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ABSTRACT

For any finite Galois field extension K/F, with Galois group G =
Gal(K/F), there exists an element « € K whose orbit G - a forms
an F-basis of K. Such an « is called a normal element and G - « is a
normal basis. We introduce a probabilistic algorithm for finding a
normal element when G is either a finite abelian or a metacyclic
group. The algorithm is based on the fact that deciding whether
a random element o € K is normal can be reduced to deciding
whether ) ;g o(a@)o € K[G] is invertible. Our algorithm requires
a quadratic number of operations in the size of G for metacyclic G,
and a slightly subquadratic number of operations for abelian G.
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1 INTRODUCTION

For a finite Galois extension K/F, with Galois group G = Gal(K/F),
an element a € K is called normal if its Galois conjugates G - a =
{o(@) : 0 € G} form a basis for K as an F-vector space. Constructive
proofs are in most algebra texts, such as [Lang 2002, §6.13].

While there is a wide range of well-known applications of nor-
mal bases in finite fields, such as fast exponentiation [Gao et al.
2000], there also exist applications of normal elements in charac-
teristic zero. For instance, in multiplicative invariant theory, for a
given permutation lattice and related Galois extension, a normal
basis is useful in computing the multiplicative invariants explic-
itly [Jamshidpey et al. 2018].

A number of algorithms are available for finding a normal ele-
ment in characteristic zero fields and finite fields. Because of their
immediate applications in finite fields, algorithms for determining

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.

ISSAC ’19, July 15-18, 2019, Beijing, China

© 2019 Association for Computing Machinery.

ACM ISBN 978-1-4503-6084-5/19/07...$15.00
https://doi.org/10.1145/3326229.3326260

Armin Jamshidpey
Cheriton School of Computer Science
University of Waterloo
armin.jamshidpey@uwaterloo.ca

Eric Schost
Cheriton School of Computer Science
University of Waterloo
eschost@uwaterloo.ca

normal elements in this case are most commonly seen. A fast ran-
domized algorithm for determining a normal element in a finite
field Fgn /Fq, where Fgn is the finite field with ¢" elements for any
prime power q and integer n > 1, is presented by von zur Gathen
and Giesbrecht [1990], with a cost of O(n? + nlog q) operations in
Fgy. A faster randomized algorithm is introduced by Kaltofen and
Shoup [1998], with a cost of O(n!-81%log q) operations in Fq. In
the bit complexity model, Kedlaya and Umans [2011] reduce the
exponent of n to 1.5+¢€ (for any € > 0), using their quasi-linear time
algorithm for modular composition. Lenstra [1991] gives a deter-
ministic algorithm which uses nfM) operations. Augot and Camion
[1994] give the fastest known deterministic method, with a cost of
O(n® + nlog q) operations in F.

In characteristic zero, Schlickewei and Stepanov [1993] gave an
algorithm for finding a normal basis of a number field over Q with a
cyclic Galois group of cardinality n which requires nOM) operations
in Q. Poli [1994] gives an algorithm for the more general case of
finding a normal basis in an abelian extension K/F which requires
n©M) operations in F. More generally in characteristic zero, for
any Galois extension K/F of degree n with Galois group given by a
collection of n matrices, Girstmair [1999] gives an algorithm which
requires O(n*) operations in F to construct a normal element in K.

In this paper we present a new randomized algorithm for finding
a normal element for abelian and metacyclic extensions, with a
cost quadratic in the degree n of the extension. The costs of all
algorithms are measured by counting arithmetic operations in F at
unit cost. Our main conventions in this paper are the following.

AssuMPTION 1. Let K/F be a finite Galois extension presented as
K = F[x]/{P(x)), for an irreducible polynomial P € F[x] of degree n,
with F of characteristic zero. Then,
o elements of K are written on the power basis 1,¢&, .. ., §"_1,
where £ := x mod P;
o elements of G are represented by their action on &.

In particular, for g € G given by means of y := g(¢) € K, and f =
So<i<n Bi€! € K, g(B) is equal to A(y), the polynomial composition
of f at y (reduced modulo P).

Our algorithms combine techniques and ideas due to [von zur
Gathen and Giesbrecht 1990; Kaltofen and Shoup 1998]: « € K is
normal if and only if the element Sy = Y ;ecg9(@)g € K[G] is
invertible in the group algebra K[G]. The algorithms choose « at
random; a generic choice is normal (so we expect O(1) random
trials to be sufficient). However, writing down S, involves ©(n?)
elements in F, which precludes a subquadratic running time. Instead,
knowing a, the algorithms use a randomized reduction to a similar
question in F[G], that amounts to applying a random projection
¢ : K — F to all entries of Sy, giving us an element s, o € F[G]. For
this, we adapt algorithms from [Kaltofen and Shoup 1998], that are
written for Galois groups of finite fields.
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Having s, ¢ in hand, we need to test its invertibility. We present
an algorithm for abelian G which relies on the fact that F[G] is
isomorphic to a multivariate quotient polynomial ring by an ideal
(xl.ei — 1)1<i<m, Where e;’s are positive integers.

For metacyclic groups, two algorithms are introduced to solve the
same problem; which one is faster depends on the parameters defin-
ing our group. Both algorithms are based on testing the invertibility
of an injective homomorphic image of s, ¢ in a matrix algebra over
a product of fields. These questions are closely related to Fourier
transforms over G, and there is a vast literature on fast algorithms
for Fourier transforms (over C). For recent progress [Clausen and
Miiller 2004; Maslen et al. 2018] and references therein, though it is
not clear how to apply these methods here.

Since our main goal is to highlight the exponent (in n) in our
runtime analyses, costs are given using the soft-O notation: S(n) is
in O(T(n)) if it is in O(T(n) log(T(n))°), for some constant c.

The main result of this paper is the following theorem. We use a
constant w(4/3), defined below, where (3/4) - w(4/3) < 1.99, that
describes the cost of certain rectangular matrix products.

