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ABSTRACT

We present a method for increasing the accuracy of multigrid
solvers by optimizing the entries in the smoother matrices. We
focus on real-time applications where the wall clock time restric-
tions require the multigrid solver to run for a small, predetermined
number of iterations. We additionally focus on physical systems
that have a constant, linear system matrix. In doing so, we are
able to modify the entries in the smoother matrices directly, which
makes our method very easy to incorporate into existing multigrid
solvers. We demonstrate our method using two examples: the heat
equation and statics with linear elasticity. For the heat equation,
we observe up to an 11.7x decrease in the average error for a single
solve. For statics with linear elasticity, we observe up to a 41.7x
decrease in the average error for a single solve.
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1 INTRODUCTION

Physically-based simulation is a powerful tool used in many areas
of computer graphics, animation, and scientific computing [4, 63].
Partial differential equations (PDEs) are the driving force of physics
simulation; however, closed-form solutions are rarely available for
realistic geometries. Thus, physics simulation relies on numerical
methods and efficient numerical solvers. Classical discretization
methods—including finite difference, finite element, and finite vol-
ume approaches—transform PDEs into large sparse linear systems.
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As physics models get more accurate, these systems get larger and
more computationally expensive to solve, quickly making solving
the linear system the bottleneck in the simulation.

Many methods have been presented over the years to address the
high computational cost of solving the large, sparse linear systems
that arise in physically-based simulation [5, 12, 18]. In this paper,
we look at multigrid methods, which combine a stationary iterative
method, such as Jacobi or Gauss-Seidel, with a multilayered hierar-
chy of mesh resolutions [8]. Multigrid methods have already been
shown to significantly improve the runtime of physics simulations
[19, 38, 51, 54, 64, 66]. However there are two main drawbacks to
multigrid methods that we seek to address in this paper.

First, multigrid solvers are iterative solvers and, unless they are
run to convergence, the solution they compute is approximate. For
real-time applications, the wall clock time available for solving
the large, sparse linear system is typically too short to run an
iterative solver to convergence. So, solvers will often be run for a
predetermined number of iterations, resulting in an approximate
solution. This problem is compounded for dynamic simulations as
any error present at a given time step will get propagated to future
time steps as the simulation progresses.

Second, the convergence rate of multigrid solvers is highly prob-
lem dependent. Multigrid solvers have many parameters, and when
those parameters are tuned properly, multigrid methods can achieve
near-optimal convergence rates. However, the tuning of those pa-
rameters is typically performed manually, and a set of parameters
that works great for one model is not guaranteed to provide the
same performance on another.

With the rise of machine learning techniques being applied to
physically-based animation [11, 16, 17, 47, 50, 65], we ask the ques-
tion: Can we optimize multigrid parameters automatically instead
of manually? While we are not the first to ask this question, the
majority of the existing work in this area requires replacing parts
of the multigrid solver, or the solver in its entirety, with a neu-
ral network. We aim to generate optimal multigrid parameters in
such a way that only minimal changes to an existing solver are
required. Additionally, recent work has mainly explored learning
inter-grid transfer operators such as prolongation and restriction,
but the learning of smoothing operators themselves has received
comparatively little attention.

In this paper, we propose amethod for learningmultigrid smoothers.
Specifically, we learn multigrid smoothers in the context of real-
time applications where the iteration counts for the multgrid solver
are predetermined. Because the iteration counts are predetermined,
we focus on improving the accuracy of the single multigrid solver
rather than improving the convergence rate of the solver overall.

https://orcid.org/0009-0006-6163-1617
https://orcid.org/0000-0001-7079-1934
https://orcid.org/0000-0003-4656-498X
https://doi.org/XXXXXXX.XXXXXXX
https://doi.org/XXXXXXX.XXXXXXX


Conference acronym ’XX, June 03–05, 2026, Woodstock, NY Witemeyer et al.

We choose the Gauss-Seidel smoother as our base smoother and
construct a differentiable multigrid solver.

We also focus solely on physics systems that are linear and have
a system matrix that is constant over the course of the simulation.
These systems can be time-varying or static, so long as the entries in
the system matrix are not dependent on the solution variable(s). By
focusing on these constant, linear systems, we are able to optimize
the multigrid smoothers directly. This, in turn, enables our opti-
mized smoothers to be easily utilized by existing multigrid solvers.
We are simply optimizing the values of a sparse matrix, so using
the optimized smoother is a simple drop-in replacement and the
rest of the solver works exactly as before.

