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Abstrect" The obvious neoesssry conditions for the existence of a Kirkman triple
system of order u ccrtaining a Kirkman sub,system of order u, arc u = r, = 3 modulo
6, u ) 3 ur. We show that these conditions arc sufficienl

1. Introduction

A pairwise balanced design (or, PBD) is a pair (X,,4), such that X is a set of
elements (calleA poinrs) and "4 is a set of subses of X (called blocks\, such that
every unordered pair of points is contained in a unique block of "4. If u is a positive
integer and /( is a set of positive integers, then we say ilrat (X,/t) is a (u, K)-
PBD if lxl = u, and lal e K for every A e A. The integer u is called the order
of the PBD.

Using this notation, we can define a Steiner triple system of order u, which we
denote STS(u), to be a (u, {3 })-PBD.It is of course wcll-known Lhat an STS(u)
exists if and only if u : 1 or 3 modulo 5.

Let (X,"4) be a PBD. If a set of points Y g X has the property that, for any
A e A, either ly n.4l _( l or A gY , then we say that Y is a subdesign or Jlat ot
the PBD. The orderof the suMesign is lYl. The subdesign Y is proper tfY / X.
If Y is a suMesign, then we can delete all blocks A C Y and replace ilrem by a
single block, Y, and the result is a PBD. Also, any block or point of a PBD is it^self
a suMesign.

The problem of constructing Steiner fiple systems containing subsystems was
studied by Doyen and Wilson in [2]. The obvious necessary conditions for the
existence of an STS(u) containing an STS(u) as a subsystem are u ) 2w + L,
u: I or3 modulo6,u: I or3 modulo6. In [2],itis shownthatthesenecessary
conditions are suffi cienl

A parallel c/ass in a PBD is a set of blocks that form a partition of the point
sel APBDiS resolvable if theblocksetcanbepartitionedintoparatlelclasses. A
Kirkmantriple system of ordcru, orKTS(u), is delined to be aresolvable STS(u).
In [14], Ray{haudhuri and Wilson showed rhar there exisrs a KTS(u) if and only
if u:3 modulo6.

In this paper, we are interested in KTS(u) which contain KTS(u) as subsys-
tems. We say that a KTS(ur) is a subsystem of a KTS(u) only if the parallel
classes of the KTS( u) are induced by the parallel classes of rhe KTS( u). We shal
describe the subsystem as a sub-KTS( ur) . The obvious nccessary conditions for
the existenceofa KTS(u) containing a sub-KTS(u) is u ) 3 w, v : 1t) : 3 mod-
ulo 6. This problem has been studied in several recent papers, antl the following
results have been proved.
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Theorem 1.1 [15, l2l. For all u := tD : 3 modu]o 6,v ) 4 w - 9, there exists a
^fffq u) containing a sub-KTS(w).

Theorem 1.2 [1]. Forall w -- 3 mdulo 6,u = 3w,3w + 6 or3w + 12, there
exists a KTS\v) containing a sub-KTS\w), except pssibly when ut = 45, 5i,,
6i, or 87 andu = 3w + 12,

Theorem 1.3 [12]. Supposeu -- It) = 3 mdulo6,u ) 3w, andu-u = 12s+6
orl2s + 12 , where s € {0 ,1,2,3,4,5,6,7,20,24,25,28,29,30,31,36,
40, 44, 45, 52, 59, 60, 63, 64, 65) ors ) 68. Then there exists a KTS\u)
containi ng a s ub-KTS\u) .

There are precisely 884 ordered pairs (u, ur), where ! : tD - 3 modulo 6 and
u ) 3 ur, which arc not covered by any of the threc theorems above. These are
listed in the Appendix. In this paper, we eliminate all of ttrese possible excepdons.

2. Constructions for Kirkman triple systems containing subsystems

We need to define several type.s of designs. Fint" we define a useful generalization
of a PBD called a groupdivisible design. A group-divisible design (or, CDD), is
a triple (X,9,"4), which satisfies the following properr.ies:

(l) I is a parrition of X inro subsets called groupsi
(2) A is a set of subsers of X (called bloclcs) such thar a group and a block

contain at most one common point;
(3) every pair of poinls from distinct groups occurs in a unique block.