THEOREM 1.1. Under Assumption 1, a normal element of K can be
found using O(|G| /9@ (4/3)y operations in F if G is abelian. The same
problem for metacyclic groups can be solved using O(|G|?) operations
in F. The algorithms are probabilistic of the Las Vegas type: they
can select random elements from F at unit cost, the output is always
correct, and the run-times are an expected number of operations in F.

Although the cost of our algorithm is quadratic in the size of in-
put for a general metacyclic group, it will be (slightly) subquadratic
under specific parameters defining G (see Section 4).

Section 2 of this paper is devoted to definitions and preliminary
discussions. In Section 3, two subquadratic-time algorithms are
presented for the randomized reduction of our main question to
invertibility testing in F[G], for respectively abelian and metacyclic
groups. Finally, in Section 4, we show that the latter problem can
be solved in quasi-linear time for an abelian group; for metacyclic
groups, we give a quadratic-time algorithm, and discuss cases when
this cost can be further improved.

Our algorithms make extensive use of known algorithms for
polynomial and matrix arithmetic; in particular, we use the fact that
polynomials of degree d in F[x] can be multiplied in O(n) operations
in F [Schonhage and Strassen 1971]. Arithmetic operations (+, X, <)
in K can thus be accomplished using O(n) operations in F [von zur
Gathen and Gerhard 2013].

For matrix arithmetic, we will rely on some non-trivial results
on rectangular matrix multiplication initiated by Lotti and Romani
[1983]. For k € R, we denote by w(k) a constant such that matrices
of size n X n can be multiplied by matrices of size n X [nk7 with
O(n@ k) operations. [Le Gall and Urrutia 2018] shows w(4/3) <
2.654; this follows from the upper bounds they give on w(1.3) and
@(1.4), and the fact that k — w(k) is convex [Lotti and Romani
1983]. In particular, 3/4 - w(4/3) < 1.99. Note also the inequality
w(k) = 1+ k for k > 1, from the input/output size.

For square matrix multiplication, [Le Gall 2014] shows w(1) <
2.373, and we denote @ = w(1). Over a field K, we will frequently
use the fact that further matrix operations (determinant or inverse)
can be done in O(n®) base operations in K.
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2 PRELIMINARIES

Assume K/F is a finite Galois extension with Galois group G =
{91,...,9n}. If @ € K is a normal element, then
n
chgj(a) =0, ¢cjeF (2.1)
j=1
implies ¢; = --- = ¢, = 0. For i < n, applying g; to (2.1) yields
n
Z ¢jgigj(a) = 0. (2.2)
j=1
Using (2.1) and (2.2), we form the linear system Mg(a)c = 0, with
¢ =[c; -+ ca]T and where, for a € K, Mg(a) = [gigj(a)]lsi’an .
Classical proofs then show there exists @ € K with det(Mg(a)) # 0.

This approach can be used as the basis of a randomized algorithm
for finding a normal element: choose a random element « in K until
we find one such that Mg(«) is invertible. A direct implementation
computes all the entries of the matrix and then uses linear algebra to
compute its determinant; using fast matrix arithmetic this requires
O(n®) operations in K, that is O(n®*1) operations in F. This is at
least cubic in n, and only a minor improvement over the previously
best-known approach of Girstmair [1999]. The main contribution
of this paper is to show how to speed up this verification.

If we write & = ag + - -+ + ay—1£"71, the determinant of Mg(a)
is a (not identically zero) homogeneous polynomial of degree n in
(ao, - - - ,an—1). If the a;’s are chosen uniformly at random in a finite
set X C F, the Lipton-DeMillo-Schwartz-Zippel implies that the
probability that & be normal is at least 1 — n/|X]|.

If G is cyclic, [von zur Gathen and Giesbrecht 1990] compute the
GCD of Sy := X1 <i<n gi(@)x* ™ and x™ — 1 instead of computing
a determinant. This amounts to testing whether S, is invertible in
the group ring K[G] = K[x]/{(x™ — 1). This is a general fact: for any
G, Mg(a) is the matrix of (left) multiplication by the orbit sum

Sa = ), gla)g € KIG),
geG
and « being normal is equivalent to S, being a unit in K[G]. This
point of view may make it possible to avoid linear algebra of size n
over K, but writing S, itself still involves ©(n?) elements in F. The
following lemma gives a randomized reduction to testing whether
a suitable projection of S, in F[G] is a unit.

LEmMA 2.1. Fora € K, Mg(a) is invertible if and only if
tMg(a)) = [€(gigj(a))]ij € Mp(F)

is invertible, for a generic F-linear projection € : K — F.

ProoF. (=) For a € K, any entry of Mg (@) can be written as

Z a;k X, (23)
k=0,...,n—1

and for ¢ : K — F, the corresponding entry in {(Mg(a)) can be
written ZZ;(I) a;jklr, with € = £(£%). Replacing these £}’s by
indeterminates Lj’s, the determinant becomes a polynomial in
P € F[Ly,...,Ly]. Viewing P over K, we have P(1,¢,.. L e
= det(Mg(a)), which is non-zero by assumption; so, P is not zero.
(&) Assume Mg(a) is not invertible. Following the proof of
[Jamshidpey et al. 2018, Lemma 4], we first show that there exists a

non-zero u € F" in the kernel of Mg(a).
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The elements of G act on rows of Mg(a) entrywise and the
action permutes the rows the matrix. Assume ¢ : G — &, is the
group homomorphism such that g(M;) = My,4)(;) for all i, where
M; is the i-th row of Mg ().

Since Mg(@) is singular, there exists a non-zero v € K" such that
Mg(a)v = 0; we choose v having the minimum number of non-
zero entries. Let i € {1,...,n} such that v; # 0. Define u = 1/v;v.
Then, Mg(a)u = 0, which means Mju = 0 for j € {1,...,n}. For
g € G, we have g(Mju) = M,5)(j)9(#) = 0. Since this holds for any
J, we conclude that Mg(a)g(u) = 0, hence g(u) — u is in the kernel
of Mg (). On the other hand since the i-th entry of u is one, the
i-th entry of g(u) — u is zero. Thus the minimality assumption on v
shows that g(u) — u = 0, equivalently g(u) = u, sou € F".

