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Abstract

Following recent work by van der Hoeven and Lecerf (ISSAC 2017),
we discuss the complexity of linear mappings, called untangling and
tangling by those authors, that arise in the context of computations
with univariate polynomials. We give a slightly faster tangling
algorithm and discuss new applications of these techniques. We
show how to extend these ideas to bivariate settings, and use them
to give bounds on the arithmetic complexity of certain algebras.
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1 Introduction

In [22], van der Hoeven and Lecerf gave algorithms for “modular
composition” modulo powers of polynomials: that is, computing
F(G) mod T, for polynomials F,G,T over a field F and positive
integer p1. As an intermediate result, they discuss a linear operation
and its inverse, which they respectively call untangling and tangling.

Given separable T € F[x] of degree d and a positive integer p,
polynomials modulo T# can naturally be written in the power basis
1,x,... ,xd”_l. Here we consider another representation, based
on bivariate polynomials. Introduce K := F[y]/(T(y)) with « the
residue class of y; then, as an F-algebra, F[x]/(T#) is isomorphic
to K[¢]/(¢#) and untangling and tangling are the corresponding
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change of bases that maps x to £ + a. Take, for instance, F = Q,
T =x?+x+2and y = 2. Then K = Q[y]/(y? + y + 2); untangling
is the isomorphism Q[x]/(x* + 2x> + 5x2 + 4x + 4) — K[£]/(£%)
and tangling is its inverse.

We now assume that 2,...,u — 1 are units in F. Van der Hoeven
and Lecerf gave algorithms of quasi-linear cost for both untangling
and tangling; their algorithm for tangling is slightly slower than
that for untangling. Our first contribution is an improved algorithm
for tangling, using duality techniques inspired by [33]. This saves
logarithmic factors compared to the results in [22]; it may be minor
in practice, but we believe this offers an interesting new point
of view. Then we discuss how these techniques can be of further
use, as in the resolution of systems of the form F(x1,x2,x3) =
G(x1,x2,x3) = 0, for polynomials F,G in F[x1,x2,x3].

Our second main contribution is an extension of these algorithms
to situations involving more than one variable. As a first step, in
this paper, we deal with certain systems in two variables. Indeed,
the discussion in [22] is closely related to the question of how to
describe isolated solutions of systems of polynomial equations. This
latter question has been the subject of extensive work in the past;
answers vary depending on what information one is interested in.

For the sake of this discussion, suppose we consider polynomials
Gi,...,Gs in the variables x; and xy, with coefficients in F. If one
simply wants to describe set-theoretically the (finitely many) iso-
lated solutions of Gj,. . .,Gs, popular choices include description
by means of univariate polynomials [2, 9, 20, 27, 32], or triangular
representations [3, 36]. When all isolated solutions are non-singular
nothing else is needed, but further questions arise in the presence
of multiple solutions as univariate or triangular representation may
not be able to describe the local algebraic structure at such roots.

The presence of singular isolated solutions means that the ideal
(G1,...,Gs) admits a zero-dimensional primary component that
is not radical. Thus, let I be a zero-dimensional primary ideal in
F[x1,x2] with radical m; we will suppose that F[x1,x2]/m is separa-
ble (which is always the case if F is perfect, for instance) to prevent
m from acquiring multiple roots over F.

A direct approach to describing the solutions of I, together with
the algebraic nature of I itself, is to give one of its Grébner bases.
Following [28], one may also give a basis of the dual of F[x1,x2]/I,
or a standard basis of I. In [28, Section 5], Marinari, Méller and
Mora make the following interesting suggestion: build the field
K := F[y1,y2]/m, where 1 is the ideal m with variables renamed
y1,Yy2. Then the polynomials in I vanish at @ := (a1,a2) when
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ai,ay are the residue classes of y1,y2 in K. Now extend I to the
polynomial ring K[£1,&,], for new variables £1,&;, by mapping
(x1,x2) to (£1,&2). Then, the local structure of I at « can be described
by the primary component of this extended ideal at a.

Let us show the similarities of this idea with van der Hoeven and
Lecerf’s approach, on an example from [30]. We take F = Q, m is
the maximal ideal (T7,T,), with Ty := xf +x1+2,T) :=x3—x1—1,
and I = m? is the m-primary ideal with generators

Gy = xg — 2xX1X2 — 2X2 +xf +2x1 + 1,

Gy = xfxz + x1Xx9 + 2x3 — x? - 2xl2 —-3x1 -2,

Gy :x;}+2x?+5x%+4x1+4.
Since T has degree one in x2, we can simply take K := Q[yl]/(yf +
Y1 + 2), a1 is the residue class of y; and a2 = a3 + 1.

The (a1, a2)-primary component J of the extension of I in K[£7, &],
i.e., the primary component associated to the prime ideal (& —
ai1,& — ap), is the ideal with lexicographic Grobner basis

Hs = 522 — 28601 - 26+ a1 -1,

Hy = &8 - Har — &1 — & - 2,

H; = §12 —2§10{1 —o — 2.
Its structure appears more clearly after applying the translation
(&1,&) V> (&1 + a1, & + ap): the translated ideal J” admits the very
simple Grébner basis (§12, & &, §22>, In other words, this representa-
tion allows one to complement the set-theoretic description of the
solutions by the multiplicity structure.

Our first result in bivariate settings is the relation between the
Grobner bases of I and J (or J’): in our example, they both have three
polynomials, and their leading terms are related by the transfor-
mation (£1,&) (xf,xz). We then prove that, as in the univariate
case, there is an F-algebra isomorphism F[x1,x2]/I — K[&1,&]/]
given by (x1,x2) — (&1 + a1,& + a2). In our example, this means
that Q[x1,x2]/(G1,Gz,Gs) is isomorphic to K[, &]/(E2, &16, E2).

Under certain assumptions on J’, we give algorithms for this
isomorphism and its inverse that extend those for univariate poly-
nomials; while their runtimes are not always quasi-linear, they are
subquadratic in the degree of I (that is, the dimension of F[x1,x2]/I).
We end with a first application: upper bounds on the cost of arith-
metic operations in an algebra such as F[x1,x2]/I; these are new, to
the best of our knowledge. Noteworthy that with a strong regularity
assumption and a different setting, it has been shown in [35] that
multiplication in F[x1,x2]/I can be done in quazi-linear time.

