that [A(Q)]e,m and [C(Q)]¢ de-

pend only on Q.
Assumptions (a) and (b) are typically satisfied for discretized HJB equations.
In general, we do not want to assume that the objective function

(2:2) FQ,V)=-AQ)V +C(Q)

is a continuous function of the control Q). For example, in order to ensure monotonicity
when discretizing HJB equations, one often uses central /upstream differencing, with
central differencing used as much as possible [37], which results in a discontinuous
objective function. In order to handle the case where F(Q,V) is a discontinuous
function of ), we make use of its upper semicontinuous envelope. If the ith row of
F(Q,V) is given by

(2.3) [F( ZAM Vi + Ci(Q),

then the upper semicontinuous envelope F(Q, V) for fixed V is given by (VQ; € Z)
(2.4)
[F(Q,V)], = hmbup { ZA” )Vi+Cilq } =-— ZA (Qi, VIV +C(Q4, V),

q—)
quewh(Ql)

where Neigh(Q);) is a closed neighborhood of @; (but containing @;). For a fixed V,
the upper semicontinuous envelope is determined by the coefficients A and C. As an
example, if Q); contains a single control, with Z a compact subset of R, then

lim — A (@QV; +C;
Jim, Z 4 (9),

ZA (Qi, V)V; +C}(Qi, V) = max{ lim —ZAU (9)V; +Cila),

—Q;

- Z] A’L,] (Ql)‘/J + C'L(Q'L)
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Note that since Z is compact, then A and C are related to A* and C* by
(2.6) sup {—A(Q)V + C(Q)} = max{—A*(Q, V)V +C*(Q, V)}
QezZ Qez
As such (2.1) is interpreted as
AT(Q,V)V =C"(Q,V)

(2.7) with Qp = arg max {—A*(Q, MV +C*(Q, V)] .

QeZ 14

Remark 2.1 (Z a finite set). If the set of admissible controls is a finite set, then
trivially A*(Q, V) = A(Q) and C*(Q,V) =C(Q).

The following will be needed in the next section.

LEMMA 2.1. Suppose Q¥ € argmaxge,{—A*(Q,Y)Y +C*(Q,Y)}. Then for

any control Q and vector Y we have
(2.8) —A*(QY,Y)Y +C*(QY,Y) = —AY(Q,Y)Y +C*(Q.,Y).
Proof. The result follows from (2.6) coupled with the inequalities
—AYQV Y)Y +C1(QY.Y)
—swloa@yee@ls  mew  {lagyec@)
Qez Q—Q; QeNeigh(Q)
> —A" QY)Y +C7(Q.Y)
for a given Q and Y. Here Neigh(@) is a closed neighborhood of Q a

2.2. Policy iteration. Policy iteration is a well-known iterative method for
solving problems of type (2.7) [21, 7]. Let V* denote the kth estimate for V (starting
at V9). The policy iteration approach for solving (2.7) is given in Algorithm 2.1.

ALGORITHM 2.1 Policy iteration

V0 = Initial solution vector of size N ; given scale > 0, tolerance > 0
for £ =0,1,2,... until converge do

Q= argmax{—A*(Q, VEWWE 4 CH(Q, Vk)}

QeZ 14

Solve the linear system

A* (Qk, Vk)karl _ C*(Qk, Vk)

) |V€k+l _ Vék|
if k> 0 and | max T < tolerance | then
¢ max [scale, |V, ]

break from the iteration
end if
end for

The term scale in Algorithm 2.1 is used to ensure that unrealistic levels of accu-
racy are not required when the value is very small.

There are several possibilities for solving the linear system in the policy iteration
method. For example, if A* is sparse, then direct or iterative methods (such as
preconditioned GMRES [31]) can be used.
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2.3. Splitting methods. It is not always the case that one can easily solve the
policy iteration matrix A*(Q*, V¥). To this end, we form the splitting A* = A* — B*,
so that our algebraic equations will now be written as

(2.9) with Qg = arg max {— (A*(Q, V) — B*(Q, V)) V 4+ C*(Q, V)} :

Qez ¢
We assume that this splitting is such that any linear system having A*(Q, V) as its
coefficient matrix is easy to solve.

2.4. Simple iteration. Using the above notation, at each step of full policy
iteration we solve

(2.10) (A*(Qk, vk - B*(QF, vk)) VEEL —cr(QF, V).

However, as discussed above, it may be very costly to solve (2.10). An obvious alter-
native is to use an iterative method. If (V*+1)™ is the mth estimate for V**! then
simple iteration for solution of the linear system (2.10) is

(211)  AT(QF, V) (VFH) T = BH(@F, VR) (VETY™ 4 Cr(QF, VH).

2.5. Fixed point policy iteration. Instead of solving the linear system to
convergence using simple iteration, it is natural to ask whether it suffices to use only
a single simple iteration at each nonlinear iterate. In this case we replace policy
iteration with what we refer to as fixed point policy iteration.

ALGORITHM 2.2 Fixed point policy iteration

V0 = Initial solution vector of size N
for k. =0,1,2,... until converge do

QF = argmax|—A*(Q,VF)VF + B*(Q,VF)V* +c*(Q, V")
Qez ¢

Solve the linear system
[AS(QF, VE)VEHE = BX(QF, VE)VE + C*(QF,VF)

if converged then
break from the iteration
end if

end for

The above method requires only the solution of the sparse matrix A*(Q*, V*)
and a matrix-vector multiply B*(Q¥, V¥)V* at each nonlinear iteration.

3. Convergence of the fixed point policy iteration. In [16], the convergence
of an iterative scheme for a penalty formulation for American options under a jump
diffusion process was proven. This same idea was generalized for other HJB problems
in [12]. While it is possible to use this approach to prove convergence of scheme (2.2),
these proofs are algebraically complex. In the following, we will present a simpler and
more general method which proves convergence of Algorithm 2.2.