Now we show that {(Mg(a)) is singular for all £. By (2.3),

Mg@= )|

Jj=0,...,n—1

MDE MY € My (F) for all j.

Since u is in F?, Mg(@)u = 0 yields MWDy =0 for j < n. Hence,

Z M(j)fju =0
j=0,...,n-1
for any £;’s in F, and £(Mg(a)) is not invertible for any ¢. m
Our algorithm chooses random « in K and ¢ : K — F, and let
Sa0 = . Ugla))g € FIG]. (2.4)
geG

The matrix {(Mg(a)) is the multiplication matrix by s, ¢ in F[G],
so once s, ¢ is known, we are left with testing whether it is a unit in
F[G]. In the next two sections, we address the respective questions
of computing s, ¢, and testing its invertibility in F[G].

3 COMPUTING ORBIT SUM PROJECTIONS

In this section we present algorithms to compute s, ¢, when G is
either abelian or metacyclic. We start by sketching our ideas in
simplest case, cyclic groups, with G = (g).

Given a € Kand ¢ : K — F, we want to compute

£(g*(a)), for0 <i<n-—1. (3.1)

Kaltofen and Shoup [1998] call this the automorphism projection
problem and gave an algorithm to solve it in subquadratic time,
when g is the g-power Frobenius Fgn — Fgn. The key idea in
their algorithm is to use the baby-steps/giant-steps technique: for
a suitable parameter t, the values in (3.1) can be rewritten as

(€ 0 g")(g (), for0 < j < m:=[n/t]and 0 < i < t.

First, we compute all G; := g'(a) for 0 < i < t. Then we compute
allLj:=(o gtf for 0 < j < m, where the L;’s are themselves linear
mappings K — F. Finally, a matrix product yields all values L;(G;).

The algorithm of Kaltofen and Shoup [1998] uses properties of
the Frobenius mapping. In our case, we cannot apply these results
directly; instead, we have to revisit proofs from Kaltofen and Shoup
[1998] using rectangular matrix multiplication.

3.1 Multiple automorphism evaluation

The remark following Assumption 1 reduces automorphism evalu-
ation to modular composition of polynomials (this idea goes back
to von zur Gathen and Shoup [1992], where it was credited to
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Kaltofen). For instance, given g € G (by means of y := g(£)), we
can deduce g2 € G (again, by means of its image at £) as y(y); this
can be done with O(n{“*1)/2) operations in F using the modular
composition algorithm of [Brent and Kung 1978]. The algorithms
below describe similar operations along these lines.

LEmMA 3.1. Given ay,...,as in K and g in G, with s = O(+/n),
we can compute g(a1), . . ., g(as) in O(n(3/4)“*’(4/3)) operations in F.

Proor (Compare [Kaltofen and Shoup 1998, Lemma 3]) As noted
above, for i <'s, g(a;) = ai(y), with y := g(¢) € K. Let t := [n3/41,

m := [n/t], and rewrite a1, ..., as as
ai= ) it
0<j<m

where the a; ;’s are polynomials of degree less than t. The next
step is to compute y; := y?, for i = 0,...,t. There are  products in
K to perform, so this amounts to O(n”/*) operations in F.

Having y;’s in hand, one can form the matrix T := [T - -- l"t_l]T,
where each column T is the coefficient vector of y; (with entries in
F); this matrix has t € O(n3/4) rows and n columns. We also form

A= [Ao- Ayme1 - Aso - 'As,m—1]T,
where A; ; is the coefficient vector of a; ;. This matrix has sm €
O(n®*) rows and t € O(n®/*) columns.

Compute B := AT; by definition of exponents w(-), this can be
done in O(n®/ 4)-w(4/ 3)) operations in F, and the rows of this matrix
give all a;, j(y). The last step is to write ai(y) = Yo<j<m a,-,j(y)y{.
Using Horner’s scheme, this takes O(sm) operations in K, which is
O(n’/% operations in F. Since w(3/4) > 7/4, the leading exponent
in all costs so far is (3/4) - w(4/3). O

LEMMA 3.2. Given a in K, g1,...,gr in G and positive integers
(s1,...5r) such that [1}_ s; = O(+/n) and r € O(log(n)), all

gl -gir(@),  foro<ij<sj, 1<j<r

can be computed in O(n®/®(4/3)) gperations in F.

Proor (Compare [Kaltofen and Shoup 1998, Lemma 4].) For a given
m € {1,...,r}, suppose we have computed

Giy .o =G -+ 91 (@)

for0 < ij <sjif1 < j < m,and 0 < iy < kpy, as well as the
automorphism 7 := gm*m (by means of its value at ).

Then, we can obtain G;, .. ;,, for 0 < i; <s;if 1 < j < m, and
0 < im < 2kp, by computing n(Gi,, .. ,i,,), for all indices iy, . . ., im
available to us, thatis, 0 < i; < s5;if1 < j <m,and 0 < iy <
kpm. This can be carried out using O(n/4)®(#4/3)) operations in F
by applying Lemma 3.1. Prior to entering the next iteration, we
compute 1% by means of a modular composition, at negligible cost.

Using the above doubling method for g,,,, we have to do O(log s,
steps, for a total cost of O(n3/4)©(4/3)) gperations in F. We repeat
this procedure for m = 1,...,r; since r is in O(log(n)), the cost
remains O(n(3/4)@(#4/3)), o

We now present dual versions of the previous two lemmas.
Viewed as an F-linear map, g : @ — g(«) admits a transpose, map-
ping an F-linear form £ : K — F to the F-linear form (o g : a —
{(g(@)). The transposition principle [Canny et al. 1989; Kaminski
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et al. 1988] implies that if a linear map FN — FM can be computed
in time T, its transpose can be computed in time T + O(N + M).
Given s linear forms ¢1, . .., {s and g in G, transposing Lemma 3.1
shows that we can compute {; og, . .., {s0gin time O(nB/9@(4/3)y,

LEMMA 3.3. Given F-linear forms {1,...,{s : K = F and g in
G = Gal(K/F), with s = O(+/n), we can compute {1 o g,...,ls0g in
time é(n3/4“’(4/3)).