Although our results are still partial (we use assumptions and
we only deal with bivariate systems), we believe it is worthwhile
to investigate these questions. In future work, we plan to examine
the impact of these techniques on issues arising from polynomial
system solving algorithms: a direction that one may consider are
lifting techniques in the presence of multiplicities, as in [21] for
instance, as well as the computation of GCDs modulo ideals such as
I above. See, for instance, [13] for a discussion of the latter question.

2 Preliminaries

In the rest of this paper, F is a perfect field. The costs of all our
algorithms are measured in number of operations (+,—,X,+) in FF.

2.1. Welet M : N — N be such that product of elements of
degree less than n in F[x] can be computed in M(n) operations,
and such that M satisfies the super-linearity properties of [17,
Chapter 8]. Below, we will freely use all usual consequences of

fast multiplication (on fast GCD, Newton iteration, ...) and refer
the reader to e.g. [17] for details. In particular, multiplication in
an F-algebra of the form A := F[x]/(T(x)) with T monic in x,
or A := F[x1,x2]/{T1(x1), T2(x1,x2)) with T} monic in x; and T»
monic in x3, can be done in time O(M(9)), with § := dimp(A).
Inversion, when possible, is slower by a logarithmic factor. For
A = F[x1,x2]/1, for a zero-dimensional monomial ideal I, multipli-
cation and inversion in A can be done in time O(M(J) log(9)), resp.
O(M(8) log(6)?), with § = dimg(A) (see the appendix).

2.2. We will use the transposition principle [10, 23], which is an
algorithmic theorem stating that if the F-linear map encoded by an
nx m matrix over FF can be computed in time T, the transposed map
can be computed in time T + O(n + m). This result has been used
in a variety of contexts; our main sources of inspiration are [7, 33].

2.3. If A is an F-vector space, its dual A* := Homg(A,F) is the F-
vector space of F-linear mappings A — F. When A is an F-algebra,
A* becomes an A-module: to a linear mapping ¢ : A — F and
F € A we can associate the linear mapping F - € : G € A — ((FG).
This operation is called the transposed product in A*, since it is the
transpose of the multiplication-by-F mapping.

Given a basis B of A, elements of A* are represented on the dual
basis, by their values on 8. In terms of complexity, if A is an algebra
such as those in 2.1, the transposition principle implies that trans-
posed products can be done in time O(M(J)), resp. O(M(S) log(9)),
with again § := dimp(A). See [34] for detailed algorithms in the
cases A = F[x]/(T(x)) and A = F[x1,x2]/(T1(x1), T2 (x1,%2)).

An element ¢ € A* is called a generator of A* if A - £ = A*
(in other words, for any ¢’ in A* there exists F € A, which must
be unique, such that F - £ = ¢’). When A = F[x]/(T(x)), with
n := deg(T), € defined by £(1) = --- = £(x™2) = 0and £(x"" 1) = 1
is known to generate A*. For A = F[x1,x2]/(T1(x1), To(x1,x2)), €
given by f(xfl_lxgz_l) = 1, with all other €(xixé) = 0, is a gen-
erator (here, we write ny := deg(T1,x1) and ny := deg(T,x2)). For
more general A, A* may not be free: see for example Subsection 4.4.

3 The univariate case revisited

In this section, we work with univariate polynomials. Considering
that T € F[x] is a monique and separable (that is, without roots
repeated in F) with degree d, and letting y1 be an integer positive,
we start from the following hypothesis:

H;. F has characteristic at least p.

Define K := F[y]/T (y), and let « be the residue class of y in K. Van
der Hoeven and Lecerf proved that the F-algebra mapping

mry s Elx]TH)Y - K[E]/EH)

x - E+a

is well-defined and realizes an isomorphism of F-algebras. The
mapping 77, , is called untangling, and its inverse 7, ﬂ_l tangling.
Note that 77, ,, (F) simply computes the first y terms of the Taylor
expansion of F at @, that is, 77, , (F) = Yo<i<y F(i)(a)§i/i!.
Reference [22] gives algorithms for both untangling and tangling,
the latter calling the former recursively; their untangling algorithm
runs in O(M(dy) log(u)) operations in F, while their tangling al-
gorithm takes O(M(dp) log(i)? + M(d) log(d)) operations. Using
transposition techniques from [33], we prove the following.



PROPOSITION 3.1. Given G in K[£]/(£*), one can compute
nr,”’l(G) in O(M(dy) log(u) + M(d) log(d)) operations in F.

The F-algebra K admits the basis (1,. .. ,a4™1); F[x]/(T*) has basis
B = (1,x,...,x%"1) and K[¢]/(£*) admits the bivariate basis C =
1,... ,ad’l,f,. .. ,ad’lf,. CERL ,ad’lﬂ”l). As per 2.3, we
represent a linear form L € F[x]/(T*)* by the vector [L(x!) |
0 < i < dy] € F, and a linear form ¢ € K[£]/(é#)* by the
bidimensional vector [£(a’&/) | 0<i<d, 0<j<p]e FxH,
3.1 A faster tangling algorithm

This section shows that using the transpose of untangling allows us
to deduce an algorithm for tangling; see [14, 33] for a similar use of
transposition techniques. We start by describing useful subroutines.

3.1.1. The first algorithmic result we will need concerns the
cost of inversion in F[x]/(T#). To compute 1/F mod T# for some
F € F[x] of degree less than dj we may start by computing G :=
1/F mod T, with F := F mod T; this costs O(M(dp) + M(d) log(d))
operations in F. Then we lift G to G := 1/F mod T# by Newton
iteration modulo the powers of T, at the cost of another O(M(dp)).

3.1.2. Next, we discuss the solution of certain Hankel systems.
Consider L and L’ two F-linear forms F[x]/(T#) — F; our goal is
to find F in F[x]/(TH) such that F - L = L’, under the assumption
that L generates the dual space F[x]/(TH#)*. In matrix terms, this
is equivalent to finding coefficients fo,. .., fg,-1 of F such that
(HSfor- -+ fap-11" = for- - -+ fap—1]" with H; j = L(x"*/). The
system can be solved in O(M(dy) log(dy)) operations in F [8], but
we may derive an improvement from the fact that T is a uth power.

An algorithm that realizes the transposed product (L,F) + L’ is
in [6, Lemma 2.5]:let { : Fé# — FH be the upper triangular Hankel
operator with first column the coefficients of degree 1,...,du of
TH, and let A and A’ be the two polynomials in F[x] with respective
coefficients (L) and {(L’). Then A’ = F A mod T*.