In order to ensure convergence of our scheme we need to make some basic as-
sumptions which hold for the applications that are of interest.
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Condition 3.1. The matrices A*(Q, V), B*(Q, V) and vector C*(Q, V) satisfy the
following:
(i) The matrices A*(Q,V) and A*(Q,V) — B*(Q,V) are M matrices.
(ii) The matrices A*(Q, V), B*(Q,V), the vector C*(Q, V), and ||(A*)"1Q, V)|«
are bounded, independent of @, V.
(iii) There is a constant C; < 1 such that

[A*(@", VF) - BHQ* L VM Yl < O
(3.1) and [ A*(Q", V)™ BY Q" VF) | < C1.

Remark 3.1. We remind the reader that a matrix A* is an M matrix if the
offdiagonals are nonpositive, A* is nonsingular, and (A*)~* > 0. A sufficient condition
for a matrix to be an M matrix is that the offdiagonals are nonpositive, and each row
sum is strictly positive [35]. We will use this result in the following.

Remark 3.2. In order to ensure convergence, the discretizations of our financial
problems as in (2.7) need to be monotone, consistent, and £, stable. This requires
a positive coefficient discretization resulting in the M matrices of (i) and bounded
matrices A*(Q, V), B*(Q,V) and vector C*(Q, V).

Before proving the main result of this section, it will be helpful to note the fol-
lowing proposition and lemmas.

PROPOSITION 3.1 (convergent sequence). Given a bounded infinite sequence (vy,),
such that

(3.2) Vkg1 > v — o,

where a > 0 is a constant independent of k and |B| < 1, then the sequence converges.
Proof. This is a simple case of a result found in [8]. Property (3.2) implies that
for any ¢ > p we have

q—1
(3.3) vp < vg + Z aB*.
k

=p
Let s = liminf v,. Then for any € > 0 and any ¢ the definition of lim inf implies that
there exists ¢* > ¢ such that ve- < s+ €, and so

q — 00
(3.4) Up<s+e+2aﬁk§s+e+2aﬁk.

k=p k=p
oo k .
Hence v, < s+ ) k—p af®, and so

oo
(3.5) limsupwv, < s+ lim af® = s = liminf v,.
P N—oo N P

k=

Since v, is bounded from above, we obtain convergence to a finite value. O
LEMMA 3.2 (bounded iterates). Let matrices A*(Q,V),B*(Q,V) and vector
C*(Q,V) satisfy Condition 3.1. Then ||[V¥| s is bounded independent of k.
Proof. From Algorithm 2.2 we have

IVE oo < [|A*(Q%, VE) 1B (@, V) ooV ¥l
(3.6) + 4@, V) TICH(@QN, VF) o < CiIV [l + Co
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for some constant Co independent of k. Tterating (3.6) gives
k

(3.7) V¥ oo < CFFHIVOloo + C2 Y CF < [Vl +
i=0

&
1-Cy

which follows since C7 < 1. 0
LEMMA 3.3 (uniqueness of solution). Assume the set of controls satisfies As-
sumption 2.1 and that A*(Q,V), B*(Q,V), and C*(Q,V) satisfy Condition 3.1. If
the iterative scheme (2.2) converges, then it converges to the unique solution of (2.9).
Proof. Note first that simple manipulation of method (2.2) gives

A*(Qk, Vk)(vk—i-l _ Vk) = _—A* (Qk7 Vk)vk + B*(Qk, Vk)vk + C*(Qk, Vk)
(3.8) = sup {—A(Q)V’“ +BQ)VF + C(Q)}.

QeZ

Suppose now that limg oo VF = V> . Then limy_so A*(QF, VF)(VF+L — VF) =0
since A*(Q, V) is bounded. Consequently

0= lim sup {—A(Q)Vk +B(Q)V* + C(Q)}

k— oo Qez

= sup{—A(Q)VOO +B(Q)V™ + C(Q)}

Qez

since sup(+) is a continuous function of V*. Thus V*° solves (2.9).
As for uniqueness, suppose there are two solutions X, Y, such that

A*(QX, X)X =C*(Q%,X); Q¥ ¢ argmax{—A*(Q,X)X + C(Q,X)},
QEeZ

A*(QY, Y)Y =C*(QY,Y); QY € argmax{—A*(Q,Y}Y +C*(Q, Y)}.
QeZ

The above two equations, along with Lemma 2.1, give

ATQY, X)(X —Y) = A" (Q¥, X)Y +C*(Q7, X)
— [FA* QY. Y)Y +C*(Q",Y)] <0.
This implies A*(Q*, X)(X —Y) < 0. Since A*(Q¥, X) is an M matrix, X — Y < 0.
Interchanging X and Y also gives (Y — X) < 0, and hence X =Y. O
Remark 3.3. Similar uniqueness results (assuming continuous A(Q)) are given
in, for example, [8, 25].
THEOREM 3.4 (convergence of scheme). If the matrices A*(Q,V),B*(Q,V) and
vector C*(Q, V') satisfy Condition 3.1, then the scheme (2.2) converges to the unique

solution of (2.9) for any initial iterate V'*.
Proof. Algorithm 2.2 can be written as

A (QF, VEY (VR — yhy = BH(QF1, VE-Ly(VE - vk
CAH(QF, VEYWF 4 B (QF, VF)WVE £ CF(QF, V)
_ [_A*(Qk717vk71)vk B QR VR
FCHQF, Vk—l)]
= B*(QF1, VRl vk _ k-1
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—A* (Qk, Vk)vk + C*(Qk, Vk)
o [—A* (Qk_l, Vk—l)vk + C*(Qk_l, Vk—l)]
(39) > B*(Qkflj kal)(vk _ kal)

where the last inequality follows from Lemma 2.1. Equations (3.9) combined with the
fact that A*(Q*, V*) is an M matrix then implies

(310) VkJrl _ Vk > [.A*(Qk, Vk)ilB*(Qkil, kal)] (Vk _ kal).
From Condition 3.1
(3.11) (@, VO 7B QM VET )l < C1 < 1,

and so we have

(3.12) (VEH —VF) > —CHIV! = VO e,
where e = [1,1,...,1]". Let C3 = ||[V! — V9. Then in component form we have
(3.13) [VEH], > [VF], — CFCs.