In the rest of this paper we will outline our lightweight train-
ing procedure for learning error-reducing smoothing weight and
present a comprehensive evaluation of our method on the dynamic
heat equation and static linear elasticity equations using a collec-
tion of triangle and tetrahedral meshes. We show that for the heat
equation, this learned smoother achieves up to an 11.7x decrease in
the average error for a single solve and additionally improves error
accumulation over the course of a simulation. For statics with linear
elasticity, our learned smoother achieves up to a 41.7x reduction in
average solution error per solve. Both of these results are achieved
under the same runtime budget as standard multigrid.

2 RELATEDWORK

Physically-based animation has evolved significantly since its early
foundations [57]. A seminal contribution by Baraff and Witkin [1]
introduced implicit time stepping to the physically based animation
community, enabling more efficient and stable results. Since then,
various methods have been developed to speed up simulations, such
as subspace dynamics [2, 14, 46], projective dynamics [6, 34, 35],
and condensation [9, 56, 62]. Although Position-Based Dynamics
[41] is a notable exception, most of these simulation methods rely
on a large linear solve, the focus of our work.

The fast computation of solutions to these linear systems is an
area of research that has also seenmanymethods presented over the
years. Direct solvers, exemplified by libraries such as CHOLMOD
[12] and SuperLU [31], have established high benchmarks for per-
formance. However, while these factorization-based methods are
robust, they can suffer from “fill-in”—the introduction of new non-
zero elements—which can cause memory usage to scale prohib-
itively with system size. Consequently, iterative methods often
become the preferred approach for such systems. Techniques such
as Krylov subspace methods (e.g., Conjugate Gradients or Con-
jugate Directions) [49], stationary-point iterations, and multigrid
schemes [8] offer a scalable alternative by avoiding matrix factor-
ization. These methods trade the exactness of direct solvers for
efficiency, approximating solutions through successive steps until
a user-defined convergence threshold is met. Our approach falls
under this category.

Physics-informed neural networks [48] are an alternative neu-
ral approach to solving PDEs [10] that avoids solvers entirely, re-
placing discretization and a linear solve with a machine learning
training loop. However these methods often struggle maintain-
ing complex boundary conditions, requiring additional data like

distance fields [53] and can be significantly slower than standard
approaches [11].

These limitations havemotivated the integration of deep learning
with iterative solvers, most notably through neural preconditioners
designed to accelerate the convergence rate of conjugate gradient
[32] and conjugate direction methods [26]. However, for elliptic
Partial Differential Equations (PDEs), such as the Poisson equation
common in physics simulations, multigrid methods [7, 8, 58] remain
the theoretical gold standard, capable of solving these systems with
optimal 𝑂 (𝑁 ) complexity. This efficiency stems from multigrid’s
hierarchical structure, which addresses a fundamental limitation
of CG: while CG is effective, its convergence often stalls due to
persistent low-frequency (long-wavelength) errors.While multigrid
is often used as a preconditioner for Krylov methods to resolve
these errors, it is also a highly efficient standalone solver. In this
work, we focus on optimizing the multigrid solver itself.

The efficiency and accuracy of a multigrid solver are highly
problem-dependent, relying heavily on the interaction between
its two primary components: the smoothers, which reduce high-
frequency error, and the prolongation/restriction matrices, which
transfer data between grid levels. The literature has a long history
of analytical approaches that search for optimal parameters for
these components. These range from early energy-minimization
strategies [36, 43] to more recent sparse approximate inverse tech-
niques [23, 55] and optimal polynomial smoothers [15]. However,
these methods typically determine parameters by minimizing a
fixed algebraic measure, such as the Frobenius norm of the approx-
imate inverse error. This distinguishes them from learning-based
methods, which can exploit the statistical patterns in a dataset to
tailor the smoother to the specific problem distribution.

Conversely, machine learning techniques provide a flexible frame-
work for deriving these components, bypassing the need for manual,
theoretical derivation. While evolutionary strategies have been ex-
plored for automated design [44], recent focus has shifted toward
differentiable learning-based optimizations. The existing literature
has predominantly concentrated on optimizing the grid transfer
operators (prolongation and restriction). Early works such as [27]
and [20] focused on learning these matrices to improve coarse-grid
correction, a trend that continues in recent graph-based approaches
[24, 37, 59]. We differentiate our approach by focusing instead on
the optimization of the multigrid smoothing operators.

A handful of works have proposed methods for learning multi-
grid smoothers. The majority of these works utilize convolutional
neural networks (CNNs) to optimize the smoothers, noting that
multigrid v-cycles and CNNs share a similar mathematical struc-
ture [21, 22]. While these methods effectively improve performance
[13, 25, 39, 40], their reliance on CNNs restricts them to structured
grids. In contrast, our method applies to unstructured meshes.