Given the values of Land L’ at 1,...,x%" ! we compute (L)
and { (L") in O(M(dp)) operations. Since L generates F[x]/{TH)*, A
is invertible modulo T#; then, using 3.1.1, we compute its inverse in
O(M(dp) + M(d) log(d)) operations. Multiplication by A’ takes an-
other O(M(dp)) operations, for a total of O(M(dy) + M(d) log(d)).

3.1.3. We now recall van der Hoeven and Lecerf’s algorithm for
the mapping 77, ;;, and deduce an algorithm for its transpose, with
the same asymptotic runtime. Van der Hoeven and Lecerf’s algo-
rithm is recursive, with a divide-and-conquer structure; the key idea
is that the coefficients of zr, , (F), for F in F[x]/(T#), are the values

of F,F’/,. .. ,F(”_l) at a, divided respectively by 0!,1!,...,(u — 1)L

Algorithm 1 7yec(F, T, p)
Input: F € F[x]/(TH)
Output: [F(a),... JFED ()] e K
1: if gy = 1 then return [ F(a) ] else set A := I_%J
2: return mpec(F mod T’l,T,/l) cat nrec(F(A) mod T”_A,T,y -A)
Algorithm 2 = (F, T, )
Input: F € F[x]/(TH)
Output: xr,,(F) € K[£]/(#)
1 return Yo<i<y %"]gi, with v := myec (F,T, 1)

The runtime T(d,p) of myec satisfies T(d,p) < T(d,pu/2) +
O(M(dp)), so this results in an algorithm for 77, that takes
O(M(dp) log(u)) operations. Since 7r,, is an F-linear mapping
Flx]/(TH) — K[E]/(EH), its transpose ﬂTﬂul is an F-linear map-
ping K[£]/(EHY* — F[x]/(T#)*. The transposition principle im-
plies that frT’yJ' can be computed in O(M(dp) log(y)) operations;
we make the corresponding algorithm explicit as follows.

We transpose all steps of the algorithm above, in reverse order.
As input we take € € K[£]/(&H)*, which we see as a bidimensional
vector in F4%H; we also write £ = [€i 10 <i<p],withall{; in Fd.
The transpose of the concatenation at the last step allows one to
apply the two recursive calls to the first and second halves of input
£. Each of them is followed by an application of the transpose of
Euclidean division (see below), and after “transpose differentiating”
the second intermediate result (see below), we return their sum.

Algorithm 3 75 (¢, T, 1)

Input: £ € F&¥H
1: if p = 1 then return ¢ else 1 := L%J
cvg o= s (6 | 0<i<A],T,A) and up := mod™*(vg, T, dp)
cor = ([l | A<i<pl Top—2)
- up = diff (mod L (v, TH=A, dy — 1)), 1)
: return ug + u;

G W N

Algorithm 4 71 (¢, T, 1)

Input: £ € K[£]/(EH)" ~ FaxH
Output: 77, (€) € Fx]/(TH)* =~ F#
. return 7k ([€;/i! | 0 <i<p],T,p)

Correctness follows from the correctness of van der Hoeven and
Lecerf’s algorithm. Following [7], given a vector u, a polynomial
S € F[x] and an integer ¢t > deg(S), where u has length deg(S),
mod= (u,S,t) returns the first ¢t terms of the sequence defined by
initial conditions u and minimal polynomial S in time O(M(t)).
Given a vector u of length t — A, v := diff(u,A) is the vector of
length t givenbyvg =---=vj_y =0andv; =i---(i— A+ 1u;_)
fori = A,...,t — 1. It can be computed in linear time O(t). Overall,
as in [22], the runtime is O(M(dp) log(y)).

3.1.4. We can now give our algorithm for the tangling operator
ﬂT,,l_l; it is inspired by a similar result due to Shoup [33].

Take G in K[£]/(&H): we want to find F € F[x]/(TH) such that
1,4 (F) = G.Let £ : K[£]/(E#) — Fbe defined by £(a?~1¢#71) = 1
and £(a’&/) = 0 for all other values of i < d,j < y; as pointed out
in 2.3, this is a generator of K[£]/(£#)*. Define further ¢’ := G - ¢.
Then ¢’ is a transposed product as in 2.3, and we saw that it can be
computed in O(M(dy)) operations. This implies 77, ,(F) - £ = {’.

Let now L := JTT,PJ‘(f) and L’ := JTT,IJJ‘(K'); we obtain them by
applying our transpose untangling algorithm to ¢, resp. ¢’, in time
O(M(dp) log()+M(d) log(d)). Since € is a generator of K[£]/(EH)*,
L is a generator of F[x]/(T#)*. The equation 77, ,(F) - £ = ¢’ then
implies that F-L = L’, which is an instance of the problem discussed
in 3.1.2; applying the algorithm there takes another O(M(dpy) +
M(d) log(d)). Summing all costs, this gives an algorithm for 7, H_l
with cost O(M(dp) log(i) + M(d) log(d)), proving Proposition 3.1.



3.2 Applications

3.2.1. For P in F[x] one can compute x mod P using O(log(D))
multiplications modulo P by repeated squaring. Applications in-
clude Fiduccia’s algorithm for the computation of terms in linearly
recurrent sequences [16] or of high powers of matrices [19, 31]. This
algorithm takes O(M(n) log(D)) operations in F, with n := deg(P).
We assume without loss of generality that D > n.

We can do better, in cases where P is not squarefree. For com-
putations of terms in recurrent sequences, such P’s appear when
computing terms of bivariate recurrent sequences (a; j) defined
by X, ai,jxiyj = N(x,y)/Q(x,y), for some polynomials N,Q €
Flx,y] with Q(0,0) # 0. Then, the j-th row }; ai,jxi has character-
istic polynomial P/, where P is the reverse polynomial of Q(x,0) [5].

