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Abstract

It is well known that the performanceof a stochastidocal

searchproceduredependaiponthe settingof its noisepa-

rameter andthat the optimal settingvarieswith the prob-

lem distribution. It is thereforedesirableto developgeneral
priniciplesfor tuning the procedures.We presenttwo sta-
tistical measure®f the local searchprocesghatallow one
to quickly find the optimal noisesettings. Theseproperties
areindependenof thefine detailsof the local searchstrate-
gies,andappeato berelatively independentf the structure
of the problemdomains.We appliedtheseprinciplesto the

problemof evaluatingnew searchtheuristicsanddiscovered
two promisingnew strateies.

Intr oduction

Theperformancef astochastidocal searctprocedurerit-
ically dependsuponthe settingof the “noise” parameter
that determineghe likelihood of escapingrom local min-
ima by makingnon-optimalmoves. In simulatedannealing
(Kirkpatrick et al. 1983, Dowsland1993)this is the tem-
perature;in tabu search(Glover 1986, Glover andLaguna
1993),the tenure(the length of time for which a modified
variableis taku); in GSAT (Selmaretal. 1992),therandom
walk parameterandin WSAT (alsocalled“walksat”, Sel-
manetal. 1994),the parameters simply callednoise.The
optimalnoiseparametesettingdepend$othuponcharac-
teristicsof the probleminstancesandon the fine-grained
detailsof the searchprocedurewhich may be influenced
by otherparameterslit requiresconsiderableffort to find
the optimal noise parametersetting for a given problem
distribution usingtrial-and-error Furthermoresometimes
oneis facedwith a unique,difficult problemto solve, and
thereforecannotunethenoiseby solvingsimilar problems.
Thusit wouldbeextremelydesirabldo find awayto setthe
noiseparametethatdoesnotvarywith theparticularsearch
algorithmor the particularprobleminstance.

This paperpresentempirical evidencethat suchuseful
invariantg(i.e., propertieghatholdacrosstratgiesanddo-
mains)doindeedexist. Wefirst studiedsix variationsof the

basicWSAT architectureon a classof hardrandomprob-
lem instances.Basedon this studywe uncoveredtwo in-
variants.First, for a given problemclass, the “noise level”
measuredyy the objectivefunction value (the numberof
unsatisfiedclauses)t the optimal parameteisettingswas
approximatelyconstantacrosssolutionstrateies. We call
this the“noiselevel invariant”. We alsodiscoreredaneven
moregeneraprinciplewhichshavsthattheoptimalparam-
etersettingis onethatapproximatelyminimizestheratio of
theobjective function's meanto its variance We will showv
how this“optimality invariant”canbeusedto tunethenoise
parametefor a uniqueprobleminstancewithouthaving to
first solve thatinstanceor a similiar one. As we will see,
the optimal value of the noiseparametefor a given strat-
egy canbe quickly and accuratelyestimatedoy analyzing
thestatisticapropertieof severalshortrunsof thestratey.

In orderto verify that theseinvariantsare not simply
dueto specialpropertief randominstancesywe thencon-
firmedour findingson highly structurednstancegrom the
domainsof planningandgraphcoloring.

The resultspresentedn this paperprovide immediate
practical guidelinesfor parametertuning for WSAT and
its variants. We further hypothesizehat the sameinvari-
antshold acrossother classesf local searchprocedures,
becausehe variantsof WSAT we consideredverein fact
basedon someof theseother procedures:for example,a
taku version,a GSAT-like version,andso on. Confirming
this hypothesiswill requirefuture work. Our resultsalso
suggesthat the invariantswe obsered may hold in gen-
eral,becaus¢hedomainswve consideredveresodistinctin
otheraspectsAlong with the presentatiof the empirical
resultswe will alsodiscussntuitive explanationsasto why
theseinvariantsmay hold. The currentstateof the theory
of local searcldoesnotallow oneto analyticallyderive the
existenceof theseinvariants,andwe presentthe develop-
mentof sucha predictve framavork asa challengeto the
theorycommunity

Anotherpracticalconsequencef our work is thatit can
beusedto helpdesignnew local searctheuristics It canbe
very time-consumingo empirically evaluatea suggested



heuristic. Becausdocal heuristicsare so sensitve to the
setiing of their noise parameterone can only rule out a
heuristicif it is testedat its optimal setting. When test-
ing dozensor hundredsof heuristics,however, it is com-
putationally prohibitive to exhaustvely testall parameter
settings. In our own searchfor betterheuristics,however,
the parametesettingsdeterminedy the invariantsconsis-
tently yieldedthe bestperformancdor eachstratgy. This
allowed usto quickly identify two new heuristicsthat out-
performedall the othervariationsof WSAT on our testin-
stances.