Most relevant to our approach are works that attempt to learn
smoother parameters on unstructured data. However, these meth-
ods typically regress global scalars. For example, Wang et al. [60]
and Kuznichov [30] learn weighting coefficients for Richardson or
Jacobi iterations. Similarly, recent approaches like Liu et al. [33]
utilize graph neural networks to correct solver errors, but do not
explicitly optimize the sparse smoothing matrix. Rather than con-
straining the problem to a blanket weighting term, we propose to
learn the smoother matrix values directly. This granular approach
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enables each value in the matrix to change independently, allowing
for a highly localized optimization that adapts to the specific geom-
etry of the mesh. Furthermore, because the resulting smoother is
simply a sparse matrix, our method acts as a drop-in replacement
for standard algebraic smoothers.

3 METHODS

3.1 Background

Regardless of the model, spatial discretization scheme, or time
integration method, most physically-based simulation frameworks
require solving a system of linear equations:

Ax = b, (1)

where A ∈ R𝑛×𝑛 and b ∈ R𝑛 are known, and x ∈ R𝑛 is the
unknown solution.

Multigrid solvers are built on a foundation of stationary iterative
solvers [8]. There are two key observations that give rise to the
multigrid structure. The first is that stationary iterative solvers,
including the Gauss-Seidel solver, reduce high-frequency error
quickly and low-frequency error slowly. Thus, in the context of
multigrid solvers, the stationary iterative solver is typically called
a smoother, and the solver’s iteration matrix is called the smoother
matrix. In this paper, we use a Gauss-Seidel solver, the details of
which are presented in Alg. 1. In a standard Gauss-Seidel solver, the
system matrix A is decomposed into three parts: a diagonal compo-
nent D, a lower triangular component L, and an upper triangular
component U. These components combine such thatA = L+D+U.
The iteration matrix is defined to be L+D (also denoted by tril(A)).
For the sake of simplicity, we combine the lower triangular and
diagonal components into a single matrix and call it L.

The second key observation is that low-frequency error on a
high-resolution mesh looks like high-frequency error on a low-
resolution mesh. Given a mapping from the high-resolution mesh
to the low-resolution mesh, we can restrict the error onto the low-
resolution mesh, creating a smaller system that can be solved using
any available technique for solving linear systems of equations.
Common choices include solving the system directly, using an
iterative solver, and recursively applying the multigrid solver. Once
we have our low-resolution solution, we prolongate, or interpolate,
it back to the high-resolution mesh and update the high-resolution
solution. Optionally, we can then apply a few more iterations of
the smoother to eliminate any high-frequency error introduced by
the prolongation mapping.

Algorithm 1 Solves Ax = b using the Gauss–Seidel method where
x0 is the initial guess and 𝑛𝑠𝑖 is the number of iterations.

1: function GaussSeidel(A, b, x0, 𝑛𝑠𝑖 , L)
2: x← x0
3: 𝑖 ← 0
4: while 𝑖 < 𝑛𝑠𝑖 do

5: r← b − Ax
6: x← L

−1
r + x

7: 𝑖 ← 𝑖 + 1
8: end while

9: return x

Algorithm 2 Solves Ax = b with initial guess x0 using a v-cycle
with depth 𝑑𝑚𝑎𝑥 . 𝑅 [·] is a set of restriction matrices, with 𝑅[𝑑]
being the restriction matrix mapping Level 𝑑 to 𝑑 + 1. 𝑛𝑠𝑖 is the
number of smoother iterations.
1: functionMultigrid(A, b, x0, 𝑅 [·], 𝑛𝑠𝑖 , 𝑑𝑚𝑎𝑥 , 𝑑, 𝐿[·])
2: L← 𝐿[𝑑]
3: x← GaussSeidel(A, b, x0, 𝑛𝑠𝑖 , L)
4: r← b − Ax
5: R← 𝑅 [𝑑]
6: r̃← Rr

7: Ã← RAR
𝑇

8: if 𝑑 < 𝑑𝑚𝑎𝑥 then

9: ẽ← Multigrid(Ã, r̃, 0, 𝑅 [·], 𝑛𝑠𝑖 , 𝑑𝑚𝑎𝑥 , 𝑑 + 1, 𝐿[·])
10: else
11: ẽ← Ã

−1
r̃

12: end if

13: e← R
𝑇
ẽ

14: x0 ← x + e
15: x← GaussSeidel(A, b, x0, 𝑛𝑠𝑖 , L)
16: return x

This process is called a v-cycle and is presented in Alg. 2. To solve
our low-resolution system, we recursively call our multigrid solver
(line 9) until the system becomes small enough to solve quickly with
a direct solver (line 11). For this paper, we define “small enough”
as the system having fewer than one hundred (100) degrees of
freedom.