'I\e group-type (or Upe) of a GDD (X,9,"4) is ttre mulriset {lcl: G e g}.
W.e usually use an "exponential" notation to describe grouptypes: a group-type
Li2i3t . .. denotes r occurrences of 1,.1 occurences oi2, etc. As with pBDs, we
will say that a GDD is a K-GDD if l,4l € K for every A e A. As well, we say
that a GDD is resolvable if the blocks can be partitioned into parallel classes.

Now, we define the idea of a GDD with a hole. Informally, an incomplete GDD,
or IGDD, is a GDD from which a sub-GDD is missing (this is the..hole,,). We
give a formal definition. An IGDD is a quadruple (X, y,g ,A) which sarisfies the
following properties:

(l) X is a set of points, and Y e X;
(2) g is a partition of X into groups;
(3) / is a set of block.r, each of which intersects each group in at most one

point;
(4) no block contains two memben of y;
(5) every pair of points {r, y} from distinct groups, such that at least one of

r, y is in X\Y, occurs in a unique block of ,4.

We say that an IGDD (X,y,g,A) is a K-IGDD if l,4l € K for every block
A e A. Tt,e rype of the IGDD is defined ro bc rhe muldset of ordered pairs
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{( lcl, lG n Yl): G e 9}. As with GDDs, we shall use an exponenrial norarion
to describe types. Note that if Y = 0, then the IGDD is a GDD.

We have alrcady defined PBDs with subdcsigns. If we allow the subdesign to
be missing (i.e., a hole), we have an incomplete PBD, as follows. An incomplete
PBD (orIPBD) is a riple (X,Y,.4), whereX is a setof points, y g X,and,4
is a set of blocks which satisfies the following properties:

(1) for Nry A e A,lA n Yl ( 1;
(2) any trvo points r, y, nol both in Y, occur in a unique btock.

Hence, Y is the hole. Note ttrat (X,Y,A) is an IPBD if and only il (X, l, U

{Ii }) is a PBD. We say that (X, Y,A) is a (u, ui K)-IPBD if lXl = u,lYl = ut,
and f,Al € K forevery A e A.

We also employ a more general type of incompletc PBD. We are interested in
the situation when we have two subdesigns, of given sizes, which intersect in a
third suMesign of a given size. However, as usual, the subdesigns nee<I not be
present, i.e. we altow holes. We will refer to these dcsigns as o-IPBDs, in order
to suggest the structure of the holes. We give a formal delinition. An incomplete
o-PBD is a tuple (X ,Yr ,Yz , A), whero Yr e X ,Yt e X, and,,t is a set of blocks
such that every pair of points {2, y} occurs in a unique block, unless {r,v} C Y
or {r, V} e Yz, in which case the pair occurs in no block. We say that the o-IPBD
isa(u; wr,lu,ziwti K)-o-IPBDif lXl = u,lYrl = ,r ,lYzl= wz,lYflY2l= w3,
andf.Al €KforeveryAeA.

Our main application of o-IPBDs involves using ttrem to fill in ttre groups of
IGDDs. This construction was presented in [17].

Construction 2.1 Filling in groups Let K be a set of positive intcgers, ancl let
boO. Suppose that the following designs exist:

(1) aK-IGDDof rype {(t,,rr), (tz,u2),..., (tn,u,,)}i
(2) a(ti+ D;ur.+ o, b;a:K)-o-IPBD,for I ( r ( n - 1;and
(3) a (to + b; u,, + a) -IPBD.

Then there exists a(t + b,u + o; /()-IPBD, wheret = It; and u = Iri.
In this paper, we also make extensive use of Kirkman fiple systems with holes

of various types. We refer to these u incomplele KTS, or IKTS. If we have a
KTS( u) containing a sub-KTS( u,), we can remove the subsystem, leaving a hole.
We shall denote the resulting incomplete sysrem by ( u, ur) -IKTS. (Of course, if we
have a (u,u)-IKTS, where u : 7D : 3 modulo 6, then we can fill a KTS( ur) ino
the hole, constructing a KTS(u) containing a sub-KTS(ur).) Next, suppose we
have a KTS(u) which conlains sub-KTS(urr) and sub-KTS(urz) which intersect
in a sub-KTS(un). If we remove these subsystems, we obtain an incomplete
system which we denote by ( u; \Dt ,1D2; urE ) -o-IKTS.