Therehave beenof coursepreviouscomparatie studies
of the performanceof differentlocal searchalgorithmsfor
SAT. For example, Gentand Walsh (1993) comparedhe
performanceof an“alphabetsoup” of variationsof GSAT,
concludingthat one called “HSAT” could solve random
problemsmost quickly. Our aim hereis different: we
are lessinterestedin finding the bestalgorithm for ran-
dominstanceghanin finding generabprinciplesthatreveal
whetheror not differentalgorithmsare in fact searching
the samespacen approximatelythe samemanner Parkes
andWalser(1996)studiedamodifiedversionof WSAT, us-
ing GSAT's minimizationfunctionatthe “p =50%" noise
level. They concludedhe original WSAT wassuperiorto
the modifiedversion.As we shallsee however, the param-
eterp hasdifferentoptimal valuesfor differentstrateies,
andin particularis not optimal at 50% for the modified
WSAT. Recentwork by Battiti andProtasi(1996)is similar
in spirit to the presenstudy in thatthey developageneral
feedbackschemefor tuning the noise parametersf local
searchSAT algorithms. Their calculationis basedon the
“meanHammingdistance”the algorithmtravelsin thetail
of the search. By contrast,we believe that the statistical
measuresve employed(describedelon) moreaccurately
and clearly revealsthe optimal noisesettingsfor a variety
of algorithms.

Local Seaich Proceduresfor BooleanSatisfiability

We consideralgorithmsfor solving Booleansatisfiability
problemsin conjunctve-normafform (CNF). A formulais
a conjuctionof clauses;a clauseis a disjuction of liter-
als; anda literal is a propositionalvariableor its negation.
In 3SAT, eachclausecontainsexactly threedistinct liter-
als. Clausesn a “random 3SAT” formula are generated
by choosinghreedistinctliteralsuniformly atrandomand
thennegatingeachor not with equalprobability. Mitchell
etal. (1992)shavedthatrandom3SAT problemsarecom-
putationallyhardwhenthe ratio of clausego variablesin
suchformulais approximately.3.

A local searchprocedurenovesin asearctspacewhere
eachpointis atruthassignmento thegivenvariables A so-
lution is anassignmenin which eachclauseof theformula
evaluategotrue. TheWSAT procedurédeaginsby consider

ing arandomtruth assignmentlt searchesor asolutionby

repeatedlyselectinga violated clauseat random,andthen

employingsomeheuristicto selecta variablein thatclause
to “flip” (changdrom trueto falseor vice-versa).

Theobjective functionthatlocal searcHor SAT attempts
to minimize is the total number of unsatisfiedclauses.
The characteristicof a searchstratgy that causesit to
makemovesthat are non-optimal— in the sensehat the
moves increaseor fail to decreasehe objective function,
even when suchimproving moves are availablein the lo-
cal neighborhoodof the currentstate— is called noise.
As notedearlier noiseallows a local searchprocedurego
escapdrom local optima. Eachheuristicdescribedelov
takesa parametethat canvary the amountof noisein the
search.As we will seethevaluesassumedy this param-
eter are not directly comparableacrossstratgjies: eg., a
valueof 0.4for onestratgy mayyield a searchwith more
frequentnon-improving moves thanthe searchperformed
by a differentstratgyy with the sameparametewalue. In
fact, the noiselevel invariantwe will describdatercanbe
simplyviewedasanormalizedvay of measuringoisethat
is comparablacrossstratgies.

We consideredix heuristicdor selectingavariablefrom
within a clause.Thefirst four arevariationsof known pro-
cedureswhile the lasttwo were createdduring this study
andaredescribederefor thefirsttime. They are:

G: With probability p pick ary variable,otherwisepick a
variablethat minimizesthe total numberof unsatisfied
clausesThevaluep is thenoiseparametemwwhichranges
fromOto 1.

B: With probability p pick ary variable,otherwisepick a
variablethat minimizesthe numberof clausesthat are
true in the currentstate,but that would becomefalseif
theflip weremade.In the original descriptionof WSAT,
thiswascalled“minimizing breaks”.Againp is thenoise
parameter

SKC: Like theprevious,but never makearandommaove if
onewith a break-walueof 0 exists. Note thatwhenthe
break-walueis 0, thenthemove is guaranteedb alsoim-
prove the objective function. This is the original WSAT
stratgy proposedy SelmanKautz,andCohen(1994).