We have intentionally not discussed our choice of prolongation
and restriction matrices, that is, the mappings between multigrid
levels. In order to retain the symmetric positive definiteness of
our system matrices, we require the prolongation matrix to be the
transpose of the restriction matrix, P = R

𝑇 , as shown in lines 7 and
13 of Alg. 2. However, because our method focuses on optimizing
the multigrid smoothers, the prolongation and restriction matrices
can be chosen to fit the simulation. Thus, we instead discuss our
choice of these matrices in Sec. 4 with the rest of the simulation
details.

3.2 Learning the Smoother Matrices

We seek to increase the accuracy of the multigrid solver by optimiz-
ing the Gauss-Seidel smoother matrices at each level. To that end,
we expose the smoother matrices and place them in an array/list
𝐿[·] where 𝐿[𝑑] is the smoother matrix for level 𝑑 of the multigrid
solver (line 1 of both Algs. 1 and 2). This allows us to modify the
values in the smoother matrices and then evaluate the effectiveness
of those modifications in reducing the error of the solver.

We also fix the sparsity pattern of the smoother matrices to be
that of the standard Gauss-Seidel smoother matrix, L. Any non-zero
value in L can be modified by the optimization process, and any zero
value in L will remain zero. Multigrid solvers are most effective on
systems that are large and sparse, and Gauss-Seidel solvers are often
accelerated [29, 61]. By ensuring our sparsity pattern matches that
of the standard Gauss-Seidel smoother, exchanging one matrix for
the other remains a seamless process, regardless of any surrounding
code. This makes our approach completely agnostic to the choice
of the solver, allowing us to simply drop in the optimized smoother
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matrix into the chosen solver. We also avoid adding computation
time to the multigrid solver as a result of additional nonzeros in
the sparse matrices, including time needed to rerun any solver
acceleration algorithms.

During the optimization process, we fix all multigrid and sys-
tem parameters except the smoother matrices. Prior to running
the optimization, the system matrix A, multigrid depth 𝑑𝑚𝑎𝑥 , and
restriction and prolongation matrices R and P are computed and
exported for later use in the optimization process. Furthermore,
to decrease the runtime of the differentiable multigrid solver, we
precompute the A matrices at every level. This eliminates the need
to compute the matrix product RAR𝑇 every iteration.

Our goal is to increase the accuracy of the solution of the multi-
grid solver, so we define our optimization objective based on the
solution error. More specifically, we define the loss as a function of
the smoother matrices:

L(𝐿[·]) = MSE(A−1B,Multigrid(A,B, · · · , 1, 𝐿[·])), (2)

where B ∈ R𝑛×𝑚 and𝑚 is the number of right-hand side vectors
being solved simultaneously. Each column inB represents a training
data sample, which we describe in the next section. The arguments
x0, 𝑅 [·], 𝑛𝑠𝑖 , and 𝑑𝑚𝑎𝑥 for Multigrid(· · · ) are problem dependent.
The recursion variable 𝑑 is initialized to 1. To run the optimization,
we implement a differentiable multigrid solver and look for a set of
smoothers, 𝐿𝑜𝑝𝑡 [·], such that

𝐿𝑜𝑝𝑡 [·] = argmin
𝐿[ · ]
L(𝐿[·]). (3)

We warm start the optimization by initializing our smoother
matrices with the lower triangular matrix used by the standard, un-
optimized Gauss-Seidel smoother. That is, we set L = tril(A) for
each level of our multigrid solver prior to running the optimization.
We also apply a ReLU activation layer to the diagonal elements of
L, adding an 𝜖 to ensure there are no zero values on the diagonal.
Because the systems being solved at the coarse level(s) of the multi-
grid solver are residual systems, the distribution of right-hand sides
for the coarse levels will be somewhat dependent on the results
from the fine level(s). To ensure our optimized smoothers account
for this coupling behavior, we optimize the smoothers at all levels
of the multigrid solver simultaneously.

3.3 Training Data

Becausewe are structuring our optimization task as a self-supervised
learning task, we need to generate data from which to learn. How-
ever, we should not use any right-hand side we want. Because PDEs
typically model physical phenomena, the right-hand side vectors
have a specific formulation, one that is based on the behavior being
approximated. Thus, we will get the best results by training on
right-hand side vectors that maintain that structure.