We also make extensive use of an object which can be thought of as a resolvable
GDD having a spanning set of holes. A K-frame is a I(-GDD (X,?t,.4), in
which the set of blocks "4 can be partitioned into holey parallel classes, each of
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which is a partition of X/ I{ , for some I{ e T{. The members of }l are called
holes. We refer to a {3 }-frame as a Kirlcmanframc.

As before, the type of a frame (X,'l-(.,"4) is dcfined tn be the multiset {llf l: II e'll\. lt can be shown (sec [15] and t9l) that for each hole H of a {,t}-frame, rhere
welHl/(e - l) holey parallel classes which parridon X\//. It is also inreresring
to note that a {&}-frame of type {tr,tz, . .., to} is cquivalenr ro a {/c + I }-IGDD
of type{(,ttr /(*-r),hl(/c- l)), (ktz/(/c- l),tr/(,h- 1)),... ,( kt"/(k-
r),t"/(e - 1))).

If we fill in thc holes of Kirkman frames, we can consruct KTS with sub-KTS,
as follows.

Construction 2.2 Filling In Holes I.et o ) 0, and suppose that there exists a
Kirkman frame of type {tr,tz, ...,tr,}i a KTS(t1 + a) containing a sub-KTS(o),
for I ( r ( n - 1;andaKTS(I"+ o).ThenthereexistsaKTS(I* a),where
t = Dti, cont&ining a sub-KTS(rr + a).

We also use incompletc (Kirkman) frames, which bear the same relationship to
Kirkman frames as IGDDs do to GDDs. An incomplete K-fratne is a K-IGDD
(X,Y,'l'(.,A) in which the set of blocks .4 can be partitioned into holey parallel
classes, each of which is a partition of Xl I{, for some I{ e 7{,or a partition
of X\( H UY), for some H e T{. It can be shown that for each hole .I/, there
we lI{ nY ll 2 holey parallel classes which partirion X \( f U y), and lH\Y I I 2
holey parallel classes which partition X\//.

We also conslruct KTS containing sub-KTS by filling in the holes of incomplete
Kirkman frames with o-IKTS.

Construction 2.3 Generalized Filling In Holes Ler b ) o ) 0. Suppose that
the following designs exist:

(l) an incomplete Kirkman frame of type {(tr , ur ) , Uz,u2),.. . , (to, u,,) }i
(2) a(ti + D; u;t o, D; o)-o-IKTS,lbr I < i ! n- 1; and
(3) a(to + bi uo+ o)-IKTS.

Thenthereexistsa (t + b, u + o)-IKTS,where, = It; andu = Iri.
We also observe tlnt if we fill in all but one group of a Kirkman frame (Con-

struction 2.2),we obtain an IKTS, and if we fill in all but Lwo goups, we obtain a
o-IKTS.

It will be necessary to build families of IGDDs. Our basic construction for
IGDDs is a recursive one. We refer to it as ilre "Fundamental IGDD Construction"
(see [8] and t11l).

Construction 2.4 Fundamental IGDD Construction Suppose (X,Y,9,"4) is
an IGDD, and let t,s:X ---+ Z* U {0} be functions such thatt(r) ( s(r),
for every n e X. For every block A e A, supposo that we have a K-ICDD
of type t(r(r),t(r)): r € ,4). Suppose also that we have a I(-IGDD of type
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{( lecny s( r) , Lecnr t( r) ) : G €. $}. Then there exists a K-IGDD of type

t(Lec s(c), f,ec t(r)) : G e g\.
We irie a simitru iGpn construction to build frames and incomplete frames (sec

t15t).

Construction 2.5 Fundamental Frame Construction Suppose (X,Y,9,"4) is

an IGDD, and let s:X -r Z* U {0} bc a function. For eYery block A e A,
suppose that we have a Kirkrnan ftame of type {( s( r) i! e A} - Then there exists

an incomplete Kirkman frame of typc t(Lec s( r) , Irecnr s( r)) : G e g\'
As applications of the above, we ment'ion a family of constructions which are

called the product constructions. These utilizp (incomplete) transversal dcsigns,

which we now define. A transversal design TD( ,t, n) is a tk)-GDD of type n&'

I[ is well-known that a TD(,k, n) is equivalent to lc - 2 mutually orthogorurl l-atin

squares (MOLS) of ordern We also dcline aTD( k, n)'TD( &, m) (an incomplete

transversal design) to be a { &}-IGDD of group-type ( 4 m) &.