TABU: The stratgy is to pick a variablethat minimizes
thenumberof unsatisfiedlausesAt eachstep,however,
refusetoflip ary variablethathadbeenflippedwithin the
pastt steps;if all thevariablesin the choserunsatisfied
clausearetalu, choosea differentunsatclauseinstead.
If all variabledn all unsatisfiedlausesaretatu, thenthe
taku list is ignored. The taku list lengtht is the noise
parameter

NOVELTY: This stratgy sortsthe variablesby the total
numberof unsatisfiedclausesas doesG, but breaking



tiesin favor of the leastrecentlyflipped variable. Con-
siderthe bestandsecond-bestariableunderthis sort. If

thebestvariableis not themostrecentlyflippedvariable
in theclausethenselectit. Otherwisewith probabilityp
selecthesecond-bestariable andwith probability1 —p

selectthe bestvariable.

R_NOVELTY: Thisis the sameasNOVELTY, exceptin
the casewhere the best variable is the most recently
flipped one. In this case,let n be the differencein the
objectivefunctionbetweernhebestandsecond-bestari-
able.(Notethatn > 1.) Therearethenfour cases:

1. Whenp < 0.5 andn > 1, pick thebest.

2. Whenp < 0.5 andn = 1, thenwith probability 2p
pick thesecond-besttherwisepick thebest.

3. Whenp > 0.5 andn = 1, pick thesecondest.

4. Whenp > 0.5 andn > 1, thenwith probability2(p —
0.5) pick thesecond-besttherwisepick the best.

The intuition behind NOVELTY is that one wantsto
avoid repeatediflipping the samevariablebackandforth.
The intuition behind R.NOVELTY is that the objective
function shouldinfluencethe choicebetweerthe bestand
second-bestariable— a large differencein the objective
functionfavorsthe best. NotethatR NOVELTY is nearly
deterministic. To breakdeterministicloopsin the search,
every 100flips the stratgy selectsarandomvariablefrom
the clause Althoughfew flips involve non-determinismas
we shallseethe performancef R.NOVELTY is still quite
sensitie to the settingof the parametep.

The Noiselevel Invariant
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Figurel: Sensitvity to noise.

As we have discussedpoisein local searchcan be con-
trolled by aparametespecifyingtheprobabilityof alocally

non-optimalmove, asin stratgies G, B, and SKC, NOV-
ELTY, and R_.NOVELTY. Talu proceduresnsteadtake a
parametespecifyingthe length of the tatu list. Searches
with shorttalu lists are more susceptibldo local minima
(i.e. arelessnoisy)thansearchesvith long taku lists.

In Figure 1 we shaw the resultsof a seriesof runs of
the different stratgies as a function of the settingof the
noiseparameteron a collectionof 400 variablehardran-
dom 3SAT instances.The horizontalaccesds the proba-
bility of arandommove. Thetalu lengthrangedirom O to
20, andwasnormalizedin the graphto the rangeof 0 to
100. Thevertical axis specifieghe percentagef instances
solved. Eachdatapoint representd6,000runswith a dif-
ferentformula eachrun, wherethe maximumnumberof
flips perrunis fixedat 10,000.

We have plottedthe valueof the noiseparameterversus
thefractionof theinstanceshatweresolved. For example,
R_NOVELTY solvedalmost16% of the probleminstances
whenp wassetto 60%. Consideringthe fraction solved
with a fixed numberof flips allows us to gatheraccurate
statisticson the effectivenessof eachstrateyy. If instead
we tried to solve every instance we would facethe prob-
lem of dealingwith the high variationin the run-time of
stochastigrocedures— for example,afew runscouldre-
quiremillions of flips, simply by chance— andtheproblem
of dealingwith runsthatnever converged.

Asisclearfromthefigure,theperformancef eachstrat-
egy variesgreatlydependingn the settingof the noisepa-
rameter For example, running R.NOVELTY at a noise
level of 40% insteadof 60% degradesits performanceby
morethan50%. Furthermorethe optimal performancep-
pearsat differentparametesettingsfor eachstratgy. This
immediatelysuggestghatin comparingstratgiesonehas
to carefully optimize the parameteisettingfor each,and
that even minor changedo a stratgy requirethat the pa-
rameterdeappropriatelye-adjusted.