First, assume that P = T# with T separable of degree d. Then we
compute xP mod P by tangling r := (¢ + a)P. The quantity r =
Zi:ol (Ii))§"aD_i can be computed in time O(M(d)(log(D) + p)),
by computing aP~#*1,¢P=#+2  aP and multiplying them by
the binomial coefficients (which themselves are obtained by using
the recurrence they satisfy). By Proposition 3.1, the cost of tan-
gling is O(M(dp) log(p) + M(d) log(d)), which brings the total to
O(M(d) log(D) + M(dp) log(u)), since d < D. To compute xP mod-
ulo an arbitrary P, one may compute the squarefree decomposition
of P, apply the previous algorithm modulo each factor and obtain
the result by applying the Chinese Remainder Theorem. The overall
runtime becomes O(M(m) log(D) + M(n) log(n)), where n and m
are the degrees of P and its squarefree part, respectively; this is to
be compared with the cost O(M(n) log(D)) of repeated squaring.
While this algorithm improves over the direct approach, practical
gains show up for astronomical values of the parameters.

3.2.2. Assume F = Q. In [26], Lebreton, Mehrabi and Schost gave
an algorithm to compute the intersection of surfaces in 3d-space,
that is, to solve polynomial systems of the form F(x1,x2,x3) =
G(x1,x2,x3) = 0. Assuming that the ideal K := (F,G) C
Q(x1)[x2,x3] is radical and that we are in generic coordinates, the
output is polynomials S,T,U in Q[x1,x2] such that K is equal to
(S,Ux3 —T) (so S describes the projection of the common zeros of
F and G on the x1,x2-plane, and T and U allow us to recover x3).
The algorithm of [26] is Monte Carlo, with runtime O(D*7) where
D is an upper bound on deg(F) and deg(G). The output has ©(D*)
terms in the worst case, and the result in [26] is the best to date.
The case of non-radical systems was discussed in [29]. It was
pointed out in the introduction of that paper that quasi-linear time
algorithms for untangling and tangling (which were not explicitly
called by these names) would make it possible to extend the results
of [26] to general systems. Hence, already with the results by van
der Hoeven and Lecerf a runtime O(D*7) was made possible for
the problem of surface intersection, without radicality assumption.

4 The bivariate case

We now generalize the previous questions to the bivariate settings.
We expect several of these ideas to carry over to higher numbers
of variables, but some adaptations may be non-trivial (for instance,
we rely on Lazard’s structure theorem on lexicographic bivariate
Grobner bases). As an application, we give results on the complexity
of arithmetic modulo certain primary ideals.

4.1 Setup

4.1.1. For the rest of the paper, the degree deg(l) of a zero-
dimensional ideal I in F[x1,x2] is defined as the dimension of
Flx1,x2]/1 as a vector space (the same definition will hold for poly-
nomials over any field).

Let m be a maximal ideal of degree d in F[x1,x2]; we consider
two new variables y1,y2, we let y : F[x1,x2] — F[y1,y2] be the K-
algebra isomorphism mapping (x1,x2) to (y1,y2) and let m := y(m).
This is a maximal ideal as well, and K := F[y;,y2]/m is a field
extension of degree d of F. We then let a1,z be the respective
residue classes of y1,y2 in K.

Next, let J ¢ K[£1,&;], for two new variables &1, &, be a zero-
dimensional primary ideal at & := (a1, a2). Finally, let I := ®~1(J),
where @ is the natural embedding F[x1,x2] — K[&1,&2] given by
(x1,x2) > (&1,&2). One easily checks that I is m-primary (that is,
m is the radical of I), and that J is the primary component at & of
the ideal I - K[£1, &2] generated by ®(I). Note that since F is perfect,
F — K is separable, so over an algebraic closure F of F, m has d
distinct solutions. We make the following assumption:

Hj. F has characteristic at least n, with n := deg(I).
Finally, we let J ¢ K[&;,&2] be the ideal obtained by applying the
translation (£1,&) — (&1 + a1,& + az) to J; it is primary at (0,0).

4.1.2. Although our construction starts from the datum of m and
J € K[£1,&2] and defines I from them, we may also take as starting
points m and an m-primary ideal I € F[x1,x7] (this is what we did
for the example in the introduction).

Under that point of view, consider the ideal I-K[&, &3] generated
by ®(I), for ® : F[x1,x2] — K[&1,&2] as above, and let J be the
primary component of I - K[£7,&2] at a. One verifies that I is equal
to ®~1(J), so we are indeed in the same situation as in 4.1.1.

4.1.3. For the rest of the paper, we use the lexicographic mono-
mial ordering in F[x1,x2] induced by x1 < x2, and its analogue
in K[&1,&]; “the” Grobner basis of an ideal is its minimal reduced
Grobner basis for this order. Our first goal in this section is then
to describe the relation between the Grébner bases of I and J: viz.,
they have the same number of polynomials, and their leading terms
are related in a simple fashion (as seen on the example).

Let T be the Grobner basis of m. Since m is maximal, T consists
of two polynomials (T1,Tz), with T; of degree d; in F[x1] and T in
F[x1,x2], monic of degree dy in x3. Note that didy = d = deg(m).
Next, let H = (Hy,...,H;) be the Grobner basis of J, with H; <
-+- < Hy; we let §{” Zvl,. o f”ﬁz‘/’ be the respective leading terms
of Hy,...,H;. Thus, the yi;’s are decreasing, the v;’s are increasing,
and vi = p; = 0. Finally, we let y := deg(J) = deg(J’). Remark that
the Grobner basis of J” admits the same leading terms as H.

In our example, we have ¢t = 3, (p1,v1) = (2,0), (p2,v2) = (1,1)
and (p3,v3) = (0,2). The integers dj,dz are respectively 2 and 1, so
d = 2, the degree n is 6 and the multiplicity y is 3. The key result in
this subsection is the following.

ProPosSITION 4.1. The Grobner basis of I has the form (R, .. ,R;),
where for j = 1,...,t, Rj = Ti#/R;, for some polynomial R; €
F[x1,x2] monic of degree dzvj in x2. In particular, n = dy.

As a result, for all j the leading term of R; is xldlﬂszdzvf,

whereas that of H; is £1/7&,"7, as in our example. The next two
paragraphs are devoted to the proof of this proposition.



4.1.4. We define here a family of polynomials Gy,...,G;, and
prove that they form a (non-reduced) Grobner basis of I in 4.1.5.

Because the extension F — K is separable, it admits a primitive
element f, with minimal polynomial F € F[t]; this polynomial has
degree [K : F] = d. Let L be a splitting field for F containing K
and let I - L[£7,&2] and K be the extensions of I - K[£7,&2] and J in
L[&, &), respectively. Then deg(J) = deg(K), and K is the primary
component of I - L[£],&] at a.

