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ABSTRACT
We propose a new randomized algorithm for multiplication in the
ring of non-commutative polynomials K[x,...,x,](51,...,0n),

where §; = x; aix,-’ dedicated to sparse inputs. The complexity of our
algorithm is polynomial in the input size and in an a priori sparsity
bound for the output.
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» Computing methodologies — Symbolic and algebraic algo-
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1 INTRODUCTION

Multiplication in a (commutative) polynomial algebra A[x], for
aring A, has been intensively studied; the best general result to
date is Cantor and Kaltofen’s FFT multiplication algorithm, which
computes the product of two polynomials of degree d in A[x] using
O(dlogdloglogd) operations in A [6].

The question of multiplying sparse commutative polynomials,
and the related problem of sparse interpolation, have also seen
considerable interest recently, both in theory and in practice; see
for instance [1, 13-15], as well as the recent survey [21] on the
state of the art in sparse polynomial computations. Sparse multi-
variate polynomial interpolation will play an important role in the
framework of this paper.

We recently presented an algorithm for the multiplication of
sparse skew polynomials, that is, polynomials with coefficients in
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a field K, subject to the commutation rule xc = o(c)x for ¢ in K,
for a certain automorphism o of K [11]. The techniques were in
part inspired by an algorithm by Caruso and Le Borgne for the
multiplication of dense skew polynomials [7].

In this paper, we turn our attention to the multiplication of sparse
differential operators; precisely, we work in the non-commutative
ring K[x1,...,x,]{51, ..., n), for some field K, where for all i the
symbols x; and §; are subject to the commutation relation §;x; =
x;0;i + x; (all other pairs commute). In other words, §; is meant to
represent the Euler operator x;9/0x;.

Our algorithm is based on an evaluation-interpolation scheme
which was first introduced by van der Hoeven [12] in the dense
univariate case. The key idea of van der Hoeven’s algorithm is to
evaluate linear differential operators at powers of x. He proved
that the evaluations needed for the algorithm can be obtained by
computing the product of two matrices; as a result, in the univariate
case, multiplication of two linear differential operators of degree d
in x and degree d in § can be reduced to d X d matrix multiplication.
In 2008, Bostan, Chyzak and Le Roux [5] proved that the converse
statement is also true in characteristic zero: they showed that matrix
multiplication in size d X d reduces to the product of two operators
of bidegree at most (d, d) in (x, 9).

In this paper, we rely on “soft-Oh" notation: O~ (¢) := O(¢ -
polylog(¢)), for any function ¢, where polylog means log® for some
fixed ¢ > 0. Going beyond the “square” case, in 2012, Benoit, Bostan
and van der Hoeven [4] gave a quasi-optimal multiplication algo-
rithm for linear differential operators. They showed that over a field
K of characteristic zero, operators in K[x, ] of bidegree less than
(d,r) in (x, d) can be multiplied using O~ (dr min(d, r)~2) opera-
tions in K. Here x and 9 satisfy the commutation rule dx = xd + 1
(so that o stands for differentiation with respect to x) and w is such
that square matrix multiplication in K*** can be done in O(s“)
operations in K; the best known value to date is w < 2.373 [8, 10].

In many cases, in practice, linear operators or their products are
sparse, in the sense that the number of non-zero terms is small
compared to the maximal possible support in a given bidegree.
Hence, in this paper, our question is the following. We consider
two linear differential operators A, B in K[x1,...,x,](51,...,0n),
and assume A, B are stored in the sparse representation, i.e. only
storing the non-zero terms. Given an upper bound on the sparsity
of the product P = AB, how to compute this product, in the sparse
representation?

Many results in this paper can be established over an arbitrary
field K, with a few restrictions on its size and characteristic (K
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should have sufficiently many elements and characteristic zero, or
large enough; this is explained in detail in the next sections).

The key of this paper is to use differentiation to “embed” the
exponents into the field of coefficients. The idea of differentiation
comes from [2, 16]; that of embedding the exponents in K is from
[1, 14]. We will write our operators as

Tp
P=3 XA (1)
i=1
with all coefficients p; in K*, using the symbols d; = (di1,...,din),
ri=(ri1,...,rip) and

di'l ..

. d: ) )
Xd,Arl — xl .xnz,nail,l . 5:;1,n.

If, in the expression above, we have d; ; < d and r; j < r throughout,
for some integers d and r, we say P has bidegree less than (d, r).