Giventhe precedingobsenation, the questionarises:is
therea bettercharacterizatiorof the noiselevel, which is
lesssensitve to the detailsof individual stratgies?We ex-
amineda numberof differentmeasure®f the behaior of
the local searchstratgies. Let us definethe normalized
noiselevel of a searchprocedureon a given problemin-
stanceasthe the meanvalue of the objectivefunctiondur-
ing a run on thatinstance. Thenwe canobsenre that the
optimal normalizednoiselevel is approximatelyconstant
acrossstratgies. This is illustratedin Figure2. In other
words, when the noise parametelis optimally tuned for
eachstratgy, thenthe meannumberof unsatisfiectlauses
duringarunis approximatelythe sameacrossstratgies.

We call this phenomen#he noiselevel invariant. It pro-
vides a usefultool for designingand tuning local search
methods: Once we have determinedthe meanviolation
countgiving the optimal performancdor a single stratgy
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Figure2: Stratgy invarianceof normalizednoiselevel on
randomformulas.

over a given distribution of problems,we can then sim-
ply tuneotherstratgjiesto run at the samemeanviolation
count,in the knowledgethat this will give us closeto the
optimal performance.

After hypothesizinghe existenceof this invariantbased
onour studyof randomformulas we wishedto seewhether
it alsoheldfor classe®f real-world,structuredsatisfiability
problems Figures3 and4 presentonfirmingevidence.

Figure 3 is basedon solving a satisfiablity problem
that encodesa blocks-world planning problem (instance
“bw_large.a”, from (Kautz and Selman1996)). The orig-
inal problemis to find a 6-stepplanthatsolvesa planning
probleminvolving 9 blocks,whereeachstepmovesablock
(i.e,, apickupfollowedby a putdonn). After the problem
is encodedandthensimplified by unit propagationit con-
tains459variablesand4675clauses.Eachstochastigro-
cedurewasrun 16,000times,with a differentrandomseed
for eachrun, at eachdatapoint. (Note that this is unlike
the casewith the randomformulas,wherea differentfor-
mulawasgeneratedor eachtry. Of coursetheentirepoint
of this exercisewasto testour hypothesison a real struc-
tured problem,not on a collection of randomly-generated
instanced. We wantedto makesurethat the obsered in-
variantwasnot simply dueto somestatisticalpropertyof
randomformulas.)

Figure4 shavsthenoiselevel invariantona SAT encod-
ing of agraphcoloring problem. Theinstances basedn
an 18 coloring of a 125-nodegraph(Johnsoret al. 1991).
This formula contains2,250variablesand 70,163clauses.
Becausehis formulais so large, we could not performas
mary runs for eachdatapoint asin the previous experi-
ments. Eachpoint is basedon just 1,000 samples. The
explainsthe somevhatirregularnatureof thecurves.

Thenoiselevel invariantdoesnotimply thatall stratgies
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Figure3: Stratgy invarianceof normalizednoiselevel on
aplanningformula.

areequialentin termsof their optimal performancdevel.
We have informally experimentedwith a large numberof
heuristicsfor selectinghevariableto changan the WSAT
programfor solving Booleansatisfiability problems. The
noiselevel invariantallowed us to quickly evaluatemore
than50variationsof WSAT, while beingconfidenthateach
wastestedatits optimalnoiselevel. Thisledto thedevelop-
mentof theNOVELTY andR_NOVELTY stratgies,which
consistentlyutperformheothervariantspy roughlyafac-
tor of two.

The Optimality Invariant

The noiselevel invariantgivesus somehandleon dealing
with the noisesensitvity of local searchproceduresin or-
derto useit, however, oneneedgo be ableto gatherstatis-
ticsonthesuccessateof atleastonestratgy acrossasam-
ple of agivenproblemdistribution. In practicewe areoften
facedwith the needto solve a particularnovel problemin-
stance.Furthermorethis instancecanbe extremely hard,
and solving it even once may requirea large amountof
computationeven at the (yet unknavn) optimal noiseset-
ting. Whatis desirablethereforejs a way of quickly pre-
dicting the settingof the noiseparametefor a singleprob-
leminstancewithout actuallyhaving to solweit.

Fortunately our empirical study of noisesensitvity has
yieldeda preliminaryprinciplefor settingnoiseparameters
basedon statistical propertiesof the search.More specif-
ically, we makemary shortrunsof the searchprocedure.
We recordthe final valueof the objective functionfor each
run andthe varianceof the valuesover thatrun. We then
taketheaverageof thesevaluesover theruns.