Let f1 = B,p2,...,P4 be therootsof FinL.Foralli =1,...,d,
we let 0; be an element in the Galois group of L/F such that §; =
i(B), as well as a'?) := (0;(a1), 0i(a2)). Note that these elements
are pairwise distinct: since f is in F[a1,a2] and all 0;’s fix F, a® =
aY) implies §; = pj, and thus i = j. Therefore, a2l can
be seen as all the roots of m, with a® = q.

Fori=1,...,d, let K; be the primary component of I - L[£1,&;]
at a(i), so that K; = K. By construction, these ideals are pairwise
coprime, and their product is I - L[£1,&,]. Take iin 1,...,d, and let
D be a large enough integer such that K = I - L[£1,&] + nP and
K; =1-L[&,&]+ niD, with 1 and 1; the maximal ideals at « and
a® respectively. Since I - L[£1,&,] is defined over F, o; thus maps
the generators of K to those of K;. This implies that the Grébner
basis of K; is (Hj,1,. . .,Hj ), with H; j := o;(Hj) forall j < t.

By definition of the integers di,d2, we can partition the roots
{a(l), . ,a(d)} of m according to their first coordinate, into d;
classes Cy,. . .,Cg, of cardinality d; each: for k < dj, all o in Cx
have the same first coordinate, say (i, and the {i’s are pairwise
distinct. Remark that {1,. . .,{g, are the roots of T;.

Fix k < dq and take i such that a® isin Cy.Because K; is primary
at a, Lazard’s structure theorem on bivariate lexicographic Grobner
bases [24] implies that for j = 1,...,t, H; j = ({1 - {K)”J'I:Ii,j, for
some polynomial H; j € L[£1,&,], monic of degree v; in &, and of
degree less than y1; — pj in &.

For1 <k <djand1 <j <t,letusthen define ék,j = ]_[iI:Ii,j,
where the product is taken over all i such that a e C. This
is a polynomial in L[&, & ], with leading term §2d2 Vi. Finally, let
Gy :=l,andfor2 < j < tlet éj be the unique polynomial in
L[&1,&] of degree less than dy (p1 — i) in & such that Gj mod (&1 —
G)H17Hi = Gy j holds for all k < dy. We claim that (G,. . .,Gy),
with Gj := T # éj for all j, is a Grobner basis of I-L[&7, 2], minimal
but not necessarily reduced.

4.1.5. To establish this claim, we first prove that I - L[&1,&] =
(G1,...,Gr)yinLL[&],&]. The first step is to determine the common
zeros of Gi,...,G;. Since G; = T1#1, the & -coordinates of the
solutions are the roots {{1,...,{g } of T1. Fix k¥ < dy, and let ({k,7)
be a root of Gi,...,G;. In particular, G;({x,n) = Gt(gx,q) = 0.
This implies that G~,<, +(Csm) = 0, so there exists i < d such that
(Ciesm) = a®, Conversely, any a® cancels Gi1,...,Gy, so that the
zero-sets of Gy,. . .,G; and I-L[£7, & ] are equal. Next, we determine
the primary component Q; of (Gy,...,G;) at a given ald),

Take such an index i, and assume that a® is in Cx, for some
K < dj (so the first coordinate of a(?) is {;.). Take D large enough,
so that D > p; and (¢1 — & )P belongs to Q;; hence Qj is also the
primary component of the ideal (Gy, . . ., G, (£1— )Py at a() This
ideal is generated by the polynomials (&1 — {c)*! and (&1 — (i )M Gj,
for 2 < j < t. For such j, since Gj mod (& — {)MH = ék,j, we

get that (& — ()" Gj mod (&1 = §e)* = (&1 = §)HiGy,j. As a
result, the ideal above also admits the generators (&1 — (i), (&1 —
{K)”ZGK,Z,. .. ,G~K,t. Now, recall that é,c,j = I_I[I:I,,j, where the
product is taken over all ¢ such that a(*) is in Cy.. For 1 # i, H,j does
not vanish at a(?) [24, Th. 2.(i)], so it is invertible locally at a1t
follows that the primary component of G at ald is generated by
(&1 = G)M (& = G2 H g, . . ., Hiy, that is, Hy q,. . ., Hi ;. This is
precisely the ideal K;.

To summarize, (Gy,...,G;) and I - L[£;,&] have the same pri-
mary components K1, . . .,Ky, so these ideals coincide. It remains to
prove that (Gi,. ..,G;) is a Grobner basis of I - L[&7, &]. The shape
of the leading terms of Gy, ...,G; implies that number of mono-
mials reduced with respect to these polynomials is d deg(J) = dp.
Now, since all its primary components K; have degree u = deg(J),
the ideal I - L[&1,&] = (Gy,...,G;t) has degree du as well. As a
result, Gy,...,G; form a Grobner basis (since otherwise, apply-
ing the Buchberger algorithm to them would yield fewer reduced
monomials, a contradiction).

The polynomials Gy, . . .,G; are a Grébner basis, minimal, as can
be seen from their leading terms, but not reduced; we let Ry,...,R;
be the corresponding reduced minimal Grobner basis. For all j, Ty #/
divides Gj, and we obtain R; by reducing G; by multiples of T1#/,
so that each R; is a multiple of T;#/ as well. In addition, the leading
terms of G;j and R; are the same. Hence, our proposition is proved.

4.1.6. As a corollary, the following proposition and its proof ex-
tend [22, Lemma 9] to bivariate contexts. We will still use the names
untangling and tangling for my_j as defined below and its inverse.

PROPOSITION 4.2. Assuming I is a zero-dimensional ideal in
Flx1,x2] with a perfect field F of characteristic greather than deg(I)
and m is a maximal ideal; there exists an F-algebra isomorphism

T, Floer,x2) /T — K[&1,E]/T (1

given by (x1,x2) = (& + a1,& + a2), where ay,a are respectivly
the residue classes of y1,y2 in K := Flyy,y2]/m and J’ C K[£,&]
the ideal obtained by applying the translating a zero-dimensional
primary ideal in a := (a1, az) to (0,0).

Proor. We prove that the embedding ® : F[x1,x2] — K[&1,&2]
given by (x1,x2) — (&1,&2) induces an isomorphism of F-algebras
Flx1,x2]/I = K[&1,&2]/]. From this, applying the change of vari-
ables (£1,&2) = (&1 + a1, & + ag) gives the result.