PRrROOF. Given ¢; by its values on the power basis 1,&,..., "L,

¢; o g is represented by its values at 1,y,...,y" "}, with y := g(¥).

Let t,m and yp, ..., y: be as in Lemma 3.1. Compute the giant
steps y{ = ytj,j =0,....m—1land fori = 1,...,sand j =
0,...,m— 1, deduce L; ; defined by L; j(a) := ti(yt @) for a in
K. Each of them is obtained by a transposed multiplication in time
O(n) [Shoup 1995, §4.1], so that the total cost thus far is on/%).

Finally, multiply the (sm X n) matrix with entries the coefficients
of all L;, j (as rows) by the (n x t) matrix with entries the coefficients
of yo,...,yt-1 (as columns) to get all fi(yj), fori = 1,...,s an
j=0,...,n— 1. This is done in time O(n(3/4)@(4/3)), O

From this, we deduce the transposed version of Lemma 3.2,
whose proof follows the same pattern.

LEMMA 3.4. Given{ :K — F, g1,...,gr inG and positive integers
(s1,...sr) such that [1}_, s; = O(yn) and r € O(log(n)), all

Cogl---g/, for0<ij<sj1<j<r,

can be computed in O(nB3/4)@(4/3)) operations in F.

Proor (Compare [Kaltofen and Shoup 1998, Lemma 8].) For m =
1,...,r, assume we know L;, ., = (o i‘ ---gf,’{’), for 0 <
ij <sjif1 <j<m,and 0 < iy < kp. Using Lemma 3.3, we
compute all L;, ., © gmk’", which gives us L;, .. ;,, for indices
0 < iy < 2kpy,. The analysis is as in Lemma 3.2. o

3.2 Abelian Groups

The first main result in this section is the following proposition.
Assume G is an abelian group presented as

<-‘715-~~,9r:gf1 :...:gfr=1>’

where e; € Nisthe orderof g; andn = e - - - e,. Without loss of gen-
erality, we assume e; > 2 for all i, so that r is in O(log n). Elements
of F[G] are written as polynomials ¥;  ; ciy,...i,g1% g,

with 0 < ij < e; for all j.

PROPOSITION 3.5. Suppose that G is abelian, with notation as
above. For inK and { : K — F, s, ¢ € F[G], as defined in (2.4), is
computable using O(n®/Y®4/3)y operations in F.

Proor. Our goal is to compute
gl gir@), 1<j<r0<ij<e, (3.2)

where ¢ is an F-linear projection K — F. For 1 < i < r, define
si := [+/ei]. As we sketched in the cyclic case, the elements in (3.2)
can be expressed as Lj, ..., (Gi, ... i), for1 <m < r,0 < iy <

Sijt |
1

i 3 il ir
projections presented as row vectors and G, .. i, := 9y 9 (a)
are field elements presented as column vectors. Then, all elements

$Sm>0 < jm < sm.Here, Lj, .. j, = €o(g -~ gy"7*) are linear
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in (3.2) can be computed with the following steps, the sum of whose
costs proves the proposition.

Step 1. Apply Lemma 3.2 to get
Giyyooiy =G0 gl (@), 1S M < 1,0 < iy < S,
with cost O(n(3/4)-@(4/3)),
Step 2. Compute all g?i, i = 1,...,r; using O(log(n)) modular
compositions. The cost is negligible compared to that of Step 1.
Step 3. Use Lemma 3.4 to compute
Lj,...jr=to (qilh "'gﬁrjs)9 1<m<r,0<jm<sm

with cost O(nG/4)-@(4/3))
Step 4. Multiply the matrix with rows the coefficients of all Lj, .. ;.

by the matrix with columns the coefficients of all G;,, ... ;,; this
yields all required values. We compute this product in O(n1/2)©(2))
operations in F, which is in O(n3/4)w(4/3), o

3.3 Metacyclic Groups

A group G is metacyclic if it has a normal cyclic subgroup H such
that G/H is cyclic; for instance, any group with a squarefree order
is metacyclic. See [Johnson 1976, p. 88] or [Curtis and Reiner 1988,
p- 334] for more background. A metacyclic group can always be

presented as

t 1

o, 7:cm=11=0"1"cr=0"), 3.3
(

for some integers m, t,r,s, with r,t < mand r®* = 1 mod t,rt =
t mod m. For example, the dihedral group

Do ={o,7:0™ =1, 2 =1,r"lor = 0m—1>’
is metacyclic, with s = 2. Generalized quaternion groups, which
can be presented as

2m 1 2m—1>
>

Om=(o,r:6m=1r2=c"1'6r=0
are metacyclic, with s = 2 as well.
Using the notation of (3.3), n = |G| is equal to ms, and all ele-

ments in a metacyclic group can be presented uniquely as either
{o'c/, 0<i<m-10<j<s—1}, or (3.4)

{t/e!, 0<i<m-10<j<s—1}. (3.5)

Accordingly, elements in the group algebra F[G] can be written as

o ’ gt
S eotd o Y el ol

i<m i<m
Jj<s Jj<s

Conversion between the two representations involves no operation

in F, using the commutation relation ok1¢ = 1¢6%7 for k,c > 0.

PROPOSITION 3.6. Suppose that G is metacyclic. For a in K and
t:K— F,sq ¢ € F[G] is computable in time O(n(3/4)""(4/3)).

PRrOOF. Suppose first that s < m; then, we use the presentation (3.4)
of the elements of G. Take a in K and ¢ : K — F; the goal is to
compute £(c'7/(a)), forall 0 < i < mand 0 < j < s. This is
accomplished with the following steps.