From Lemma 3.2, the sequence VilH'1 is bounded, hence the iteration converges from
Proposition 3.1. In the limit, the iteration converges to the unique solution of (2.9)
from Lemma 3.3. ad

Remark 3.4 (monotone convergence). We can eliminate condition (3.11) if we
require that (V1 — V0) > 0 and B(Q) > 0, since then the iteration will generate
a monotone nondecreasing sequence from (3.10). Tests in [16] show that enforc-
ing monotone convergence using a special choice for the first iterate converges more
slowly than using the natural choice of the solution from the previous step. In addi-
tion, numerical experiments indicate that floating point errors are amplified if condi-
tion (3.11) is violated, and hence the sequence V* may not be nondecreasing even if
(VI—-v9>o.

Remark 3.5 (previous work). Various forms of modified policy iteration have
been suggested in the context of infinite horizon Markov chain problems [25]. How-
ever, convergence results in [30] require that the initial iterate be selected so as to
enforce monotone convergence (as in Remark 3.4). Moreover, we do not require that
A(Q), B(Q),C(Q) be continuous functions of the control @ [37].

Condition 3.1 requires bounding a matrix norm of the form

A~ Byl

19/l

]

(3.14) = maxXy£o T where Az = By
Yllso

IA™' B, = maxyo

with A an M matrix. The following will be useful in this regard.
PrOPOSITION 3.5. Suppose Ax = By with A a strictly diagonally dominant M
matriz and B > 0. Then for any ¢ such that |x¢| = ||z||,, we have

(3.15) (ZAM> [E/[NES (ZBM> 191 oo
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Proof. Since Ax = By we have

(316) AZ,Z:EE = - Z Af,uxu + Z B€7uyu~
u#Ll u

Taking absolute values on both sides and using the fact that Ay, is nonpositive when-
ever u # ¢ we have that

(3.17) Aveloel < = (3 Aca)Izlloe + (3 Bea) Iyl

uFL
The result follows since |z/| = ||z .. O

4. Guaranteed minimum withdrawal benefit: Jump diffusion. In this
and the following sections we give two examples from computational finance: the guar-
anteed minimum withdrawal benefit (GMWB) insurance contract and an
American option pricing problem.

4.1. Singular control formulation of the GMWB problem. A variable an-
nuity policy is a financial contract between a policyholder and an insurance company
which promises a stream of cash flows. For a given initial lump sum payment an
insurance company creates an investor risky asset account and guarantees a stream
of cash flows. The latter payments come from a second, virtual, guarantee account.
The payments are variable, depending on the performance of the risky asset account,
with some lower bound. Often these variable annuities have GMWBs which allow the
policy holder to cumulatively withdraw at least the total amount originally invested.
The control parameter in this case is the withdrawal rate.

We extend the singular control formulation for pricing GMWBs in [14] by assum-
ing that the investor’s risky asset account W; follows a finite activity jump diffusion
process (in the risk neutral measure). Thus we have

AWy = (r —n — Ap)W-dt + oW,-dZ
(4.1) + Wt_d(Z(& - 1)>+dA if W,- >0,
i=1
(4.2) AW, =0 if W =0,

where Z is a Brownian motion, and ¢t~ denotes the instant immediately before ¢. In
addition 7y is a Poisson process with intensity A > 0, and &; are positive random
variables representing jump amplitudes, with distribution p(-). The processes Z, 7, &;
are assumed to be independent. A is the investor’s virtual guarantee withdrawal
account. In the above r is the risk-free rate, o is the volatility, and 7 the fee charged
for the guarantee. We assume that the various ¢ follow a log-normal distribution p(§)
given by

- _ (log(&) —v)?
(4.3 pl6) = g exp (—LEC )

with parameters ¢ and v, p = E[{ — 1], where E[] is the expectation, and E[{] =
exp(v + (?/2) given the distribution function p(¢) in (4.3).

For the investor’s virtual guarantee account A, let v = y(t) denote the withdrawal
rate at time ¢t with v € [0,00). Here an infinite withdrawal rate corresponds to an
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instantaneous withdrawal of a finite amount. The policy guarantees that the sum of
withdrawals throughout the policy’s life is equal to the premium paid up front, which
is denoted by wg. As a result, we have A(0) = wy, and

(4.4) A(t) = wo _/0 ~y(u)du, A(t) > 0.

We assume that we are dealing with a GMWB having a cap on the maximum
allowed withdrawal rate without penalty. If G is the contractual withdrawal rate and
Kk < 1 is the proportional penalty charge applied on the portion of the withdrawal
exceeding G, then the net withdrawal rate f(v) received by the policy holder is

_ 0<v<G,
(4.5) ﬂ”_{a+u—@w—m,7>a.