The quantity Tp directly controls the memory requirements for
storing P in sparse representation, which involves storing a list of
the Tp pairs of non-zero coefficients p; and corresponding expo-
nents (dj, r;). Since each exponent (d;, r;) occupies O(nlog(rd))
bits, storing P in this manner involves a list of Tp elements in K
and O(Tp nlog(rd)) bits.

Collecting all terms with same exponent in X, we can also define
polynomials P4 as follows: for d in [0, d)", write

Py = Z piZ" € Klz1,....znl, )
ie{1,...,Tp} s.t. dj=d

where z1, ..., z,; are commutative variables (that will be used as
placeholders for 6y, . . ., 8,), and where we write Z" = z? <oz} as

above. Only finitely many such polynomials are non-zero; we write
them Pg,, .. - Pa,, for some integer p (all d; being taken pairwise
distinct). It follows that we can write

P
p= Z X¥Py (81,...,6n). 3)
k=1

This allows us to define the §-sparsity of P as the number
T =max{#Pg_| 1<k < p},

where #Pg, denotes the number of non-zeros terms in Py, . This
quantity will play an important role in the cost analyses of our
algorithms.

To give runtime estimates for algorithms over an abstract field K,
we will use a mixed algebraic / boolean complexity model, count-
ing both arithmetic operations in K and bit operations, the latter
originating mainly from exponent manipulations. However, the
algorithms rely on univariate polynomial root-finding over K, for
which no general complexity result is known, and may also require
extending K. Hence, for simplicity, in this introduction, we present
our results for finite K only, that is, for K = F. In this case, since
all arithmetic operations in Fq can be done in O~ (log(g)) bit oper-
ations, it is possible to forgo breaking down the cost in algebraic /
boolean parts, and only give the total cost in bit operations.

In the following theorem, T4 and Tp are the number of terms
in the sparse representation of the inputs A and B. The algorithm
is randomized; we assume that we can obtain a random bit with
bit-cost O(1).
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THEOREM 1.1. Let P, A, B be in Fq [x1,...,x0]{01,...,0n), with
P = AB, and suppose that the following holds:

e P, A, B, have bidegree less than (d,r);
e r < char(Fg).

There is an algorithm that takes as input A, B and an upper bound t
on the d-sparsity of P, and returns P = AB with probability at least

3 .
3 using an expected

O~ (n1TaTg log?(rd) log?(g))
bit operations.

REMARK 1.2. The input size is O(n(Ty + Tg)log(rd) + (T4 +
Tg) log(q)) bits, so that the cost of our algorithm is polynomial in the
input size and linear in the bound t.

In general, it is of course not obvious to give a sharp bound 7 on
the §-sparsity of P in advance. One situation where this might be
possible is when working with A, B in Z[x1,...,x,]{51,...,6n).
In this case, we can compute AB using Chinese Remaindering
techniques, multiplying A and B modulo sufficiently many primes
p1,p2, ... For all but finitely many primes p, AB mod p has the
same number of terms as AB, so after computing AB mod p; (by
any other algorithm), we can use the §-sparsity of this product as a
bound for all others AB mod p; (of course, failure is possible, and
should be quantified).

We may also estimate the upper bound of 7 using early termi-
nation as in [18], to probabilistically detect when we have enough
queries to interpolate the coefficients Pg, . This technique is simple
and efficient. As an alternative direction, it might be possible to
extend the approach used in Arnold and Roche’s “output sensitive”
algorithm for the multiplication of sparse commutative polynomi-
als [1]. Finally in the univariate case, that is, with n = 1, we always
have the upper bound 7 < r + 1. In this case, the runtime of our
algorithm is an expected O~ (rT4Tg log?(d) log?(q)) bit operations.

Table 1 gives a comparison of our results with other multiplica-
tion algorithms in the univariate case. Note that the costs of other
algorithms are counting arithmetic operations in fields of charac-
teristic zero, whereas ours is measured in boolean complexity over
a finite field.