3.3.1 Heat Equation. Our first example application for this paper
is the heat equation. For this application, the linear system takes
the form (

M + 𝛼ℎG𝑇
WG

)
u
(𝑘+1) = M

(
u
(𝑘 ) + ℎf(𝑘+1)

)
, (4)

where M ∈ R𝑛×𝑛 and W ∈ R𝑛′×𝑛′ are the mass matrix and the
area matrix of the mesh, respectively (and 𝑛 and 𝑛′ are the number
of vertices and faces in the mesh, respectively), G ∈ R𝑛′×𝑛 is the

gradient matrix of the mesh, u ∈ R𝑛 is the temperature vector,
f ∈ R𝑛 is the amount of heat per unit time added by external heat
sources, ℎ is the time step used in the simulation, 𝛼 is the thermal
diffusivity of the material being modeled, and 𝑘 denotes the current
step in the simulation.

M is determined by the mesh being used in the simulation and
will not change during the course of any simulation run on that
mesh. Thus, to generate right-hand sides with the same formulation
as the right-hand sides generated by the simulation, we generate
vectors of the form u

(𝑘 ) + ℎf(𝑘+1) and multiply byM.
To avoid overfitting to a particular type of heat simulation, we

generate u
(𝑘 ) randomly. Similarly, to avoid overfitting to a par-

ticular type of source function, we generate f(𝑘+1) randomly. We
note that since both u

(𝑘 ) and ℎf(𝑘+1) are vectors of random heat
values, their sum will also be a vector of random heat values. Thus,
it suffices to simply generate one set of random heat vectors, u(𝑘 ) ,
and compute the right-hand side asMu

(𝑘 ) . Any potential source
functions will be accounted for in the randomness of the generated
heat vector, and we maintain the structure defined by the physical
system by multiplying the random temperature vector byM.

3.3.2 Linear Elasticity. For our second example application, we test
our method on statics systems with linear elasticity. These systems
take the form

Kx = f, (5)

where K ∈ R3𝑛×3𝑛 is the stiffness matrix, x ∈ R3𝑛 is the displace-
ment vector, and f ∈ R3𝑛 is the external force vector. For this
system, the right-hand side consists of only one variable, f. So, we
simply generate random force vectors as our right-hand sides for
optimizing on a statics system.

3.3.3 On-the-Fly Data Generation. While our system matrices and
smoother matrices are sparse, our right-hand side vectors are not.
As the meshes we use get larger, the amount of memory required
to store an adequate number of right-hand side vectors for opti-
mization quickly becomes intractable. So, we generate our data on
the fly.

During each optimization iteration, we generate a set of right-
hand side vectors according to the methods outlined above. Then,
we compute the ground truth solution using a direct solver. We also
pass the set of right-hand side vectors through our differentiable
multigrid solver and compute the loss according to Eq. (2). After
the iteration is complete, the data is discarded and a new set of
random vectors is generated during each subsequent iteration.

3.3.4 Data Normalization. Depending on the units used and the
physical constants, the values in A and b can be too small or too
big for the optimization process to be effective. Therefore, we scale
both quantities by the inverse of the largest eigenvalue of A, which
can be computed efficiently for sparse matrices [52]. By scaling
A so that its largest eigenvalue is 1, we ensure that the spectral
radius is controlled, preventing the error from exploding during
iterations.

4 RESULTS

To test our method, we implement a differentiable multigrid solver
in PyTorch [45]. The built-in autograd functions compute most of
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Table 1: Mesh/multigrid specifics and wall clock training

time for the heat equation.

Mesh Vertices Depth Train Time (hr)

Sphere 2,562 4 0.854
Fish 10,786 5 0.441
Hammer 30,082 6 0.737
Scorpion 49,997 6 0.656
Cow 399,999 7 2.928
Nefertiti 1,009,118 8 7.323

the gradients along with [3] for a sparse, differentiable triangular
solver. We additionally use cholespy [42] for the ground truth direct
solver. We then optimize the smoother matrices using the methods
outlined above. All tasks used the Adam optimizer [28] for 100,000
iterations. The heat equation optimization used a learning rate of
1e-4, and the optimization for linear elasticity used a learning rate
of 1e-3 (both determined empirically). Additionally, all optimization
tasks were run on an NVIDIA GeForce RTX 4090 GPU. All analysis
of the optimized smoother matrices was done in MATLAB.

We choose our course level vertices according to the methods
outlined in Xian et al. [64]. For our prolongation and restriction
method, we use a piecewise constant formulation. We set both the
number of v-cycles and smoother iterations to one (1) and train the
model on a variety of meshes with sizes ranging from 2500 to one
million vertices.