Define 7 = T — t, where t is the forward time and T is the expiry time of the
contract, and set V = V(W, A,7) to be the no-arbitrage value of the guarantee.
Generalizing the formulation in [26, 14, 22] to the case with stochastic process (4.1),
the value of the guarantee is given from the solution to the following singular control
problem:

(4.6) min[VT—EV—/\JV—GmaX(}'V,O), k—FV | =0.
Here the operators £, F, J are defined as
LV = U;WZDWWV +(r=n=Xp)WDwV — (r+ )V,
FV=1-WVw —Va=1—-DwV — D4V,
(47) gv= [ view.anme de

while D4, Dy, and Dwyw denote the usual partial derivative operators. Problem
(4.6) is solved on the computational domain

(4.8) (W, A,7) € [0, Winax) * [0, wo] % [0, T].

At expiry time 7 = 0, the value of the contract is
(4.9) V(W, A, 7 =0) = max [W, (1- n)A] .
Other boundary conditions are

min VT—TV—GHlaX(l—VA,O),/Q—(1—VA):| =0, W=0,

V(Wmaxa Aa 7-) = e_nTWmax 5 W = Wmaxv
VWW _>07 W_>Wmaxa
(4.10) V. =LV - ATV, A=0.

No boundary condition is required at A = wy. For details concerning the derivation
of (4.6), we refer readers to [26, 9, 11, 14, 22].
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As discussed in [14, 22], we can reformulate problem (4.6) in penalized form as

(4.11) VE=LVE+ ATV + max CGFVE 4+ <w + HG)

»€{0,1},9€{0,1}
pp=0

The basic idea of the penalty method is to discretize (4.11) and let € — 0 as the mesh
and timesteps tend to zero. In the case of no jumps (A = 0), then it is shown in [22]
that this will converge to the viscosity solution of (4.6) as the mesh and timesteps
vanish.

Note that we are working here in an incomplete market, so that the equivalent
martingale pricing measure is not in general unique. As in [3], in practice the param-
eters of (4.11) are obtained by calibration to traded prices of options. This means
that the parameters of (4.11) correspond to those from the market’s pricing measure.

4.2. Discretization of the GMWB problem. In order to solve the singular
control problem from the last subsection we discretize our problem over a finite grid
in the W x A plane. Define a set of nodes in the W direction {Wy, Ws,... W, 1} and
in the A direction {A1, As, ..., Aj, ..} Denote the nth timestep by 7" = nAr and let
V" be the approximate solutlon of (4.11) at (W;, A;, 7). Let ch,gh . D"}V, D" be
the discrete forms of the operators £, 7, F, Dw, D 4, respectively. We discretize (4.11)
using fully implicit timestepping and central, forward, and backward differencing so
that the positive coefficient condition is satisfied [37, 18, 22]. For efficiency, central
differencing is used as much as possible [37].

The final discretized equations then become

‘/i?:j-i-l _ ATEh‘/i?:j-i-l + (p?—‘rlG[DhVnJrl +Dh VTL+1]A

wn+l
[DAVTLJrl + Dwanrl]AT
(4.12) = I GAT + 4T AT {— + /iG] +AAT[TV IV
where
{SDnH, n“} S arg max {gp GJ1 - DAV"“ {/zvvinjﬂ]
»€{0,1},9€{0,1} ;

PPp=0

1— D" V"+1 D V"+1 K
A . W +/€G:|}

(4.13) + w[

As discussed in [22], e = C4AT, where Cy is a constant. The boundary conditions in
this case translate into the discrete equations

(4.14) Vi i =e " Wiax.

imax,J
The integral term JV is discretized via transformation into a correlation integral
combined with a use of the midpoint rule as described in detail in [17].

4.3. Associated general linear form. Let N = iy, X jmax be the size of the
grid and set

]I
imax,17 " imax;Jmax]

(4.15) V=V, GV LV
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We can represent the linear relationships given in (4.12) in matrix form as follows.
Define square N x N matrices A, B and a vector C of size N by

[A(pF, vE)Ue = [A*U) = U, — ATL U, + 0§ GIDR U, + DUl AT
k
+ %[DZUZ + DI U AT,

[B(ef, vp)U], = [B*U]e = AAT[T U4,

(4.16) Clef, v = CF = QhGAT + ¥F {@ + KG:| AT+ V]

with controls

(4.17) {gf,ury e argmax  [—A(p, Yo)U" + B(ee, vo)U* + Clpe, vr)], -
S"Ze{oylizwlg{ml}
pehe=

If we write U and @ as

— . . . . /
U=[Uits s Ui 15 s Ul s -+ Ul i)
J— . . . . /
(4.18) Q=1[q1,15 s Qimar1> - > Al Gomans - - - > Timarsjomae)

with ¢;; coming from the set

(4.19) {(e.0) | ¢€{0,1}, v €{0,1}, 90 =0},

then the discretized equations (4.12) become

(4.20) sup {—A(Q)V’H'1 + BV 4 C(Q)} =0.

QeZ

Remark 4.1. Notice that any vector index 1 < ¢ < N corresponds to a grid node
(i,4) via
(4.21) =194 (§ — Dimax with 1 <7 <ipax and 1 < 5 < jmax.

Recall that in order to ensure convergence to the viscosity solution of (4.6), the
discretization must be monotone, consistent, and l, stable [5]. A positive coefficient
discretization guarantees monotonicity [18]. The positive coefficient condition can be
defined in terms of the matrices A, B as follows.

DEFINITION 4.1 (positive coefficient condition). A positive coefficient discretiza-
tion generates matrices A, B having the properties

>0, f=m
_B ) )
(A )E,m{g 0’ é?ém

Remark 4.2. The discretization of the jump term JV (4.7) as in [17] results in
a dense matrix B. However, the method of discretization used in that paper implies
that vector product BV™ can be computed efficiently in O(N log N) operations using
a fast Fouries transform (FFT).