Table 1: A “soft-Oh" comparison of multiplication

Algorithm Complexity
Iterative schemes [5] drmin(d,r)
Takayama [5] drmin(d,r)
van der Hoeven (d = r) [12] d®
Benoit-Bostan-van der Hoeven [4]  dr min(d, r)© ™2
Naive sparse rTyTg
This paper (r is known) tTaTg log?(rd) log?(q)

Organization of the paper. In Section 2, we first present a sparse
interpolation algorithm over the commutative polynomial ring
K[z1,...,zn]. It is inspired by Prony’s algorithm, but bypasses dis-
crete logarithms, at the cost of a slightly more extensive input. In
Section 3, we use this result to design an interpolation algorithm for
sparse linear differential operators in K[x1, ..., x,](d1,...,6n). In
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Section 4, combining the interpolation algorithm of Section 3 and
fast evaluation techniques, we propose our sparse multiplication al-
gorithm for linear differential operators in K[x1, ..., x,]{51,...,n);
we also briefly discuss its extension to polynomials involving shift
operators.

Conventions. As we said above, most algorithms in this paper
are written in a mixed algebraic / boolean complexity model, over
an abstract field K.

As usual, all operations +, —, X in K have unit cost. We will also
use (sometimes implicitly) the following operations: converting
a € Z into its canonical image ¢(a) = 1+ --- + 1 (a times) € K,
and conversely taking b in Im(¢) and return its canonical preimage
¥(b) in Z (if K has positive characteristic p, we take /(b) in [0, p)).
By convention, computing ¢(a) will take 1 operation in K and
O(log(|al)) bit operations; computing ¢(b) will take 1 operation
in K and O(log(|#(b)|)) bit operations.

Givenb = (by,...,by) in K" andd = (dy, . ..,dp) in N, we will
write b? = bfl ‘e bg" € K. If d; < d holds for all i, we can compute
b4 in O(n log(d)) operations in K and O(nlog(d)) bit operations.

For b as above and d in N, we will write bpd = (bd, el bg) e K,
it can be computed in O(nlog(d)) operations in K, and the same
number of bit operations.

Acknowledgements. We thank the reviewers for their very helpful
remarks.

2 A MODIFIED PRONY ALGORITHM BASED
ON DERIVATIVES

We first consider the problem of interpolating sparse, commutative

polynomials in variables z1, . .., z,. Consider a polynomial
t
f=) k2% €Klz,....z] @
k=1
with fi in K* for all k, where e = (eg1,...,ex,) are pairwise
distinct integer vectors and where we write Z% = sz‘l R

for all k. Assuming that we are given access the values of f and
of its derivatives at suitable points in the base field, we show how
to reconstruct the sparse representation of f, that is, compute all
exponents ey and coefficients f;.

Prony’s algorithm [9], see also [3], makes this possible through
the use of linear system solving, univariate polynomial root-finding
and discrete logarithm extraction. In this section, we introduce a
variant of this algorithm that forgoes discrete logarithms, at the
expense of slightly stronger assumptions. We use this algorithm
in the following sections; the underlying idea is further developed
in [17].

DEFINITION 2.1. A point b in K" is a good point for f as in (4) if
foralli + jin{1,...,t} we haveb® + b.

Let then f be as above, and assume that the following holds:

e the characteristic of K is greater than deg, (f) for all 7,

e we are given a good point b = (by,...,b,) € K" for f,

e we are given a bound 7 on the number of terms of f, that is,
such that the inequality ¢ < 7 holds.
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Using the notation b/ = (bj, . b{;) introduced before, define
aj=f(b’), j=0,...,20-1,
of

oz;

hij=->(b)), i=1...,nj=0,...,7-1

Let us further write vy = b% = bfk’l S bflk‘", fork=1,...,t. Then

the values a; are given by

t
aj = f(b)) = " fivy. (5)
k=1
For k > 1, define the kxk matrix M = (ai+j)o<; j<k- The following
property of My is well-known.
LEmMA 2.2. Fork > t, My has rank t.

Proor. This follows from the following factorization of My as a
product of square matrices, valid for k > ¢:

[ [ op 0
Mk = . . .
k-1 k-1 k-1
o) v oy 0
A 0 R . -1
1 o o
0 fZ 0 1 }c—l
1 vy vy
0 fr 0 . X
0 0 1 ot vf’l
0 0 0
0 0 0

Define the term locator polynomial A(z) as
t
A(z) = 1_[(2 —op) =2 A 12 Az + A,
k=1

Suppose that t is known. As in the usual Prony algorithm, we can
compute the coefficients A; by solving the linear system

Ao ag
M ars1
M; : = : . (6)
At-1 aze-1

Once A is known, its roots give us the values v.. Then, using the first
t evaluations of f, we get the following transposed Vandermonde
system for the coefficients of f:

1 1 1 fi ao
01 vz g f a
= (7)
Ui_l vé_l e vi‘l fr ar—1

It remains to recover the exponents of f. We will do it using the
following lemma, where we use the values of the partial derivatives
of f, rather than relying on discrete logarithms.