4.1 Heat Equation

We first evaluate our method using the heat equation. The sizes of
each mesh used, the number of multigrid levels optimized for each
mesh, and the corresponding wall clock training time are presented
in Table 1. We note that even for our largest mesh with one million
vertices, our method only takes a few hours to run.

4.1.1 Single Solve Improvement. To evaluate our optimized multi-
grid smoothers, we start by checking their performance on a single
linear solve. We compute the error present in both the unoptimized
multigrid solution and our optimized multigrid solution relative to
the ground truth solution using the relative norm:

𝑒 =
| |u𝑚𝑔 − u𝑔𝑡 | |
| |u𝑔𝑡 | |

, (6)

where u𝑚𝑔 is the solution from one of the multigrid solvers, either
unoptimized or optimized, and u𝑔𝑡 is the ground truth solution.
We compute this metric on two data sets: a set of 𝑛 random right-
hand side vectors generated in the exact same way as our training
data, and a set of 𝑛 one-hot right-hand side vectors (both capped
at 100,000 right-hand sides to prevent the analysis wall clock time
from becoming intractable). The one-hot vectors are also generated
using the same approach as the training data generation, only we
replace the random vector with a one-hot vector (every value in
the vector is the same except one, which is significantly higher
than the other values). These tests check the ability of the solver to
compute impulse-response like solutions. It is worth noting that
both multigrid solvers have the exact same parameters, with only
the smoother matrices being different.

Table 2: Average relative error compared to direct solve for a

single multigrid solve using the unoptimized smoother ma-

trix and our optimized smoother matrix for the heat equa-

tion.

Mesh Random One-Hot Total

Unopt. Opt. Unopt. Opt. Factor

Sphere 5.66e−2 1.16e−2 5.30e−2 2.81e−3 7.6
Fish 6.36e−2 8.92e−3 5.73e−2 1.40e−3 11.7
Hammer 5.29e−2 9.36e−3 4.09e−2 1.77e−3 8.4
Scorpion 5.83e−2 1.20e−2 4.53e−2 3.90e−3 6.5
Cow 4.13e−2 6.96e−3 3.15e−2 2.85e−3 7.4
Nefertiti 7.32e−3 2.58e−3 7.76e−3 6.22e−4 4.7

We average the relative errors for each set on each mesh and
compute the overall accuracy improvement factors. The results are
presented in Table 2. We observe that for every mesh we tested, us-
ing our optimized multigrid smoothers produced results that were
4.7 to 11.7 times more accurate than using the unoptimized multi-
grid smoothers. The performance of multigrid solvers is known to
be highly problem dependent, so it follows that the effectiveness
of optimizing multigrid smoothers would also be highly problem
dependent.

It is also interesting to note that our method sees higher lev-
els of accuracy improvement on the one-hot data set than on the
random data set. The random data set contains both high- and low-
frequency error, but the one-hot set contains mostly low-frequency
error. This implies that our method is learning how to deal with
areas of low-frequency error, something that stationary iterative
solvers usually struggle with.

4.1.2 Simulation Results. We further test our method by using our
optimized multigrid solver in a heat simulation framework. We
first generate a ground truth simulation by running the simulation
with a direct solver. We then run the same simulation with both the
unoptimized multigrid solver and our optimized multigrid solver.
We compute the error at each time step of the multigrid simulations
relative to the same time step of the ground truth simulation (Eq. (6)).
The plots of this error over time for the homogeneous heat equation
(f = 0) are presented in Fig. 1.

We observe that for each of the meshes, our optimized multigrid
solver (denoted in each plot by the bolded blue line) accumulates
significantly less error over the course of the simulation than the
unoptimized multigrid solver with the same multigrid parameters
(denoted in each plot by the dashed blue line), sometimes by several
orders of magnitude. Not only that, the slope of the error accumula-
tion for our method is lower as well, especially in the second half of
the simulation where the error is largely low frequency (see Cow,
for example). This means that in the same amount of computation
time our optimized multigrid solver will not only produce a more
accurate simulation, but it will also better handle simulations where
there are periods of time with little change.

We also compare our optimized multigrid solver to the unop-
timized multigrid solver run with additional smoother iterations
(denoted in each plot by the not blue dashed lines). In all cases,



Conference acronym ’XX, June 03–05, 2026, Woodstock, NY Witemeyer et al.