Since ®(I) is contained in J, the embedding ® induces an homo-
morphism ¢ : F[x1,x2]/I — K[&1,&]/]. By the previous proposi-
tion, both sides have dimension dy over F, so it is enough to prove
that ¢ is injective. But this amounts to verifying that ®~1(J) = I,
which is true by definition. O

4.2 Untangling for monomial ideals

4.2.1. In this section, we give an algorithm for the mapping 7y,
of Proposition 4.2 under a simplifying assumption. To state it, recall
that J/ is maximal at (0,0) € K2. Then, our assumption is

Hs. J’ is a monomial ideal.

In view of the shape of the leading terms given in 4.1.3 for the

ideal J, we deduce that J/ = (f{“, {12 ZVZ,..., ;’). In the rest of

this subsection, B is the monomial basis of F[x1,x2]/I induced



by the Grébner basis exhibited in Proposition 4.1 and 8’ is the
monomial basis of K[£1,£,]/]’. Then, the inputs of the algorithms
in this subsection are in Spanp 8B := @, gFb, and the outputs in
Spang B’ := @ g/ Kb’. This being said, our result is the following.

PROPOSITION 4.3. Under Hy and Hs, given F in F[x1,x3]/I one
can compute y, jr (F) using either O(M(dn)) or O(M(un) log(y))
operations in F, and in particular in O(M(n'->) log(n)) operations.

We prove the first two bounds in 4.2.2 and 4.2.3 respectively.
The last statement readily follows, since n = dy (Proposition 4.1).

4.2.2. We start with an efficient algorithm for those cases where
d = [K : F] is small. The idea is simple: as in the univariate case,
the untangling mapping 7y, j» can be rephrased in terms of Taylor
expansion. Explicitly, for F in F[x1,x2]/I, 7ty j/ (F) is simply

F(&1 + a1, & + ap) mod (&1 E1°E2, . E)").

We compute F(&1 + a1,& + az), proceeding one variable at a time.

Step 1. Compute F* := F(& + a1,&) € K[&,&]. Because 2,...,n
are units in F, given a univariate polynomial P of degree t < n in
K[&1] one can compute P(&1 + a1) in O(M(t)) operations (+, X)
in K (see [1]). Using Kronecker substitution [17, Chapter 8.4], this
translates to O(M(dt)) operations in F (we will systematically use
such techniques, see e.g. Lemma 2.2 in [18] for details). Computing
F* is done by applying this procedure coefficient-wise with respect
to &; in particular, all ¢-degrees involved are at most n, and add
up to n. The super-linearity of M implies that this takes a total of
O(M(dn)) operations in F.

Step 2. Compute F*(&1,& + ag) = F(&1 + a1, &2 + a2). This is done
in the same manner, applying the translation with respect to &
instead; the runtime is still O(M(dn)) operations in F.

Step 3. Since F is in Spang$B, and B is stable by division, F(&1 +
a1,& + ao) are in Spang B := @& 5Kb. By Proposition 4.1, all
monomials in B’ are in B, so we can obtain 7, j(F) by discarding
from F(&1 + a1, & + a2) all monomials not in 8B’.

Overall, the runtime is O(M(dn)) operations in F. For small d,
when the multiplicity p is large, this is close to being linear in

n = deg(I).

4.2.3. Next we give an another solution, which will perform well
in cases where the multiplicity p = deg(J’) is small.

Again the idea is simple: given F in Spang$, compute F(&; +
a1,& + az) mod (£1#1,&, "), and again discard unwanted terms
(this is correct, since all coefficients of 7, j» (F) are among those we
compute). As in the previous paragraph, this is done one variable
at a time; in the following, recall that m = (Ty(x1), T2 (x1,%2)), with
deg(T1,x1) = di and deg(T2,x2) = da, so that didz = d = deg(m).
Also, we let K’ be the subfield F[y;]/(T1(y1)) of K, so that K =
K'[y2]/(T2(1,y2)); we have [K” : F] = d; and [K : K'] = d.

Step 1. By Proposition 4.1, we can write F = }g<i<gd,v, Fi (xl)xé,
with all F;’s of degree at most dj y1. Compute all F;‘ = 1y, (Fi) €
K'[£1]/(&1#1), so as to obtain G := Yo<i<d,v, Fl*xé The cost of this
step is O(dav:M(d1p1) log(p1)) operations in F. Since vy < p?
and dydap = dy = n, with n = deg(I), this is O(M(un) log(y)).

Step 2. Rewrite Gas G = }; <, Gi(xg)é'f, with all G;’s in K’[x3] of
degree at most dav;. Compute all G} := 77, (Gi) € K[&]/(E").

To compute the G}’s, we apply the univariate untangling al-
gorithm with coefficients in K’ instead of F. The runtime of this
second step is O(u1M(d2v;) log(vy)) operations (+,x) in K/, which
becomes O(p1M(d1d2v;) log(vy)) operations in F, once we use Kro-
necker substitution to do arithmetic in K’. As for the first step, this
is O(M(un) log(p)) operations in F.

Step 3. At this stage, we have ¥;4,,, Gi&1' € K[&]/(E1M, &) =
F(& + a1,& + az) mod (£1#1,&,"*). Discard all monomials lying in
J’ and return the result - this involves no arithmetic operation. On
our example, the untangling algorithm would pass from an ideal
in x1,x2 (figure (a) below) to the monomial ideal (§12,§22) (step 2,
figure (b) below) then the monomial & & would be discarded to get
a result defined modulo J/ = (§12,§1 §27§22) (step 3, figure (c) below).

x; (3, v3) = (0,2) (13, v3) = (0,2)
xix, 1 ‘L ] (p2, v2) = (1,1)
xt !
(a) (b) (1, v1)=(2,0) ()  (H,v1)=1(2,0)

4.3 Recursive tangling for monomial ideals

The ideas used to perform univariate tangling, that is, invert 77, o
carry over to bivariate situations. In this section, we discuss the first
of them, namely, a bivariate version of van der Hoeven and Lecerf’s
recursive algorithm. We still work under assumption Hs that J’ is
a monomial ideal. As before, 8 is the monomial basis of F[x1,x2]/I
induced by the Grobner basis exhibited in Proposition 4.1.

PROPOSITION 4.4. Under Hy and Hs, given G in K[é1,8]/]
one can compute ﬂm,]/_l(G) using either O(M(dn)log(n) +
M(n)log(n)?), or O(M(un)log(n)?) operations in F. In particular,
this can be done in O(M(n'->) log(n)?) operations.