LEMMA 2.3. Fori=1,...,nandj=0,...,7— 1, we have

t
J _ J
blhij =" feerivi.-
k=1
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Proor. As

t
f= Z fiz®,

k=1

we have
t
of
zi— = ey ;1 Z k.

lazl_ gﬁc k,i

It follows that after evaluation at b/ = (bj S .,b{;), we obtain

b{hi,j = Z]tczl fkek,iﬂi, as claimed. o
For afixediin 1,...,n, this lemma gives the equality
1 11 fiews bohio
0 [ vt faezi blhiy
R R P
ot ot e o Jrei b hir

Thus, the coefficients fi. and fey ; are computed by solving the
systems (7) and (8); the exponents ek.i» fork=1,...,tare deduced
by division. Note that this procedure gives us the canonical image
eri = ¢(ex;) in K (using the notation introduced in the discus-
sion at the end of the introduction). Under our assumption on the
characteristic of the base field, this allows us to recover the inte-
gers ex; = V(¢ ;) themselves (the notation i as well is from the
introduction).

In what follows, we assume that a root-finding algorithm is avail-
able for polynomials in K[z], and we write R (¢) for the expected
cost of root-finding for a polynomial of degree ¢ in K[z] (we use
expected run-time here, since over finite fields, the fastest known
algorithms are Las Vegas).

ALGORITHM 2.4 (MPA - MODIFIED PRONY ALGORITHM).

Input:
e abound 7 for the number of terms of f as in (4)
e the values aj = f(b’), for j =0,...,27 - 1, for some b in K"
e the values h; ; = g—i(bj),fori: 1,...,nand j=0,...,7—1.

€k,1 €k.n
1 z,

(1) Find the rank ¢ of the matrix M; and solve equation (6) to
get the coefficients of the term locator polynomial A(z).

(2) Find the roots vy, . ..,0; of A(2).

(3) Find the coefficients fi, . . ., f; by solving the transposed Van-
dermonde system (7).

(4) Fori=1,...,n, solve the transposed Vandermonde system
(8); let Fy 4, ..., Ft,; be the solutions

(5) Fori=1,...,nand k = 1,...,t, compute & ; = Fy ;/fi and
ek = Ylex,i) € Z.

(6) Return Z,’;:l szfk‘l gk

Output: the polynomial f = Zlizl frz

PROPOSITION 2.5. Suppose that all partial degrees deg,, (f) satisfy
deg,,(f) < r. IfK has characteristic at least r and if b is a good
point for f, Algorithm 2.4 returns f using O~ (nt) operations in K,
O~ (ntlog(r)) bit operations, and an additional cost Rk (7).

Proor. Since M; a Hankel matrix, we can find its rank ¢ us-
ing O~ (7) operations in K [19, Section 4]; then, we solve Eq. (6)
in time O~ (t) (ibid.) By definition, root-finding to compute all
1, . ..,0; costs Rg (). Solving all transposed Vandermonde systems
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takes O~ (nt) K-operations [19]; computing all ey ; takes O~ (nt) K-
operations and O(nt log(r)) bit operations. Using the upper bound
t < 7, we obtain the claimed costs. [m]

Prony’s algorithm computes the exponents ¢ ; from vy, ..., vy,
for which no non-trivial algorithms are known over general fields.
If K is finite, dedicated algorithms exist, see [20] for the most recent
result to date, and references therein.

Algorithm 2.4 needs b to be a good point for f, but unless we
already know all the monomials of f, we don’t know how to quickly
verify whether it is the case. As usual, we may overcome this prob-
lem by random selection; we discuss this in a slightly more general
context in the last section.

3 INTERPOLATION OF LINEAR
DIFFERENTIAL OPERATORS
Let thus P € K[x1,...,%xp]{J1,...,0n) be a linear operator, which
we write as in the introduction as
Tp
p= ijxde’f )
j=1

with all coefficients p; in K*. Recall that we also wrote

P
P= ZXddek(51,..-,5n), (10)
k=1
for some polynomials Pg,..., Pd/, inK[zy,...,z4].