Step 1. Apply Lemma 3.2 to compute
Gij = oid(a), 0<i< [Vm/s], 0 <j<s.

Note that [/m/s]s < [vsm] € O(+y/n), so we can apply the lemma.
This takes O(n3/4)©@(4/3)) operations in F.
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Step 2. Compute o [V™/51 in O(log(n)) modular compositions in
degree n. The cost is no more than that of Step 1.

Step 3. Compute
Ly :="Co kINmIs1 o < k < [vsm],

using Lemma 3.4. This takes O(n3/4)®(4/3)) gperations in F.

Step 4. At this point, we compute all
Li(si) = Lo TN™/ ST e (),

for0 < k < [vsm],0 < i < f\/m_/s] and 0 < j < s; these are
precisely the values we needed.

This can be carried out by multiplying the matrix with rows the
coefficients of all L by the matrix with columns the coefficients of
all G; j; this yields all required values, as pointed out above. There
are O(y/sm) = O(+/n) linear forms L;’s, and O(v/n) field elements
Gi,j’s, so we can compute this product in O(n1/2)»(2)) operations
in F, which is O(n(3/9-@(4/3)),

This concludes the proof in the case s < m. When m < s, use the
presentation (3.5) of the elements of G and proceed as above. O

4 TESTING INVERTIBILITY

In this section we consider the problem of invertibility testing in
F[G], specifically for abelian and metacyclic groups G: given an
element f§ in F[G], for a field F and a group G, determine whether
is a unit in F[G]. Since we are in characteristic zero, Wedderburn’s
theorem implies the existence of an F-algebra isomorphism (which
we will refer to as a Fourier Transform)

FIG] = Mg, (D1) X - -- X Mg, (Dr),

where all D;’s are division algebras over F. If we were working
over F = C, all D;’s would simply be C itself. A natural solution
to test the invertibility of f € F[G] would then be to compute
its Fourier transform and test whether all its components f; €
Mg, (C),...,Br € Mg, (C) are invertible. This boils down to linear
algebra over C, and takes O(d;” + - - - + d;’) operations. Since df +
oo+ d? = |G, this is O(|G|‘“/2) operations in C.

However, we do not wish to make such a strong assumption as
F = C. Since we measure the cost of our algorithms in F-operations,
the direct approach that embeds F[G] into C[G] does not make it
possible to obtain a subquadratic cost in general. If, for instance,
F = Q and G is cyclic of order n = 2k, computing the Fourier
Transform of § requires we work in a degree n/2 extension of Q,
implying a quadratic runtime.

We give algorithms for the problem of invertibility testing for the
families of groups seen so far, abelian and metacyclic. For the former,
we prove a stronger result: starting from a suitable presentation of G,
we give a softly linear-time algorithm to find an isomorphic image
of § € F[G] in a product of F-algebras of the form F[z]/(P;(z)), for
certain polynomials P; € F[z] (recovering f from its image is softly-
linear time as well). Not only does this allow us to test whether f is
invertible, this would also make it possible to find its inverse in F[G]
in softly-linear time. For metacyclic groups, we describe an injective
F-algebra homomorphism from F[G] to a matrix algebras over a
cyclotomic ring. The codomain is in general of dimension higher
than |G|, so the algorithm we deduce from this is not linear-time.
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4.1 Abelian groups

Because an abelian group is a product of cyclic groups, its group
algebra F[G] is the tensor product of cyclic algebras, so it admits a
description of the form F[x1, . . ., xt]/(xf1 -1,..., x;” —1), for some
integers ny, . .., ny. The complexity of arithmetic operations in an F-
algebra such as A := F[x1,...,x¢]/(P1(x1), ..., Pr(x)) is difficult
to pin down precisely. For general P;’s, the cost of multiplication
in A is known to be O(dim(A)!*¢), for any £ > 0 [Li et al. 2009,
Theorem 2]. From this it may be possible to deduce similar upper
bounds on the complexity of invertibility tests, following [Dahan
et al. 2006], but this seems non-trivial.

Instead, we give an algorithm with softly linear runtime, that
uses the factorization properties of cyclotomic polynomials and
Chinese remaindering techniques to transform our problem into
that of invertibility testing in algebras of the form F[z]/{P;(z)), for
various polynomials P;. The reference [Poli 1994] also discusses
the factors of algebras such as F[x1, . .. ,xt]/(x?1 -1,... ,xf’ - 1),
but the resulting algorithms are different (and the cost of the Poli’s
1994 algorithm is only known to be polynomial in |Gl).

Tensor product of two cyclotomic rings: coprime orders. The
following proposition will be the key to foregoing multivariate
polynomials, and replacing them by univariate ones. Let m, m’ be
two coprime integers and define

b = Flot, x"]/{@m (%), @ (x)),

where for i > 0, ®; is the cyclotomic polynomial of order i. In what
follows, ¢ is Euler’s totient function, so that ¢(i) = deg(®;) for all i.

LEMMA 4.1. There exists an F-algebra isomorphismy : h —
F[z]/{®mm (2)) given by xx’ +> z. Given @y, and @y, ®pypy can
be computed in time O(p(mm’)); given these polynomials, one can
apply y and its inverse to any input using O(p(mm’)) operations in F.

Proor. Without loss of generality, we prove the first claim over
Q; the result over F follows by scalar extension. In the field
Qlx, x”]/{®m(x), Py (x")), xx’ is cancelled by ®p,py. Since this
polynomial is irreducible, it is the minimal polynomial of xx’,
which is thus a primitive element for Q[x, x"]/{®;(x), Py (x)).
This proves the first claim.