As in [22], our procedure is recursive; the recursion here is based
on the integer y;. Given G in K[¢1,&2]/]’, we explain how to find F
in Flx1,x2]/1I such that my, j»(F) = G, starting from the case y; = 1.

4.3.1. If g = 1, the ideal J’ is of the form (£1,£,"%), and m, j
maps F(x1,x2) to G := F(ay,& + az) mod &"2. In this case, note
that the degree n of I is simply didavs.

Step 1. Apply our univariate tangling algorithm to G in the vari-
able x2, to compute F(ay,x3) = ”le,vz (G) € K’[xg]/(T2”2>; we
work over the field K’ = F[y;]/(Ti(y1)) instead of F. This takes
O(M(dav2) log(v2) + M(d2) log(dz)) operations (+,%) in K/, to-
gether with O(dy) inversions in K’. Using Kronecker substitution
for multiplications, this results in a total of O(M(d1dz2v2) log(v2) +
M(d1dz) log(dyd2)) operations in F. We will use the simplified up-
per bound O(M(didav2) log(did2vz)) = O(M(n) log(n)).

Step 2. The polynomial F has degree less than d; in x; and dav7 in
x2; for such F’s, knowing F(ay,x3) € K'[x2]/ (Téu %) is equivalent to
knowing F(x1,x72) in F[x1,x2]. Thus, we are done.

4.3.2. Assumenow that yq > 1,let Gbe inK[&,&2]/] andlet ji :=
[11/2]. The following steps follow closely Algorithm 9 in [22]. For
the cost analysis, we let S(m, J’) be the cost of applying my, ;- (see
Proposition 4.4) and T (m, J’) be the cost of the recursive algorithm
for nm’]/’l.

Step 1. Let G := G mod rfl” and compute recursively F :=
ﬂ]m]é’l(G_), with J§ = J" + (&1#). This costs T(m, J).



Step 2. Compute H := (G — my,  (F)) div &#, where the div op-
erator maps &’ to 0 for i < ji and to &' # otherwise. This costs
S(m,J).
Step 3. Define W := & /my, j(T1) € K[£1,&]/(E1H1, E2H2). Because
Ti(a1) = 0 and T (a1) # 0 (by the separability assumption), W is
well-defined. This costs S(m, J') for my, j(T1) and O(M(dy 1)) for
inversion (since it involves & only), which is O(M(n)).
Step 4. Compute recursively E := nnl’]{_l(WﬂH mod J;), where J
is the colon ideal J’ : £#. Since W depends only on &;, a multipli-
cation by W, or one of its powers, is done coefficient-wise in &, for
O(M(n)) operations in F. Thus, the cost to compute W#H mod J
is O(M(n) log(n)); to this, we add T (m, J;).
Step 5. Return F := F + T{”E. The product T1#E requires no reduc-
tion, since all its terms are in 8. Proceeding coefficient-wise with
respect to xz, and using super-additivity, it costs O(M(n)).

On our example, we have J' = (£2,£ £, £2) (a), Step 1 uses Jj =
(’g’l,fzz) (b) and Steps 2-5 work on the colon ideal ]1' = (&1,8) (©).

& &) (& &)
(&, &) (&.8)

I

Let us justify that this algorithm is correct, by computing
T, j (F), which is equal to my, jr (F) + T, J7 (Tl)ﬂr[m,]/ (E) mod J'.
Note first that 7y, (F) mod &F = Gmod &F. Equivalently,
7om, 7 (F) = G mod &t +§1ﬂ(7rm,]/ (F) div £17). Using the definition
of H, this is also G mod &7 + & (G div &7 — H), that is, G — £, 7 H.
On the other hand, by definition of E, we have

2 0 1 0
(@) (&5, &) (b) (&, &) ©

7Tm,]’(E) = ”m,]’(”m,]l’_l(WpH mod ]1,))7

so that muJ/(E) mod ]1’ = WHH mod ]1’. Now, 7y, j(T1) is a
multiple of &, so 7wy, (T1)” is a multiple of &P, Since §1[’]1’
is in J’, we deduce that 7y, (Tl)ﬁﬂm’]f (E) mod J’ is equal to
T, J (T1)*W#"H mod J’, and thus to &#H. Adding the two inter-
mediate results so far, we deduce that my, j»(F) = G, as claimed.

Finally, we do the cost analysis. The runtime T(m, J’) satisfies
the recurrence relation

T(m,J) = T(m,Jg) + T(m, J) + O(S(m, J’) + M(n) log(n)).

Using 4.3.1 and the super-linearity of M, we see that the total
cost at the leaves is O(M(n) log(n)). Without loss of generality,
we can assume that S(m,J’) is super-linear, in the sense that
S(m,Jg) + S(m,J;) < S(m,J’) holds at every level of the recur-
sion. Since the recursion has depth O(log(n)), we get that T(m, J”)
is in O(S(m,J") log(n) + M(n) log(n)?).

4.4 Tangling for monomial ideals using duality

We finally present a bivariate analogue of the algorithm introduced
in Section 3. Since the runtimes obtained are in general worse than
those in the previous subsection, we only sketch the construction.

All notation being as before, let G be in K[&1,&2]/)’, and let
F € F[x1,x2]/I be such that my, j/(F) = G. Following ideas
from [30], we now use several linear forms. Thus, let £1,...,¢y
be module generators of (K[¢1,&2]/]’)*, where the * means that

we look at the dual of K[£],£,]/] as an F-vector space. Define
t]:=G-{y,. ..,[)’, =G ly,as well as

L= 71'#;’],(51),. cLy = ﬂrf;’]/(fy)

Li = 7r$’1,(€{),. .. ,L;, = nnﬁ’],(f)’,)
in (F[x1,x2]/I)*. As in one variable, for i = 1,...
7,y (F) - €; = ¢} implies that F - L; = L],

The first question is to determine suitable ¢1,...,£,. Con-
He ¢V
1 52

,y the relation

sider generators Eiul 2‘/1 s ! of J/, with the y;’s decreasing
and v;’s increasing as before. For i = 1,...,t — 1, define ¢{; by
(@M a2 g i g vin ) = 1 all other £ (e af28 71 E?) be-
ing set to zero. Then, following e.g. [15, Section 21.1], one verifies
that these linear forms are module generators of (K[£1,&2]/J)*.