The idea of our main algorithm is to combine van der Hoeven’s
approach with Prony’s algorithm. In this section, we give an algo-
rithm for the sparse interpolation of such a differential operator,
based on the modified version of Prony’s algorithm from the pre-
vious section; this will be done by applying this algorithm to all
polynomial coefficients Py, as given above. We start by defining
an operation of evaluation of linear operators at points in K".

DEFINITION 3.1. Let P be in K[x1,...,x,]{01,...,8n) as in (9)
and let b be in K". We define the evaluation of P at the point b as

Tp
P(b) = Z pib" x4

Jj=1
P

= > Pa (B)X% € K[x1,...,xn]. (1)
k=1

The commutation rule §;x; = x;§; + x; implies that 5; (x]b.) =

bix]b., so Definition 3.1 of evaluation of P at the point b is natural

for b € N", as it describes the application of P to xfl e xﬁ”.

Since we want to use our modified Prony algorithm, we also
need access to the values of the derivatives of the polynomials Pg, .
This will be done through the following operation of differentiation
of linear operators.

DEFINITION 3.2. Let P be in K[x1,...,xn]{(61,...,8n) as in (9).
Fori=1,...,n, we define the i-derivative g_(l; of P as

Tp
P A
a5; > riapi XU AT,
A
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where I; = (0,...,0,1,0,...,
rj’iXdJ' A" s zero as well).

0) is the i-th unit vector (if rj; = 0,

The following property will be useful in the next section.

LEmMA 3.3. Let P,Q,R beinK|[x1,...,xn]{51,...,0n) andi be in

1,...,n. Then
o ifP=Q+R, then 22 ;’? + R
o lf‘PZQR, thenﬁ— ﬁR-FQﬁ

Proor. Additivity is clear. To prove the second property, by
additivity, it suffices to show that it holds for Q = X dip™t and

R=X%A" withdy = (diy,....dg,) and rg = (rg,. .., Tgp) for
k = 1,2. For any index i, x; and §; satisfy the relations
Six! =x!(8i+j)' for £,jeN, (12)

It follows that
P=QR
— XdlAthzArz
= XU X% (A+dy) AT
from this, our definition gives
oP
851

Note that if r1; or r; vanishes, some exponents in this expres-
sion are negative (but the corresponding terms vanish, as they are
multiplied by ry;, resp. ra ;, as in Definition 3.2). Now we compute
2Q 9R
a5 R+ Q%

9Q
96; R Q 05,

= r i XB ATl X AT 4y x B AT X AT

= r i XA 4 dy) " IATE 4y XD (A 4 dy) T AT

= XU (A4 dy) " TIAT 4y XN (A 4 dy) T AT

where the second equality is due to (12). The conclusion follows. O

Starting from the expression P = Zi:l Xk Pg, (61,...,6n) of (10),
we obtain
P
oP d ank
_— = X k—= 5 ey 6 .
951' Z 9z ( 1 n)
k=1
In particular, in terms of evaluations, we get
P
oP an
Zo(b) =y —(b)x%. 13
o5 =2, 75,5 ®) (13)

We can now present our interpolation algorithm. As input, we
assume that we are given a bound 7 on the §-sparsity of P, that
is, such that all Py, have at most 7 non-zero terms; the algorithm
does not need p as input, it is discovered through the procedure.
The number of terms Tp is bounded above by p7, so that the sparse
representation of P uses O(pr7) elements of K and O(nprlog(rd))
bits.

In order to recover P, we interpolate all Pg, , using the algorithm
of the previous section; in particular, we need to know values of
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these polynomials, as well as of their partial derivatives. Hence, we
assume that we are given the values

P(b%), P(bY),...,P(b*™Y),
as well as
oP
— %), —(»* pT!
O !
for all i, where we write b/ = (bJ, el bﬁl) as before, for some b in
K". Note that these “values” are polynomials in K[x1,...,x,]; by

coeflicient extraction, using (11) and (13), they give us the evalua-
tions of the polynomials Py, and their derivatives.

A1LGORITHM 3.4 (ILDO - INTERPOLATION OF LINEAR DIFFERENTIAL
OPERATORS).