At low noiselevels(runningtoo “cold”), themeanvalue
of the objective function is small — i.e., we are reach-
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agraphcoloringformula.

ing stateswith low numbersof unsatisfiecclauses.How-
ever, thevarianceis alsovery small; so small,in fact, that
the algorithmseldomreachesa statewith zerounsatisfied
clausesWhenthis occursthe algorithmis stuckin a deep
local minima. Onthe otherhand,at high noiselevels (run-
ning too “hot”), thevarianceis large, but the averagenum-
ber of unsatisfiedclausess even larger. Onceagain,the
algorithmis unlikely to reacha statewith zerounsatisfied
clauses.

Therefore,we needto find the properbalancebetween
the meanandvariance.Our experimentsshaw thatthe ra-
tio of themeanto thevarianceprovidesa usefulbalanceln

fact, optimal performanceés obtainedvhenthe noisevalue

is slightly above thatat which the ratio is minimized. We

call this obsenationthe optimality invariant. Furthermore,
this invariantholdsfor all the variationsof WSAT we con-

sidered.

To illustrate the principle, In Figure 5 we presentthe
fraction of problemssolved as a function of the meanto
varianceratio on a collectionof hardrandomproblemin-
stances. For eachstrat@y the data points form a loop.
Traversingthe loop in a clockwisedirection startingfrom
the lower right handcornercorrespondgo increasingthe
noiselevel from O to its maximumvalue. As we see,at
somepoint during this traversalone reachesa minimum
value of the meanto varianceratio. For example, the
R_NOVELTY stratgy (the highestcurve) hasa minimum
meanto varianceratio of around2.5. At thatpointit solves
about11%of theinstancesByY raisingthe noisesomeavhat
further, andthusincreasingagainthe meanto variancera-
tio, wereachthe peakperformancef 15%ataratio of 2.8.
We obserethe samepatternfor all stratejies.In our exper
imentswe foundthe optimalperformancevhentheratio is
about10%higherthanits minimumvalue.

Figures6 and 7 againconfirm this obsenation on the
planningandgraphcoloring instances.Again we seethat
all the curvesreachtheir peakslightly to the right of the
minimal meanto varianceratio.

We shouldstressagainthat measuringhe meanto vari-
anceratio doesnot actuallyrequiresolvingthe problemin-
stance We canmeasur¢heratioateachnoisevalueby sim-
ply doing several shortrunswherewe computethe mean
andthevarianceof theviolationcountduringtherun. Then,
by repeatinghis procedureatdifferentnoiseparameteset-



pl anni ng
T

G +—

*X B —+--

35+ ¥ X SKC -8+ |
! % TABU -x

\ NOVELTY -
% R_NOVELTY -

fraction sol ved
)
>
T

2.5 3 3.5 4 4.
violation count --- mean to variance ratio

Figure6: Tuningnoiseon a planninginstance.

col oring
100 T

RNOVELTY - |

fraction sol ved
2
S
T
”
L

1.5 2 2.5 3 3.5 4 4.5 5 5.5
mean to variance ratio

Figure7: Tuningnoiseon a graph-coloringnstance.

tings we can determinethe settingsnecessaryo obtaina
meanto varianceratiothatis 10%above its minimum. This
givesa noiseparametesettingat which we cantheninvest
a significantamountof computationaéffort in orderto ac-
tually solve theinstance.

Anotherway of solving a uniqueprobleminstances to
startarunatanarbitrarynoiselevel. Then,onecanmeasure
the meanto varianceratio duringthe run, anddynamically
adjustthe noiselevel to obtainoptimal performance.We
arecurrentlyexperimentingwith sucha self-tuningversion
of WSAT.

Conclusions

We presentedwo statisticaimeasuresf theprogresof lo-
cal searchalgorithmsthatallow oneto quickly find optimal
noisesettings First,we shavedthattheoptimalmearnvalue

of the objective function is approximatelyconstantacross
differentlocal searchstratgies. Secondwe shaved that

onecanoptimizethe performanceof a local searchproce-
dureby measuringheratio of the meanto varianceof the

objectivefunctionduringarun. Thesecondneasurallows

oneto find goodnoiselevel settingsfor previously unseen
and unsohed problemclasses. Finally, we appliedthese
principlesto thetaskof evaluatingnew local searctheuris-
tics, andasa resultdiscoreredtwo new heuristicsthatsig-

nificantly outperformedtherversionsof WSAT on all the

testdata.
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