As in the univariate case, we can compute all L; and L} by trans-
posing the untangling algorithm, incurring O(t) times the cost
reported in Proposition 4.4. Then, it remains to solve all equations
F-L; = L;, i =1,...,t — 1 (this system is not square, unless ¢ = 2).
We are not aware of a quasi-linear time algorithm to solve such
systems. The matrix of an equation such as F - L; = L} is sometimes
called multi-Hankel [4]. It can be solved using structured linear
algebra techniques [4] (Here, we have several such systems to solve
at once; this can be dealt with as in [11]). As in [4], using the re-
sults from [6] on structured linear system solving, we can find F in
Monte Carlo time O((st)°~!M(tn) log(tn)), with s := min(u1, v¢),
where o is the exponent of linear algebra (the best value to date is
w < 2.38 [12, 25]). Thus, unless both s and ¢ are small, the overhead
induced by the linear algebra phase may make this solution inferior
to the one in the previous subsection.

4.5 Application

To conclude, we describe a direct application of our results, to the
complexity of multiplication and inverse in A := F[x1,x3]/I: under
assumptions Hy and Hs, both can be done in the time reported in
Proposition 4.4, to which we add O(M(n)log(n)*) in the case of
inversion. Even though the algorithms are not quasi-linear time in
the worst case, to our knowledge no previous non-trivial algorithm
was known for such operations.

The algorithms are simple: untangle the input, do the multipli-
cation, resp. inversion, in A’ := K[£1,&2]/]’, and tangle the result.
The cost of tangling dominates that of untangling. The appendix
below discusses the cost of arithmetic in A’: multiplication and
inverse take respectively O(M(u) log(y)) and O(M(p) log(1)?) op-
erations (+,—,X) in K, plus one inverse in K for the latter. Using
Kronecker substitution, the runtimes become O(M(n) log(n)) and
O(M(n) log(n)?) operations in K, with n = deg(I); this is thus neg-
ligible in front of the cost for tangling.

Appendix: Bivariate power series arithmetic

We prove that for a field F and zero-dimensional monomial ideal I C
F[x1,x2], multiplication and inversion in F[x1,x3]/I can be done in
softly linear time in § := deg(I), starting with multiplication.
Foranideal suchas] = (xf ,xé’ ), the claim is clear. Indeed, to mul-
tiply elements F and G of F[x1,x2]/I we multiply them as bivariate
polynomials and discard unwanted terms. Bivariate multiplication
in partial degrees less than i, resp. v, can be done by Kronecker
substitution in time O(M(pv)) = O(M(6)), which is softly linear
in 4, as claimed. However, this direct approach does not perform



well for cases such as I = (xf,xlxg,x;): in this case, for F and G
reduced modulo I, the product FG as polynomials has pv terms, but
8§ = p + v — 1. The following result shows that in general, we can
obtain a cost almost as good as in the first case, up to a logarithmic
factor. Whether this extra factor can be removed is unclear to us. In
the rest of the annexe, we write I = (xflx;“,xfzxgz,. .. ,xf’x;’),
with p;’s decreasing, v;’s increasing and vi = p; = 0.

PROPOSITION 4.5. Let I be a zero-dimensional monomial ideal in
Flx1,x2] of degree 8. Given F,G reduced modulo I, one can compute
FG mod I in O(M(8) log(8)) operations (+,—,X) inF.

A.1. We start by giving an algorithm of complexity O(tM(6)) for
multiplication modulo I. Let F and G be two polynomials reduced
modulo I. To compute H := FG mod I it suffices to compute H; :=
FG mod (x{l",x;"“) fori=1,...,t —1; all monomials in H appear
in one of the H;’s (some of them in several H;’s). We saw that
multiplication modulo (xf i ,xzv *1y takes O(M(u;jvit+1)) operations
in F, which is O(M(9)), so the total cost is O(tM(J)).

A.2.In the general case, define i1 := 1. We let ip < t be the smallest
index greater than i; and such that y;, < p; /2, and iterate the
process to define a sequence iy = 1 < iy < --- < ig = t. The
ideal I’ is then defined by the monomials xfi‘ x; oo ,xf s x; s By
construction, I contains I’; hence, to compute a product modulo I,
we may compute it modulo I’ and discard unwanted terms.

Multiplication modulo I’ is done using the algorithm of A.1, in
time O(sM(6”)), with §” := deg(I”). Hence, we need to estimate the
degree 8’ of I’, as well as its number of generators s.

The degree § of I can be written as Zi;% Z;:,-lr_l 1i(Visr — vi);
this is simply counting the number of standard monomials along
the rows. For a given r, all indices i in the inner sum are such that
Hi = pi, /2, so the sum is at least 1/2 3,571 i, (vi,,, — vi,), which
is the degree of I’. Hence, § > 1/24’, that is, §’ < 26. To estimate
the number s, the inequalities y;,,, < p;, /2 for all r < s imply that
Hig_, < p1/2%. We deduce that 2° < py/pi, < pi (since pj_, > 1),
which itself is at most §. Thus, s € O(log(8)). Overall, the cost of
multiplication modulo I’, and thus modulo I, is O(M(8) log(5)).

COROLLARY 4.6. For I as in the previous proposition and F re-

duced modulo I, with F(0,0) # 0, 1/F mod I can be computed in
O(M(8) log(8)?) operations (+,—,x) inF, and one inverse.
A.3. We proceed by induction using Newton iteration. If y; = 1
then I = (x1, x; 23, so inversion modulo I is inversion in F[x;]/ (x; 23,
It can be done in time O(M(J)) using univariate Newton iteration,
involving only the inversion of the constant term of the input.

Otherwise, define ji := [11/2], and let I be the ideal with genera-

o2yt .,x; * (all monomials in this list with y; > g may

tors X]X7%,7,
be discarded). Given F in F[x1,x3]/I, we start by computing the
inverse of G of F := F mod I in F[x1,x3]/I. Since I? is contained in
I, knowing G, one step of Newton iteration allows us to compute
G := 1/F mod I as G = 2G—G*F mod I. Using the previous proposi-
tion, we deduce G from G in O(M(S) log(8)) operations. We repeat
the recursion for O(log(6)) steps, and the degrees of the ideals we
consider decrease, so the overall runtime is O(M(8) log(5)?).
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