Input:
e abound 7 for the §-sparsity of P € K[x1,...,x,]{51,...,6n)
o 27 evaluations P(b’) given in sparse representation, for j =
0,...,27 — 1, for some b in K"
e nt evaluations g—g(bf ) given in sparse representation, for
i=1,...,nand j=0,...,7— 1.
Output: the sparse representation of P

Step 1: Let {dy,...,d,} be the union of the exponent sets of

all P(b/), j =0,...,27 — 1, so that we can write

P(b) = cj X¥ 4+ 4cj X%, j=o0,...,20-1.

We will show that we can write
oP .
a—éi(b}) = mi,j,lxdl +oe +mi,j,dep, j=0,...,7—1.

Step 2: Let Pg, = MPA(z, [cjr | j=0,...,27
1,...,n,j=0,...,t—1]),fork=1,...,p.
Step 3: Return Zizl Xddek (61, ...,0n).

- 1]> [mi,j,k | i=

PROPOSITION 3.5. Suppose that P has bidegree less than (d,r). If
K has characteristic at least r and if b is a good point for all Pg, , Algo-
rithm 3.4 returns P using O~ (npt) operations in K, O~ (nzp log(rd))
bit operations, and an additional cost pRx (7).

Proor. Write (temporarily) P = Y7 | X®Pe, (31, ..., 5n), so
thatfor j=0,...,2c—-1, P(b/) = 22:1 Pe, (b)) X . We now prove
that the union of exponent sets of all P(b/) is precisely {ey, ..., es},
so that ¢ is indeed equal to the quantity p computed in the algo-
rithm; this will also establish the claim made at Step 1 in the pseudo-
code on the derivatives of P. The only non-trivial direction is to
observe that every e; shows up in the exponent set of at least one
P(bj), that is, that not all P, (bj) can vanish, for j =0,...,2r — 1.
Since any P, has at most 7 terms, this follows e.g. from the cor-
rectness of Prony’s algorithm.

From this, correctness of the algorithm follows, so We can focus
(bj ) have
degree less than d and at most p terms. In particular, at Step 1, taking
the union of the exponent sets of all P(b/) takes O~ (nzp log(d))
bit operations.

By Proposition 2.5, each call to algorithm MPA takes O~ (nr)
operations in K, O~ (nrlog(r)) bit operations, as well as an extra
cost Rg (7); the conclusion follows. O

on its runtime. By assumption, all inputs P(b/) and
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4 SPARSE MULTIPLICATION OF LINEAR
DIFFERENTIAL OPERATORS

We can now present our sparse multiplication algorithm for linear
differential operators. Given

Ta Tp
A= Z a;X%A" and B= Z bi X A% (14)
i=1 i=1

where all a;, b; are in K*, and all d;, r;, e;, s; are vectors in N, the
aim is to compute the product P = AB in sparse representation.
This is done by evaluation and interpolation at the powers of a
pointb € K". The interpolation algorithm was given in the previous
section; what remains is to determine the cost of computing the
required “values” (recall that these are actually polynomials in
K[x1, ..., xn]). We start by computing the values of P = AB.

PROPOSITION 4.1. Assume A, B are given as in (14), and that P =
AB has bidegree less than (d,r). Then, forb in K" and t in N5, we
can compute P(bk),for k=0,...,2t — 1 using O~ (ntT4Tg log(r))
operations in K and O~ (ntT4Tg log(rd)) bit operations.

ProOF. For 1 <i < Ty and 1 < j < Tg, let A; = ;X% A" and
Bj = bjX*® A% Then, for k > 0,

P(b¥) = 3" (AiB;) (BY).
Lj
Computing bk fork = 0,...,27 — 1, costs O~ (nt) K-operations.
Next, we analyze the cost of computing (AiBj)(bk) for fixed i, j, k.
Due to Eq. (12), we have

(AiB;)(BF) = a;b; (b*)% (b* + ;)i x%i*ei.

Computing (b*)si (b* + ej)" costs O~ (nlog(r)) K-operations and
O(nlog(rd)) bit operations. Computing the exponent d; + e; costs
O(nlog(d)) bit operations, and multiplying by a;b; costs an extra
O(1) K-operations.

Since there are ToTp pairs A;, Bj and O(7) exponents k to con-
sider, the total cost is O~ (ntTsTpg log(r)) operations in K, as well
as O~ (ntT4Tg log(rd)) bit operations. O

Our interpolation algorithm also needs to know the values of the
derivatives of P. The following elementary lemma will be useful.