PROPOSITION 4.2. Suppose a positive coefficient discretization (Definition 4.1)
is used and the jump operator J" is discretized using the method in [17]. Then the
following hold:
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(a) B(Q*) = 0.
(b) Suppose row £ corresponds to grid node (i,7) as in (4.21). Then the Lth row
sums for A(Q¥) and B(Q) are

1+ (r+MNAT, 1<i<i®,
Row_Sum ; (A(Q%)) = { 1+ rAr, i=1, i =14 ..., imax — 1,

1, ? = tmax,

AT, 1 <i <,
0, otherwise.

(4.22) Row_Sum ¢ (B(Q%)) < {

Here linear behavior of the solution is assumed for i > i* [17].
(¢) The matrices (A(Q) — B(Q)) and A(Q) in (4.20) are strictly diagonally dom-
inant M matrices.
Proof. The construction of B(Q¥), using the discretization of JV as detailed in
[17], implies that

(4.23) D [TMew < 1and [T, > 0.

©w

This holds since p(§) in (4.7) is a probability density function. When the grid node
(i,7) satisfies i > i*, then the fth row of B(QF) is identically zero. This gives (a) and
the second part of (b).

In order to prove the remaining part of (b) we note that the row sum is the same
as [A(Q%)e], with e = [1,...,1)". Since D&, ;1 = DI, 1 = D"1 = 0 we see that
LM = —(r+ ). Thus [A(Q¥)e]s = 1+ (r + N)AT for 1 < i < i*. A similar argument
shows that [A(Q¥)e]ly = 1 + rA7 for i = 1;i* < i < imax. When i = iy, then the
corresponding row is just the ¢th identity row (since it is just a boundary assignment)
and hence its row sum is just unity. Statement (c) follows since the offdiagonals of
A(Q) — B(Q) and A(Q) are nonpositive (since the discretization is monotone [18]),
and from (b) the row sums are strictly positive. O

Remark 4.3 (efficient implementation). It is interesting to observe that in order
to ensure a positive coefficient discretization, the DZ operator in (4.12) is always
backward differenced. As a result, the solution for Vifljﬂ for fixed j depends only on

V;’_Ijtll. An efficient implementation using this idea is described precisely in [22].

5. Regime switching: American options. A second method for extending
geometric Brownian motion (GBM) is by use of a regime switching model. Regime
switching models have been applied to insurance [20], electricity markets [19, 36],
natural gas [2], and optimal forestry management [10].

This is considered to better model observed risky asset stochastic processes [20],
particularly for options having a longer time frame. It also has the useful property of
being computationally inexpensive when compared to a full stochastic volatility jump
diffusion model. In this section we also show that our methods can be used with both
fully implicit or Crank—Nicolson timestepping.

5.1. Modeling American options under regime switching processes. Let
0l,j=1,...,K, be a finite set of discrete volatilities for our model. Shifts between
these states are controlled by a continuous Markov chain. Under the risk neutral
measure, the stochastic process for the underlying asset S in regime j is
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K
(5.1) dS = (r—p;) Sdt+o’ SdZ+ Y (& —1) S dX i,
k=1

where Z is a Brownian motion and X is a continuous K state Markov chain

~_ | 1 with probability — Ajx dt + d;x,
(5:2) dXjk = { 0 with probability 1 — Ay df — 6,5

Here &;;, are assumed to be nonrandom. It is understood that there can be only one
transition over any infinitesimal time interval, and that Z and X are independent. It
is also assumed that Ajz > 0,7 # k. When a transition from j — k occurs, then the
asset price jumps S — §;1.S. In addition, we define

K K K
(5.3) N == ik o= Ak(Er = 1), A=) A

k=1 k=1 k=1

k#j k+#j k#j

For notational completeness, &;; = 1.

Let V;(S,T) be the no-arbitrage value of our contingent claim in regime j where
as usual we have 7 = T — ¢, so we are working backward in time. Define the following
differential operators:

202

L;Vj = =5=DssVj + (r = pj)SDsV; = (r + X)Vj,

=

(5.4) TV = J

A.
A—% (&S, 7).
J

—

Eak
Sl
<

The price of an American option in regime j is then given by [23]
(5.5) min[ V., — £,V = N GGVe V=V

where V* is the payoff. The risk neutral transition densities A;, are not unique. In
practice, we calibrate the parameters in (5.5) to market data, consistent with the
market’s pricing measure.

5.2. Regime switching: Direct control approach. We can formulate (5.5)
as a control problem, as in [8], where we introduce a scaling parameter Q > 0,

(5.6) Jmax [ 0(V" = Vi) = (1= 0)(Vir = £V = N T3V)| =0.

Equation (5.6) is discretized on the computational domain (S,7) € [0, Smax] X
[0,7]. No boundary condition is required at S = 0, while at S = Spax a Dirichlet
condition is imposed (in this paper we use the payoff). The payoff condition is

(5.7) V(S, T =0)=V*(S).

We truncate any jumps which would require data outside the computational domain.
The resulting error is small in regions of interest if S,y is sufficiently large [23].
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5.2.1. Discretizing the regime switching direct control formulation. De-
fine a set of nodes {S1,51,...,5;,...}, and denote the nth timestep by 7 = nAr. Let
V" be the approximate solutlon of (5.6) at (S;,7"), regime j, and define vectors V"
as 1n (4.15), that is,

(5.8) V= VGV e ViV

? " tmax,1? 7 " tmax;

Let L%, 7] be the discrete form of the operators £;,J;. As usual we use central,
forward, and backward differencing to ensure a positive coefficient discretization [18],
with central differencing used as much as possible. Linear interpolation is used to
discretize th,

K
n k n
(5.9) JhV lij = Z P ,ngV ;
2
where Il.’fj)kV" ~ Vi (min(Smax, &xSi), 7") and
(5.10) IV =wVl + (1 —w)VE g, w € [0,1].