For the second claim, we first determine the images of x and x’
by y. Start from a Bézout relation am + a’m’ = 1, for some a,a’
in Z. Since x™ = x’™ = 1in h, we deduce that y(x) = z% and
y(x’) = z% with u := am mod mm’ and v := a’m’ mod mm’. To
compute y(P), for some P in I, we first compute P(z%, z?), keeping
all exponents reduced modulo mm’. This requires no arithmetic
operations and results in a polynomial P of degree less than mm’,
which we eventually reduce modulo @, (the latter is obtained
by the composed product algorithm of [Bostan et al. 2006] in quasi-
linear time). By [Bach and Shallit 1996, Theorem 8.8.7], we have
the bound s € O(¢(s) log(log(s))), so that s is in O(¢(s)). Thus, we
can reduce P modulo @, in O(p(mm’)) operations, establishing
the cost bound for y.

Conversely, given Q in F[z]/{®pm(2z)), we obtain its preimage
by replacing powers of z by powers of xx’, reducing all exponents
in x modulo m, and all exponents in x” modulo m’. We then reduce
the result modulo both ®,(x) and ®,,,/(x”). By the same argument
as above, the cost is softly linear in p(mm’). O
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Extension to several cyclotomic rings. The natural generaliza-
tion of the algorithm above starts with pairwise distinct primes
p = (p1,...,pt), non-negative exponent ¢ = (cy,. . ., cy) and vari-
ables x = (x1,...,x;) over F. Now, we define

H = Flxg, .., x¢]/{@p e (x1), . . ., Pp,er (x1));

when needed, we will write H as Hp ¢ x. Finally, we let y :=
p1€1 - - - ps€t; then, the dimension dim(H) is ¢(u).

LEMMA 4.2. There exists an F-algebra isomorphism T : H —
Flz]/(®u(2)) given by x1 - - - x; +> z. One can applyT and its inverse

to any input using O(dim(H)) operations in F.

Proor. We proceed iteratively. First, note that the cyclotomic poly-
nomials @,.c; can all be computed in time O(¢(y)). The isomor-
phism y : F[x1, x2]/{(®@p,e1 (x1), @p,ez(x2)) — F[z]/(Qp,e1p,e2(2))
given in the previous paragraph extends coordinate-wise to an
isomorphism

0 H = Flz,x3,. .., %t 1/{@pe1pyez (2), Ppyes (xX3), - . o, Pper (1))

By the previous lemma, I'1 and its inverse can be applied to any
input in time O(p(y)). Iterate this process another ¢ — 2 times, to
obtain T as a product I;—1 o - - - o I. Since ¢ is logarithmic in ¢(u),
the proof is complete. O
Tensor product of two prime-power cyclotomic rings, same
p. We now consider cyclotomic polynomials of prime power orders
for a common prime p. As above, we start with two such polynomi-
als. Let thus p be a prime. The key to the following algorithms is
the lemma below. Let ¢, ¢’ be positive integers, with ¢ > ¢’, and let
x, y be indeterminates over F. Define

a = Fx]/®pe(x), (4.1)
b i= Flx,y1/(@pe (0). Oper (1)) = aly]/@pe (). (42)
Note a and b have respective dimensions ¢(p€) and (p(p”)(p(pcl).

LEMMA 4.3. There is an F-algebra isomorphism 0 : b — a?®®)
such that one can apply 0 or its inverse to any inputs using O(dim(b))
operations in F.

PROOF. Let ¢ be the residue class of x in A. Then, in a[y], CDPC/ (y)

1—[ (y—pi),

1<i<p® -1
ged(i,p)=1

factors as
cI)pC/ (y) =

with p; := gfipc_c, for all i. Even though a may not be a field, the

Chinese Remainder theorem implies that b is isomorphic to a?®®),
the isomorphism is given by

0: b — axX---Xa,
P (P 1) P& pypery)-

Arithmetic operations (+, —, X) in a can be done in O(p(p©)) op-
erations in F. Starting from p; € a, all other roots p; can then be
computed in O((p(pc/)) operations in a or O(dim(b)) operations
in F.

Applying 6 and its inverse is done by means of fast evaluation
and interpolation [von zur Gathen and Gerhard 2013, Chapter 10]
in (3((p(pc/)) operations in a, that is, @(deg(lb)) operations in F (the
algorithms do not require that a be a field). O
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Extension to several cyclotomic rings. Let p be as before, and
consider now non-negative integers ¢ = (cy, . . ., ¢;) and variables
x = (x1,...,xt). We define the F-algebra

LX) [(Qper (x1)s -, Pper (1)),

which we will sometimes write A ¢ x to make the dependency on
p and the ¢;’s clear. Up to reordering the ¢;’s, we can assume that
c1 2 ¢; holds for all i, and define as before a := F[x1]/®pe1 (x1).

A= F[Xl, .

LEMMA 4.4. There exists an F-algebra isomorphism © : A —
adim(a)/dim(a) Tp;¢ isomorphism and its inverse can be applied to
any inputs using O(dim(A)) operations in F.

Proor. Without loss of generality, we can assume that all ¢;’s are
non-zero (since for ¢; = 0, @pe; (x;) = x; — 1, s0 F[x;]/{(@pei (x;)) =
F). We proceed iteratively. First, rewrite A as

A = afxg, x3,. ., xe ] [(DPpez (x2), Ppes (x3), . . ., Pp,er (x1)).

The isomorphism 6 : a[x2]/®pe: (x2) — a?P*?) introduced in the
previous paragraph extends coordinate-wise to an isomorphism

Xt [{@pes (x3), . . ., Pper ()PP,

©; and its inverse can be evaluated in quasi-linear
time O(dim(A)). We now work in all copies  of
afxs, ..., xt]/{@pes (x3), ..., Pper (x¢))  independently,  and
apply the procedure above to each of them. Altogether we have
t — 1 such steps to perform, giving us an isomorphism

01 : A — (alxs,..

O = G)t—l 0+.+-0 @1 A > a‘p(Pcz)"'(p(Pct)'

The exponent can be rewritten as dim(A)/dim(a), as claimed. All
©;’s and their inverses can be computed in time O(dim(4)), and
we do t — 1 of them, where ¢ is O(log(dim(A))). o
Decomposing certain p-group algebras. The prime p and inde-
terminates x = (xy, ..., x;) are as before; we now consider positive

integers b = (b1, ..., b;), and the F-algebra
b b
B o= Flxn...xl/(f =1, =)
b b
= Flxal/d -0 e e Fx]/(d -1).