LEMMA 4.2. Letb be inK" andr = (ry,...,ryn) inN", withr; <r
for all i, for some r in N. Then we can compute all r;b™™ %, fori =
1,...,n, using O~ (nlog(r)) operations in K, and the same asymptotic
number of bit operations (if r; = 0, then rib" % is by definition 0 as
well).

ProoF. Let M; = r,-b”Ii, fori=1,...,n. Without loss of gener-
ality, we can assume that r; > 0 for all i (if r; = 0, then M; = 0, and
b; plays no role in the computation of the other M;’s).

If there are at least two zero elements in (b, ..., by), then all M;
vanish, and we are done in this case.

Suppose that there exists one index, say k, for which by = 0.
For i # k, M; = 0. For index k, if rp > 1, then My = 0 by defi-
nition, and we are done. Otherwise, ry = 1 and My = rib” T =
rib' byt - b X Ib** .. byt and it can be computed in the pre-

. . k—1"k+1
scribed time.
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Finally, suppose that no by vanishes. We compute M = b" =
b;l <+-by* in O~ (nlog(r)) operations in K, and the same number
of bit operations; then, we return all r;M/b;,i=1,...,n. O

We can now analyze the cost of evaluating the derivatives of P.

PROPOSITION 4.3. Assume A, B are given as in (14), and that
P = AB has bidegree less than (d,r). Then, for b in K" and  in
N, we can compute g—g(bk),fori =1,....nandk=0,...,7—1
using O~ (ntTyTg log(r)) operations in K and O~ (ntT4Tg log(rd))
bit operations.

Proor. As for Proposition 4.1, we can just consider one term in
each of A and B, respectively; without loss of generality, we consider
terms A; = aX9A” and By = bX®AS, so A1B; = abX9ATXEAS.
By Lemma 3.3, we have

9(A1B1) _ 9A B;

0
=—B1+A1—, i=1,...,n.
95; 95; ! la5i
Foriin1,...,n, this implies
(A1B1) .k
27V Ry =
2, (b%)

abri(bF + &)" 71 (bF)S X 3*€ 4 abs; (bF + €)” (bF)s~Li xI*e,

Fix k in 0,...,7 — 1. Then, by Lemma 4.2, it takes O~ (nlog(r))
operations in K, and the same number of bit operations, to compute
all ri(bk + e)r_Ii and si(bk)s_Ii, fori = 1,...,n, and the same
hold for (b¥) and (bF + ). It takes O(nlog(d)) bit operations
to compute d + e, so overall, the cost for fixed k is O~ (nlog(r))
operations in K and O~ (nlog(rd)) bit operations. Taking all terms
in A and B into consideration, the conclusion follows. m]

ALGORITHM 4.4 (MULTIPLICATION OF TWO LINEAR DIFFERENTIAL
OPERATORS).

Input:
o two linear differential operators A, B € K[xj, ..
as in (14)
e a §-sparsity bound 7 for P = AB
e apoint b in K"
Output: the sparse representation of the product P = AB.
Step 1: Fork =0,...,27 — 1, compute (AB)(b%).
. J(AB
Step 2: Fori=1,...,nandk =0,...,7—1, compute g—ai)(bk).
Step 3: Return ILDO(r, b, ((AB)(b¥)r=o,.27-1)s
J(AB
( 5951. ) (bk)i=1,...,n,k=0 T—l))‘

,,,,,

PROPOSITION 4.5. Suppose that A, resp. B, has Ty terms, resp. Tg
terms, and that P has bidegree less than (d,r). If K has characteristic
at least r and if b is a good point for all Pg, , Algorithm 4.4 returns P
using O~ (ntTyTp log(r)) operations in K, O~ (ntTsTp log(rd)) bit
operations and an extra cost TATgRk (7).

Proor. Correctness of the algorithm is clear from the previous
discussion; we now analyze runtime.

By Proposition 4.1, Step 1 takes O~ (ntT4Tg log(r)) operations in
Kand O~ (ntT4Tg log(rd)) bit operations. By Proposition 4.3, Step 2
uses O~ (ntTyTg log(r)) operations in K and O~ (ntTsTp log(rd))
bit operations as well.