Using fully implicit (§ = 1) or Crank—Nicolson (f = 1/2) timestepping, the discrete
form of (5.6) is then

(1 —p ) (Vi = ALV + Q ¢l P ATV

J %
= (1= @YV + Q@ ATV + (1= ¢ TN ATO[T V4

(5.11) + (1= o) = O[ATLIVE + NATIT V],
where

ntl _ yn
(o) g 2 6V - V) - (1 ) (H

$€{0,1} ’ Ar
—0(LIVET + NIV ) — (L= 0) (L3 + X [T/ VT, -)) }
(5.12)

5.2.2. General form of the direct control regime switching model. De-
fine vectors U as in (4.15) and let matrices A, B and vector C be defined as

[A($5)U)e = [A*Ue = (1 = ) (Ue = ATOLLUL) + 9§ AU,
[B(¢§)U], = [B*Ule = (1 — ¢)\ AT0[T Vs,
C(¢f) = CF = (1= 5)V" + ¢y ATV
(5.13) + (1= )1 = O)[ATLIV + N AT TV,

where as before the index ¢ corresponds to the grid node (i,j). Define a vector of
controls @ as in (4.18), with ¢, = ¢,, with admissible controls Z,

(5.14) Ze={9 | ¢€{0,1}}.

The final discretized equations are then in the general form

(5.15) sup {—A(Q)V"Jr1 +BQ)V™ + C(Q)} =0.

Qez
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The positive coefficient condition then results in the following.

PROPOSITION 5.1. Suppose the discretization (5.11) satisfies the positive coeffi-
cient condition (see Definition 4.1), and linear interpolation is used in (5.9). Then
the following hold:

(a) B(Q) = 0.
(b) Suppose row £ corresponds to grid mode (i,j). Then the £th row sums for

A(QF) and B(QF) are
(1= ) (1+0(r + X\)AT) + $fQ AT, i < imax,

1, ? = tmax,

(1 - d)]g))\JATHa 1< 7:max;

0, T = fmax-

Row_Sum ¢ (A(Q¥)) = {

Row_Sum ¢ (B(Q*)) = {

(5.16)

(¢) The matrices (A(Q) — B(Q)) and A(Q) in (5.15) are strictly diagonally dom-
nant M matrices.

Proof. In this case part (a) follows from the representation (5.10) since here \ji,
A;j and the coefficients of Il-hjk are nonnegative for all 4,7,k (since w € [0,1]). The
row sum of A(Q*) also follows as in Proposition 4.2 since again one can see using
the operator form that L1 = —(r 4 ;) for all j. Thus if e = [1,...,1], then
[A(QF)elr = (1= ¢§) (1 +0(r + X\j))AT) + ¢FQAT for i < imax. The row sum of B(Q*)
is computed using the fact that the representation (5.10) always sums to unity since
this adds the coefficients coming from Lagrange interpolation. The case when ¢ = iyax
is a consequence of the Dirichlet boundary condition at this node. As in Proposition
4.2, part (c) follows from the use of a positive coefficient discretization, since from (b)
the row sums of (A(Q) — B(Q)) and A(Q) are strictly positive and the offdiagonals
are nonpositive. 0

6. Verification of Condition 3.1. In this section we show that the previous
two problems all satisfy Condition 3.1 (with perhaps a suitable scaling), and hence
the fixed point policy iteration scheme converges. For our examples, Z is a finite set,
and hence from Remark 2.1, we have that A* = A, B* = B, and C* = C. Therefore
we need only verify that Condition 3.1 is valid if we replace A*(Q, V), B*(Q,V), and
CH(Q,V), by A(Q), B(Q), and C(Q).

In all cases we need only verify Condition 3.1 (iii) since the property of being
strictly diagonally dominant M matrices has been verified in Propositions 4.2 and
5.1. A, B, and C are clearly bounded for any finite grid size.

LEMMA 6.1. If the discretization for the GMWB problem satisfies the conditions
required for Proposition 4.2, then this discretization satisfies Condition 3.1.

Proof. For this problem, B(Q¥) is independent of Q¥, and hence we need only
show that

(6.1) AQ") ' B(Q")]le < C1
for some constant C; < 1. If
(6.2) AQ")x = B(Q")y,

then, for the GMWB problem, Proposition 3.5 combined with Proposition 4.2 implies
that

[12]] 0o AAT

6.3 )
(6.3) Il = T+ VAT
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so that C; < 1 as required. To prove that || A(Q) !|l« is bounded independently of
@, we repeat the above argument setting B to the identity matrix. O

LEMMA 6.2. If the discretization of the American option under regime switching,
using the direct control method in section 5.2, satisfies the preconditions for Proposi-
tion 5.1, and ) > max; \;0, then this discretization satisfies Condition 3.1.

Proof. Suppose

(6.4) A@"z = B(@Q")y

and that |z¢| = ||#||c with index ¢ corresponding to node (i,j). If i < imax and
¢¢ = 0, then Propositions 3.5 and 5.1 imply that

|zl o ON;AT
< .
[Ylloo = 1+ 0(r +Xj)AT

(6.5)

Otherwise when i = iy or ¢p = 1, then ||B(Q%)||sc = 0 and s0 ||z||oc = 0. In either

case bound (6.5) holds giving a constant C; < 1 satisfying || A(Q*)™1B(QF)|l < Ci.
Suppose now that

(6.6) A(Q"z = B(Q" )y

and that |z = ||z]lcc Wwith index ¢ corresponding to grid node (4,7). If i < imax,

qSif*l =0, and (bi? =1, then

2o < 9&
[ylloe = Q

But Q is an arbitrary scaling of (5.6). Hence we can choose

(6.7)

(6.8) Q> mjax/\jH,

in which case Hj”: < (7 with C7 < 1. In all other cases, C7 < 1 unconditionally.