If needed, we will write B, , , to make the dependency on p and
the b;’s clear. This is the F-group algebra of Z/p?Z x - - - x Z/pb* Z.

LEMMA 4.5. There exists a positive integer N, non-negative integers
¢ =(c1,...,cN) and an F-algebra isomorphism

A:B =D = Flz]/(®per (2)) X - - - X F[2]/(Dpen (2)).

One can apply the isomorphism and its inverse to any input using
O(dim(B)) operations in F.

Proor. For i < t, we have the factorization

1= Dy (x1)Dp (i) P2 (x7) - - @ pyp; (xi);

1

note that ®1(x;) = x; — 1. The factors may not be irreducible, but are
pairwise coprime, so we have a Chinese Remainder isomorphism

Di Pl el = 1) Flxi] /(@) x -+ Flxil /(@ (x0)-
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It and its inverse can be computed in é(pbi ) operations in F [von
zur Gathen and Gerhard 2013, Chapter 10]. This gives an F-algebra
isomorphism

b, b,
A:B— n nAp,c,x,
c1=0 c;=0

with ¢ = (c1,...,cs). Together with its inverse, A can be com-
puted in O(dim(B)) operations in F. Composing with the result in
Lemma 4.4, this gives us an isomorphism

by b,
ABoD= [ []al
c1=0 c=0

where a. = F[z]/{®pc(2)), with ¢ = max(cy,...,c;) and D =
dim(As, ¢, x )/dim(ac ). As before, A and its inverse can be computed
in quasi-linear time O(dim(B)). O

As for B, we will write Dp’ b.x if needed; it is well-defined, up
to the order of the factors.

Main result. Let G be an abelian group. We can write the elemen-
tary divisor decomposition of G as G = Gy X- - - X Gs, where each G;
is of prime power order pfi , for pairwise distinct primes p1, . . ., ps,
so that |G| = p{* - - - p§*. Each G; can itself be written as a product
of cyclic groups, G; = Gj 1 X: - -XG; t;, where the factor G; j is cyclic
oforderpibivf, with b1 < -+ < b; 4, and bj 1+ -+ b; s, = a;. We
henceforth assume that generators y1,1,...,Ys,s, of respectively
G1,1, . - ., Gs, ¢, are known, and that elements of F[G] are given on
the power basis in y1,1,. .., s, -

PROPOSITION 4.6. Given ff € F[G], written in the basis
Y115 - -, Vs, t,, one can test if B is a unit in F[G] in time O(|G]).

From the factorization G = G X - - - X G, we deduce that the
group algebra F[G] is the tensor product F[G1] ® - - - ® F[Gs]. Fur-
thermore, the factorization G; = Gj,1 X - - X G, ¢; implies that F[G;]
is isomorphic, as an F-algebra, to

phl pbi,tl-

Flxi1, ..., xi,¢]1/ xl.”l -1,.. .,xiftl_ -1) = BPi»biaxi’
with b; = (b1, ...
power basis in yy, 1, . . pbix
-+ ®By,_p, x, simply by renaming y; ; as x;, j, for all i, j.

For i <'s, by Lemma 4.5, there exist integers c; 1, . .
that B, p, ., is isomorphic to an algebra D, j, ., with factors

,bijt;)and x; = (xj1,...,xi¢). Given f on the
. ¥s,ts> We obtain its image B in B ®

.,€i,N; such

F[Zi]/@)piCi,j (zi)). By distributivity of the tensor product over di-
rect products, we deduce that B ®---®B, p x, isisomor-
phic to the product of algebras

l—[] F[Zh LI aZS]/<q>Plclvj1 (Zl)s o ’q>psCS~jS (ZS)>’ (43)

for all indices j = (j1,...,Js), with j1 = 1,...,N1,...,js =
1,...,Ns; call T the isomorphism. Given B in Bpl,bbm ® - ®
By, b,,x,> Lemma 4.5 also implies that B’ := T'(B) can be com-
puted in time O(|G|) (apply the isomorphism corresponding to x1
coordinate-wise with respect to all other variables, then deal with
x2, etc). The codomain in (4.3) is the product of all Hp, ¢ ;, z, with

p1.b1,x1

c=(crjr---2Csjs)r Z2=(21,...,25).

p=®1,...,ps)

ISSAC 19, July 15-18, 2019, Beijing, China

Apply Lemma 4.2 to all Hp, ¢ ;,  to obtain an F-algebra isomorphism
/.
r: ]_lj Hp,c;z = ]_[j F[Z]/«de(z»s

for certain integers d;. The lemma implies that given B’, B” :=
I[’(B’) can be computed in softly linear time O(|G|) as well. In-
vertibility of § € F[G] is equivalent to A’ being invertible, that
is, to all its components being invertible in the respective factors
Flz]/ (CIde (z)). Invertibility in such an algebra can be tested in softly
linear time by applying the fast extended GCD algorithm [von zur
Gathen and Gerhard 2013, Chapter 11], so our conclusion follows.
With Proposition 3.5, this proves the first part of Theorem 1.1.

4.2 Metacyclic Groups

We next study the invertibility problem for a metacyclic group G.
We use an injective homomorphism, whose image will be easy to
compute. This is the object of the following lemma, where the map
is inspired by the one used in [Curtis and Reiner 1988, §47].
Assume that G = (0,7 : 6™ = 1,7° = o, 77 o7 = o"), where
r® =1 mod m and rt = t mod m; in particular, n = |G| is equal to
ms. Define A := F[z]/(z™ — 1) and let { be the image of z in A.

LEMMA 4.7. The mapping ¢ : F[G] — Ms(A) where

o Diag(l.{" ... )t [ 0 |¢ ]
Is—1 ] 0
is an injective F-algebra homomorphism.
ProoF. It is straightforward to verify that ()™ = I, ¥(7)° =
Y(o)t and ¢i(o)yi(r) = ¥(t)¢i(o)"; this shows that i is a well-

defined F-algebras homomorphism.