S xp]{61, ..., 0n)
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Finally, by Proposition 3.5, the cost of Step 3 is O~ (np7) op-
erations in K, O~ (nrp log(rd)) bit operations, and an extra cost
PRk (7). Because of the commutation rule

xharixdpr = x4 X (A +dy)" AT,
we have p < T4 T, so the runtime above is O~ (ntT4Tp) operations

in K, O~ (ntT4Tg log(rd)) bit operations, and an extra ToTgRk (1)
to account for root-finding. O

The previous algorithm needs b to be a good point for all poly-
nomials Pg, . Assuming that b is chosen at random, we quantify
the probability that this be the case. Recall that we write

P
p= Z X¥%Ppy (61,...,6n),
k=1

where each Py, is a polynomial of the form

Py, = Z PikZ"* € Klz,...,2zn),

1<i<ty

for some integer ty, non-zero coefficients p; ;. and pairwise distinct
exponents 7; .. Then, a point b € K" satisfies our condition if it
cancels none of the polynomials

T, = ﬂ (ZTik = ZTik) € Kzq,. .., 2Zn].

1<i<j<ty

PROPOSITION 4.6. Suppose that P has bidegree less than (d, r) and
Tp non-zero terms. For a subset S of K, the probability that b chosen
uniformly at random in S is a good point for all Pg, is at least

nrTp(Tp — 1)
N

Proor. For a fixed k, since I, has degree less than nriy (1 —1)/2,
by the DeMillo-Lipton-Schwartz-Zippel lemma, there exist no more
than nrty (t; — 1)|S|®~1/2 n-uples b that cancel it in S™.

Since t1 + -+ +t, = Tp, the number of n-uples b that cancel one
of T, ..., Ty in S™ is at most nrTp(Tp — 1)|S|"71/2. O

Note that if K is a finite field, Proposition 8 in [24] gives a slightly

TeUp=1) ¢ we take § = K* (so |S] = K| — 1).

sharper bound 1 — 215

Still working with K finite, say K = Fq, we can now give the
proof of Theorem 1.1. In view of the previous remark, to ensure a
success rate of at least %, we want our base field to have cardinality
at least 2rTp(Tp — 1) + 1.

If g = 2rTp(Tp — 1) + 1, then we randomly choose b from F;;
since we assume that we can get a random bit in time O(1), this costs
O~ (nlog(q)) bit operations. We can then invoke Proposition 4.5,
taking into account that all operations in K = Fq take O~ (nlog(q))
bit operations. Root-finding in degree 7 in Fy takes an expected
O~ (rlog®(q)) bit operations, so the overall runtime becomes an
expected O~ (ntTaTg log(rd) log(q) + rT4Tg log?(q)), as claimed.

If g < rTp(Tp — 1) + 1, we will work in suitable extension K =
Fq C Fqu, where the latter field is represented as Fq[x]/{(®(x)),
for a degree-u irreducible polynomial ® over Fy. With this rep-
resentation, arithmetic operations in Fgqu can be done in O~ (u)
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arithmetic operations in K, and thus in O~ (u log(q)) bit operations.
To guarantee g% > 2rTp(Tp — 1) + 1, we choose

log(2rTp(Tp — 1) + 1) log(rTp)

log(q) log(q)
note that the big-O estimate holds precisely because of our assump-
tiong < rIp(Tp — 1) + 1.

In [23], Shoup proved that finding an irreducible polynomial ®
with degree u over Fy costs an expected O~ (u?log(q) + ulog®(q))
bit operations. In view of (15), this is O~ (log? (rTp)+log (rTp) log(g)).
Note that when the characteristic of Fy is fixed, we may use Shoup’s
deterministic algorithm [22] instead.

Overall, the runtime of the algorithm becomes an expected
0~ (ntTaTg log(rd) log(q’) + tTaTg log?(¢’)) bit operations, with
log(q’) = ulog(q) € O(log(rTp)). Since Tp < T4 Tg, the cost is
0~ (ntTaTg log(rd)? log?(g)) bit operations. The proof is complete.

u=J 1€ 0( ) (15)

REMARK 4.7. Consider the ring K[x1,...,x,](S1,...,5n), with
Sixi = (x;j + 1)S;; here, S; stands for the shift operator

flxn o xn) = f(xn .. Xi-1, % + 1, X4, ..o, Xn).

Inspired by a remark due to van der Hoeven in [12], we may define the
“adjoint” evaluation ofXdSr ath asb?S", where S = (S1,...,Sn)
and b is in K" (compare with the evaluation ofXdAr at b being
b"X?). This analogy may be exploited in a straightforward way to
adapt our algorithm to this setting.
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