Repeating the above argument setting B to the identity shows that || A71(Q)]|s is
bounded independently of Q). |

Remark 6.1 (scaling factor: (5.6)). At first glance, it appears unnatural to intro-
duce an arbitrary scaling factor in (5.6), only to have it be used to satisfy condition
(6.7). However, if ¢~ = 0,¢F = 1, then the units of row ¢ of A* and row ¢ of B
are not the same. Hence we can violate or satisfy conditions (6.7) simply by rescaling
the time units. However, choosing a scaling factor which satisfies conditions (6.7)
means that this same scaling factor must be used in the optimization step (5.12) in
Algorithm 2.2. Consequently, choosing different scaling factors will result, in general,
in different choices for ¢§ at each iteration.

7. Numerical examples. In this section, several numerical examples are pre-
sented using both the fixed point policy iteration scheme in (2.2) and the full policy
iteration scheme in algorithm (2.1). The results show that the fixed point policy it-
eration scheme requires significantly smaller computational cost compared to the full
policy scheme.

7.1. GMWB. The contract parameters from the problem in [11] are given in
Table 7.1. Table 7.2 gives the mesh size and timestep parameters. In the localized
computational domain, we set Wyax = 1000wp. The penalty parameter is set to
e =AT1072/wp [22].
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TABLE 7.1
A sample GMWB contract parameters used in the numerical experiments.

Parameter Value

Expiry time T' 10.0 years

Interest rate r 0.05

Maximum no-penalty withdrawal rate G 10/year

Withdrawal penalty x 0.10

Initial lump-sum premium wg 100

Initial guarantee account balance A(0) 100

Initial personal annuity account balance W(0) 100

Jump diffusion parameters (¢, v, \) (0.45,—0.9,0.1)
TABLE 7.2

Grid and timestep data for convergence experiments. At each refinement, new fine grid nodes
are introduced between each two coarse grid nodes, and the timesteps are halved.

Refine level W nodes A nodes Timesteps

1 125 111 120
2 249 221 240
3 497 441 480
4 993 881 960
5 1985 1761 1920

Table 7.3 presents the fair insurance fee 1 charged by the insurance company
computed by solving the equation V(n; W = wg, A = wo, 7 = T) = wp [22]. Newton
iteration is used to solve this equation with the convergence tolerance

|,r]k+l _ T]k|

L e
max(nk+t, nk)

(7.1)

where ¥ is the kth iterate.

Our actual implementation of the nonlinear iteration (2.2) takes advantage of the
structure of this problem as described in Remark 4.3. Using fully implicit timestep-
ping, Table 7.4 presents the convergence results for the GMWB value with respect to
two volatility values, assuming the no-arbitrage insurance fee is imposed. We com-
pared the fixed point policy (2.2) and full policy iteration scheme (2.1). A simple
iteration (2.11) method was used to solve the policy iteration matrix. The nonlinear
convergence tolerance for the policy and fixed point policy iteration is given by

VhHL _ {7k
(7.2) Vi fk| - 1078,
¢ max(scale, |V;/T))

A relative update tolerance of 10~ was also used for the simple iteration (2.11).

TABLE 7.3
Convergence study for the fair insurance fee n value with jump diffusions. Contract parameters
are given in Table 7.1. Ratio is the ratio of successive changes in the solution as the mesh is refined.

Refine oc=0.2 o=0.3
level Fair fee Ratio Fair fee Ratio
1 0.034427 N/A 0.046890 N/A
2 0.032854 N/A 0.045789 N/A
3 0.032439  3.79 0.045536  4.34
4 0.032329 3.78 0.045471  3.91
5 0.032297  3.37 0.045452  3.35
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TABLE 7.4

Iteration and convergence experiments for the GMWB guarantee value att =0 and W = A =
wo = 100 using the fixed point policy and full policy schemes. Contract parameters are given in Table
7.1. Total itns/step refers to the average number of iterations per timestep to solve the equation.
Outer itns/step refers to the average number of outer iterations in the full policy iteration scheme.
Ratio is the ratio of successive changes in the solution as the mesh/timesteps are refined. Since the
fair insurance fee is imposed, the numerical solution should converge to Value = wg = 100. All
methods used the same number of timesteps. Fully implicit timestepping is used.

Refine Value Total itns/step Outer itns/step | Ratio
level Fixed pt policy | Full policy Full policy
o =0.2,7n =0.032297
1 100.6090 4.67 10.16 3.88 N/A
2 100.1775 4.57 9.32 3.92 N/A
3 100.0471 4.33 9.08 3.98 3.31
4 100.0108 4.21 8.64 4.02 3.59
5 99.9999 4.08 8.04 4.05 3.32
o = 0.3,7 = 0.045452
1 100.3375 4.91 10.94 4.18 N/A
2 100.0842 4.84 10.19 4.32 N/A
3 100.0213 4.64 9.89 4.38 4.03
4 100.0049 4.65 9.47 4.45 3.83
5 100.0000 4.44 8.81 4.42 3.34

These two schemes show no difference in computed values to seven digits. However
the fixed point policy scheme requires less than half the iterations required by the full
policy iteration. The computational cost for these methods is dominated by the
FFTs required to carry out the dense matrix-vector multiply, hence the CPU time is
proportional to the number of iterations.