Take § € F[G], and write it § = st.;é (Z;’g)l bi,jai) /. Forj =
0,...,s—1,define Fj(x) := Z;ZBI b,-,jxi € Flx]and, for1 <i,j <s,
Fij:= Fl-_l(g’j’l). Then, ¥(f) is the matrix

Fii - (Fs-1 {Fo

Fpp Fra - {F3 5

) . . . (4.9)
Fs,s F2,s Fl,s

If § is in Ker(y)), we get Fi({) = 0, that is, F; mod (2™ — 1) = 0, for
0 < i <s. All F;’s have degree less than m, so they are all zero. O
We finally give two algorithms that test whether /() € Mg(A)
is invertible, for a given f in F[G]. Minor difficulties will arise as
we work over A, since A is not a field, but a product of fields (if the
irreducible factorization of z™ — 1 in F[z] is known, we can use the
Chinese Remainder theorem and work in field extensions of F).

CoroLLARY 4.8. Given f3 in F[G], one can test if f is a unit in F[G]
either by a deterministic algorithm that uses O(s®""m) operations in
F, or a Monte Carlo one that uses O(nz) operations in F.

The second statement provides the last part of the proof of The-
orem 1.1. Note that the first algorithm gives a better cost in many
cases. For instance, if s < m, the first algorithm uses O(n!-8%) op-
erations in F. This happens if s is prime, since then the number
(m — ged(m, r — 1)) /s is a positive integer, which implies s < m (see
[Curtis and Reiner 1988, Theorem 47.12, Corollary 47.14 ]).

FIRST ALGORITHM. The first algorithm uses fast linear algebra
algorithms over the ring A. Here, we start from f written as
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p= Z]s;é (Z:’ial bi,joj) 7/ € F[G]. Then, the proof of the previous
lemma shows an explicit formula for ¢/(f). In order to compute this
matrix, we note that " - r 7 mod m, computing this element
and its powers requires no arithmetic operation, so that the coef-
ficients of each F; j are obtained in linear time O(m). Hence the
matrix () can be computed in time O(s?m).

Next, we have to determine whether /() is a unit (the injectivity
of i implies that this is the case if and only if § itself is a unit). This
amounts to computing the determinant of this matrix, which can be
done in O(s%7m) operations in F, using the determinant algorithm
of [Kaltofen and Villard 2004, Section 6]. O

LEMMA 4.9. Given f in F[G] and v in A%, one can compute
Y(B)v € AS using O(sm?) operations in F.

Proor. We use the basis of F[G] of (3.5), writing f =
Zl’.'ial (Z;;g bi,jri ol = Z;’;Bl Bi(r)o!, for some By, . ..,Bm-1
in F[z] of degree less than s.

Given v as above, we compute all B; (1/(7))¥(c) v independently,
and add them to obtain ¥/(f)v. Hence, let us fix an index i in
{0,...,m = 1}. The vector i/(c)'v can be obtained by multiplying
each entry of v by a power of {; this takes O(sm) operations in F.
Then, since y/(7) is the matrix of multiplication by y in Aly]/{(y*—{),
Bi(¥/(r)) is the matrix of multiplication by B;(y) in Aly]/{y* — ).
Thus, applying this matrix to a vector also takes time O(sm). Adding
a factor of m to account for all indices i gives the result. ]
SECOND ALGORITHM FOR COROLLARY 4.8. The second algorithm
uses Wiedemann’s 1986 algorithm, and its extension by Kaltofen
and Saunders [1991]. Extra care will be needed to accommodate
the fact that A has zero-divisors. Let Fy, .. ., Fs be the (unknown)
irreducible factors of z™ — 1 in F[z] and define A; := F[z]/{F;) for
i=1,...,s. We write ; : A — A; for the canonical projection,
and extend the notation to matrices over A.

For f in F[G], M := ¢/(p) is invertible if and only if all M; :=
7;(M) are. We are going to use the algorithm of [Kaltofen and
Saunders 1991, Section 4] to compute the rank of all these matrices
(these ranks are well-defined, since all A;’s are fields). Let L and
U be respectively random lower triangular and upper triangular
Toeplitz matrices over A, and define M’ := LMU € M;(A). Finally,
let M”’ be M/, to which we adjoin a bottom row and a rightmost
column of zeros (so it has size s + 1), let M} := 7;(M"’) and let
ri :=rank(M}’),i = 1,...,s. Then, all r;’s are less than s + 1, and
M is invertible if and only if r; = s for all i.

The condition that M}’ has rank less than s+1 makes it possible to
apply [Kaltofen and Saunders 1991, Lemma 2]: for generic u;, v; in
Af *1 and diagonal matrix X in Ms1(A;), the minimal polynomial
of the sequence (uiT(M;’Xi)ivi)jZO has degree r; + 1.

To compute these degrees without knowing the factorization
z™ —1=F;---Fs, we choose random u, v in AS™! and diagonal
matrix X in Ms41(A). Then, we compute 2s terms in the sequence
(yj)j=0, with yj := uT (M""X)/v. Since multiplication by L, U and X
all take quasi-linear time O(sm), Lemma 4.9 shows that one product
by M”’X takes O(sm?) operations in F. Hence, all required terms
can be obtained in O(s?m?) = O(n?) operations in F.

Finally, we apply the fast Euclidean algorithm to Y2571

j=0
y?® in the ring A[y] to find the ranks rq,...,rs. Since A is not a
field, we rely on the algorithm of [Accettella et al. 2003; Dahan et al.

yjyj and
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2006]. Using O(sm) operations in F, it reveals a partial factorization
of 2™ — 1 as Gy - - - G; (the factors may not be irreducible) and
integers pj, j = 1,...,t, such that for alli <'s, j < ¢, if F; divides
Gj, then r; = pj. This allows us to determine all r;’s, and thus
decide whether y/(p) is singular. O
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