0 0.5 1 1.5 2
Time	(s)

10-2

100
101

103
104

R
el
at
iv
e	
Er
ro
r

Unopt	(1)
Unopt	(2)
Unopt	(3)
Unopt	(4)
Unopt	(5)
Opt	(1)

(a) Sphere

0 0.5 1 1.5 2
Time	(s)

10-1

100

101

102

R
el
at
iv
e	
Er
ro
r

(b) Fish

0 0.5 1 1.5 2
Time	(s)

10-1

100

101

102

103

R
el
at
iv
e	
Er
ro
r

(c) Hammer

0 0.5 1 1.5 2
Time	(s)

10-1
100

101
102
103

R
el
at
iv
e	
Er
ro
r

(d) Scorpion

0 0.5 1 1.5 2
Time	(s)

10-1

100

101

102

R
el
at
iv
e	
Er
ro
r

(e) Cow

0 0.5 1 1.5 2
Time	(s)

10-4

10-3

10-2

10-1

R
el
at
iv
e	
Er
ro
r

(f) Nefertiti

Figure 1: Homogeneous simulation results for each of our test meshes comparing our optimized multigrid solver to the

unoptimized multigrid solver run with various smoother iteration counts. In the legend, ‘Unopt’ is unoptimized, and ‘Opt’ is

optimized; the number in parenthesis is the number of smoother iterations.
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Figure 2: Non-homogeneous simulation results for each of our test meshes comparing our optimized multigrid solver to the

unoptimized multigrid solver run with various smoother iteration counts. In the legend, ‘Unopt’ is unoptimized, and ‘Opt’ is

optimized; the number in parenthesis is the number of smoother iterations.
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Figure 3: Homogeneous simulation results for Scorpion

trained with 𝛼 = 0.4 (tin) and 𝛼 = 10.6 (diamond). In the

legend, ‘Unopt’ is unoptimized, and ‘Opt’ is optimized; the

number in parenthesis is the number of smoother iterations.

our optimized multigrid solver run with no additional smoother
iterations outperforms the unoptimized multigrid solver run with
one additional smoother iteration. In several cases (see Hammer,
for example), our optimized multigrid solver outperformes the un-
optimized multigrid solver run with several additional smoother
iterations. This means that our solver will achieve the same level
of accuracy faster than the unoptimized multigrid solver.

In Fig. 2, we use our optimized multigrid solver on non-homoge-
neous systems (f ≠ 0). In these simulations, we pick a single vertex
and add heat to that vertex for three (3) seconds followed by re-
moving heat from that vertex for three (3) seconds. We observe
similar results to the homogeneous heat simulations in that our
optimized multigrid solver consistently results in lower error accu-
mulation than the unoptimized multigrid solver run with the same
parameters and often accumulates less error than the unoptimized
multigrid solver run with additional smoother iterations as well.

4.1.3 Varying Physical Parameters. All of the simulations men-
tioned above were run with the same set of physical parameters.
Specifically, they were run with the thermal diffusivity constant
corresponding to aluminum (𝛼 = 0.97). To demonstrate that our
method works with a variety of thermal diffusivity constants, we
also optimize multigrid smoothers for Scorpion with 𝛼 = 0.4 and
𝛼 = 10.6 (corresponding to tin and diamond, respectively). The
resulting error plots for these simulations are presented in Fig. 3.
Just as with the aluminum simulation, our optimized multigrid
solver accumulates less error over time than both the unoptimized
multigrid solver run for the same number of smoother iterations
and the unoptimized multigrid solver run for several additional
smoother iterations.

4.1.4 V-cycle Generalization. While the main goal of our method
is to reduce the error as much as possible for a predetermined set
of multigrid parameters, sometime that improved accuracy still
isn’t enough to keep the accumulated error in a simulation from
exploding (see, for example, Scorpion and Nefertiti in Fig. 2). For
a standard multigrid solver, the accuracy of the solver can be easily
improved by adding additional v-cycles to the solver. Yet, up to this
point, we have only evaluated our optimized multigrid solver using
the same number of v-cycles that the optimization was run with. In
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Figure 4: Homogeneous simulation results for Scorpion run

with varying numbers of v-cycles. In the legend, ‘Unopt’ is

unoptimized, and ‘Opt’ is optimized; the number in paren-

thesis is the number of v-cycles.

Table 3: Mesh and multigrid specifics for various meshes as

well as wall clock training time for linear elasticity.

Mesh Vertices Depth Train Time (hr)

Sphere 4,320 4 0.530
Fish 41,490 6 1.403

this section, we evaluate how well our optimized multigrid solver
performs when adjusting the number of v-cycles.