Table 7.4 also shows the number of outer iterations required by full policy iter-
ation. The convergence ratio refers to the ratio of successive changes in the solution
as the mesh and timesteps are reduced by two. This ratio indicates that better than
linear convergence is obtained due to the maximal use of central differencing as much
as possible for the Vi term [37, 22].

7.2. Regime switching. In this section, we will consider a numerical example
for the regime switching, American option example described in section 5. We consider
a case with three regimes 1,2, 3. The transition probability array A, jump amplitudes
&, and volatilities o are given in (7.3). Other data are given in Table 7.5.

—3.5613  0.2405 3.3208 1.0 0.9095 1.0279 0.2
A= | 11279 —-1.2008 0.0729 |, &= {1.2502 1.0 1.6512 |, o= [0.15
2.9882 0.2025  —3.1907 0.9693 0.7732 1.0 0.30

(7.3)

Table 7.6 shows the grid and timestep data used for a convergence study for this
problem. At each grid refinement, new fine grid nodes are added between each coarse
grid node, and the timestep control parameter is halved. Crank—Nicolson variable
timestepping is used.

TABLE 7.5
Data for the regime switching, American problem.

Expiry time 0.50 Strike K 100
Payoff put Risk free rate r 0.02
Exercise American | Scaling parameter | 106/Ar
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TABLE 7.6
Grid/timestep data for convergence study, regime switching example. On each grid refinement,
new fine grids are inserted between each two coarse grid nodes, and the timestep control parameter
is halved.

Refinement | S nodes | Timesteps | Unknowns
0 51 37 153
1 101 74 303
2 201 145 603
3 401 287 1203
4 801 571 2403
5 1601 1139 4803
6 3201 2273 6603
TABLE 7.7

Number of fixed point policy iterations per timestep. All methods used the same total number of
timesteps. Crank—Nicolson timestepping used. American option, fixed point policy iteration, value
at t = 0,5 = 100, regime 1. Ratio is the ratio of successive changes as the mesh/timesteps are
refined.

Refinement | Q=10 | Q= 1/(A7) | Q = 10°/(A7) Value Ratio

0 5.60 5.60 5.60 6.8261328

1 4.84 4.84 4.84 6.8292905

2 4.33 4.33 4.33 6.8300983 3.9
3 3.96 3.86 3.82 6.8303228 3.6
4 4.22 3.90 3.61 6.8303765 4.2
5 4.32 3.79 3.12 6.8303906 3.8
6 5.1 4.29 3.0 6.8303941 4.1

Recall that we introduced a scaling factor © in (5.12). A natural choice for a
scaling factor is Q = C/(A7), where C' is a dimensionless constant selected so as to
satisfy (6.8). In the examples in this section, the coarse grid timestep is such that
condition (6.8) is satisfied for C' > 1.

Table 7.7 shows that the number of iterations per step for the direct control
method (for fine grids) is sensitive to the choice of scaling factor. All methods gave
the same computed values to eight digits. Table 7.7 also indicates that the method is
approximately second order.

We compared fixed point policy iteration with some other approaches. Policy
iteration (2.1) was used, and the sparse matrix (A — B) was solved using a direct
method, based on minimum degree ordering for ((A—B)+ (A—B)’). The convergence
tolerance for the policy iteration is given in (7.2). Table 7.8 shows several other
possible methods. A GMRES iterative solver, using a level zero ILU preconditioner

TABLE 7.8
Comparison of full policy iteration (2.1) using a direct solve, full policy iteration with an it-
erative solution (GMRES), full policy iteration with simple iteration (2.11), and fized point policy
iteration (2.2), refinement level 5. Regime switching, American option, penalty formulation. All
methods used the same number of timesteps. Crank—Nicolson timestepping used.

Linear solution Outer iterations | Inner iterations CPU time
method per step per step (normalized)
Full policy iteration (2.1)

Direct (min degree) 2.39 NA 54.3
GMRES (ILU(0))[31] 2.39 4.64 15.0
Simple iteration (2.11) 2.39 4.89 1.3

Fixed point policy iteration (2.2)
Direct 3.12 | NA | 1.0
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[31], was used to solve the (A— B) matrix, in conjunction with the full policy iteration
(2.1). In addition, full policy iteration was also used with the (A — B) matrix solved
using a simple iteration (2.11). A convergence tolerance based on a relative update
condition (< 10~%) for the inner iteration was used in both cases. We compared these
methods with the fixed point policy iteration scheme (2.2). Table 7.8 shows that fixed
point policy iteration requires the least CPU time.

8. Conclusion. We have developed a fixed point policy iteration scheme for
solving discretized HJB equations. This method is particularly useful if the risky
asset (in a financial application) follows a jump diffusion or regime switching process.

We have determined sufficient conditions which ensure that this iteration scheme
converges. In the penalty formulation case, these conditions are typically satisfied if a
monotone discretization method is used, which is normally required in order to ensure
convergence to the viscosity solution.

In the case that the discrete equations are solved using the approach in [8], con-
vergence of the fixed point policy iteration can only be guaranteed if the discretized
optimization problem satisfies a scaling condition. It is always possible to select a
scaling parameter which satisfies this condition. It is interesting to observe that, for
the direct control approach [8], the convergence rate is sensitive to the scaling of the
nonlinear equations. This does not appear to have been observed previously, and
merits further study.

Our numerical tests show that the fixed point policy iteration method is more
efficient than a variety of alternative strategies. We have used a very general approach
to prove the convergence of the fixed point policy iteration. In the case where the
admissible set of controls is infinite, we do not require that the discretized equations
at each node be a continuous function of the control (this may arise if we use central
differencing as much as possible for monotone schemes). We also do not require a
special choice for the initial iterate. Hence, the fixed point policy iteration scheme
can be applied to a wide variety of discretized HJB equations.
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