Fig. 4 shows the error plots for Scorpion with both the unopti-
mized and optimized multigrid solvers run for one, two, and three
v-cycles. We note that our optimized multigrid solver was optimized
for only one (1) v-cycle. We first observe that the error for our opti-
mized multgrid solver remains reasonable and decreases with the
addition of additional v-cycles. This means that if the simulation
needs to be run with a higher accuracy to prevent the accumu-
lated error from exploding, our method can achieve this without
requiring the smoother matrices to be reoptimized by simply adding
additional v-cycles.

Additionally, we note that when comparing the results for the
unoptimized and optimized multigrid solvers run for the same
number of v-cycles, the simulation using our optimized multigrid
solver has the higher accuracy. Finally, for this simulation, the error
present in running our optimized multigrid solver with one v-cycle
is roughly equal to the error present in running the unoptimized
multigrid solver with two v-cycles. Thus, for the same level of
accuracy, using our optimized multigrid solver would result in a
simulation that was twice as fast.

4.2 Linear Elasticity

Finally, we apply our method to a statics system with linear elas-
ticity. We test two meshes, Sphere and Fish, both of which were
tetrahedralized for running a volumetric statics simulation. We use
a piecewise constant mapping for these meshes as well, and the
mesh and multigrid stats along with the wall clock training time
are listed in Table 3. We pin a handful of vertices on each mesh to
ensure the system matrix is well-posed, then run the optimization.

4.2.1 Single Solve Improvement. Just like with the heat equation,
we start by analyzing our optimized smoother by looking at the
error reduction of a single solve. We again calculate the relative
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Table 4: Average relative error for various meshes compared

to direct solve for a single multigrid solve using the unopti-

mized smoother matrix and our optimized smoother matrix.

Mesh Random One-Hot Total

Unopt. Opt. Unopt. Opt. Factor

Sphere 9.94e−1 3.70e−2 9.92e−1 1.06e−2 41.7
Fish 9.998e−1 8.42e−2 9.997e−1 8.19e−2 12.0

error according to Eq. (6) and average the result over a set of random
right-hand sides and a set of one-hot right hand sides. The results
are presented in Table 4.

Our method is still able to generate solution vectors that are
multiple times more accurate than the unoptimized multigrid solver.
We also note that this system had significant error present before
optimization, yet our method was still able to produce smoothers
that resulted in solutions within a reasonable accuracy for a real
time iterative solver.

4.2.2 Simulation Results. We also test our optimized statics smoo-
thers by using them in a simulation. Because we are running a
statics simulation, there is only one simulation step, but we can see
from the resulting plots, shown in Fig. 5, that our method produces
results that are much more accurate to the ground truth than the
unoptimized smoothers.

5 CONCLUSIONS

We present a method for optimizing Gauss-Seidel multigrid smoo-
thers for real-time applications that can be easily dropped into an
existing multigrid solver. We optimize the entries in the smoother
matrices directly, meaning our method must be applied to physics
systems for which the system is constant and linear. We test our
method using the heat equation and statics with linear elasticity.
For the heat equation, we observe up to an 11.7x improvement in
accuracy for a single linear solve and reduced error accumulation
over time when using our optimized solver in a simulation. For
statics with linear elasticity, we observe up to a 41.7x improvement
in accuracy for a single linear solve and simulation results that are
much more accurate to the ground truth solution than when using
the unoptimized solver.

For this paper, we chose a Gauss-Seidel smoother as our base
smoother. However, our method is not restricted to a particular
smoother. To use a different base smoother, one need only set up the
new base smoother’s iteration matrix as the optimization variable
and run the rest of the optimization process exactly as described.
As a proof of concept, we also optimized a block Jacobi smoother
with a block size of three (3) for the heat equation on the Scorpion
mesh and observed a 10.7x improvement in the accuracy of the
multigrid solver.

5.1 Limitations and Future Work

One limitation of our method is that it is specific to the mesh, the
boundary conditions, and the system being solved. Change any of
those items, and the optimization must be run again. It is possible
that deep learning techniques could address these limitations, and

we leave that as future work. We also observed that the time re-
quired to optimize our solver can be greatly impacted by a mesh’s
quality and connectivity pattern.

Additionally, we discovered that our optimized smoother matri-
ces do not perform well when used for a different (larger or smaller)
number of smoother iterations than they were trained for. This is
unfortunate because standard multigrid methods are able to use
both additional v-cycles and additional smoother iterations to fur-
ther reduce the error of the solution. Determining why our method
does not and how to modify it so it does is an important area of
future work.

Finally, this method is limited to applications with a constant,
linear system matrix, and many common physical systems in com-
puter graphics and animation are not constant and nonlinear. So,
another important area of future work is to investigate how to
expand our method to dynamic, nonlinear physical systems.
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