The most general product construction is referrcd tn as the Generalized Singular

Indirect Product, or CSIP.

Construction 2.6 Generalized Singular Indirect Product Suppose lt, t, u,'u),

o,andbarenon-negativeintegers suchthatO < b- o ( u-ID,o l tu 1u'
Suppose that ttre following designs exist :

(1) a Kirtrnan frame of tYPe t";
(2) aTD(u,(u - b) lil-rD(u,(w - o) lt);
(3) a (u; ur, D; o)-o-IKTS; and

(4) a (b, o)-IKTS.
Then ttrere exists a (u(u - D) + b,u(w - o) + o)-IKTS.

Proof: Start with the given incomplete TD, give every point weight t, and apply

the Funclamental Frame Construction. We get an incomplete Kirkman frame of
type (u - b,w - o)". Now fillin the hole.s. t

When b = o, we obtain the Singular Indirect Product, or SIP.

Construction 2.7 Singular Indirect Product Suppose tl,t,u, ur, and o are non-

negative integers such that 0 ( o ! ut 1u. Suppose that the following designs

exist:
(1) a Kirkman frame of tyPe tu;
(2) aTD(u,(u - o)/t)-rp( u,(w - a)/r); and

(3) a (u; ur) -IKTS.

Then there exists a (u(u - o) + o,u(w - o) + o)-IKTS.
When b = o = ur, we obtain the Singular Direct Product, or SDP.

Construction 2.8 Singular Direct Product Suppose u, t, u and u arc non-

negative integers such that u < r. Suppose ttlat the following designs exist:

(1) a Kirkman frame of tYPe t";
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9) UTD(u, (u - w) /t);(3) a (u,w)-IKTS; and() aKTS(u).
Then, there is a (u(u _ w) + w,u)_IKTS and a (u(u _ w) + w,u)-IKTS.

3. Applications of the constructions
We now describe two recursive construgtions for producing Kirkman dple sys-tems containing Kirkman subsystems, which witt etiminate all but 3l of the gg4

ff$entions. 
These consrucdons will make *, oixirt an frames consrucred in

Lemma 3.1. Therc exists a Kirlonan fnne of type tu if and only if t is even,u ) 4, andt(u - l) : 0 mod 3.
Proof: See [1S, Theorem 4.5]. I

We shall use certain incomplete TDs.

Lemma 3.1. For all.positive integen u and w such ttutu ) 3w and (u,u)) y'(6 , l) , there is a TD(4 , u) _fD(i, w) .

Proof: See t4l. I
We shall also require some particular classes of o-IKTS.

Lemma 33. Forallm ) 0 , there exists a(lgm+ 9;6m+ 3,9;3)o_IKTS.
Proof: Form = 0,thedesignexiststrivially. Form > 0,startwirhaTD(4 ,6m+3) -TD(4 , 3) (Lemm a 3.2j. Delere all the points in one group. Then, on two ofthe remaining grcups, fill in (6 m + 3 , 3) -IKTS i 

-

Lemma 3.4. Foraltm ) 2, thereexistsa(lgm+ 15; 6m+3, 15; 3)<_IKTS.
hoof: For m = 2, use a Kirkman 

Tu*. of rype 124, fiUing in two holes with( 15, 3)-IKTS. For m ) 3, srarr witf a.3sor;'a&J1 j-cm of type 6_*r (see[10] and tll). Adjoin innnite pornrs to the paraltel .t*r", of this GDD, ro con_struct a {a }-GDD of type u -ir 13 -):. Cil;;; ;", weighr 2 andappry rheFundamenml Frame Construction. fni, produccs u [*" of type 12m+t Gm)t .Now fill in all but one hote of size 12 with ( t5, 3) -IKTS. I
Construction3.l Supposethereexists.aTD(6 ,m),0 <, < m,and"O ( u (m. r*t o ) 0. Suppose rhere exisr KTS(6 * i oS *o risio *.i ui . "i **containing a KTS( o), and a KTS( 6 m +6 u + o) . t rn n.r. exisrs a KTS( 36 rn +6t + Gu + o) conraining asuU-triS ('6m + e" * ri.'
hoof: Start wirh a TD(6 , m), and give the points in the first four groups weight6; give t of the points.in g,, Srf, g.G w3lSirr tZ, anJgve rhe rcmaining;roinrsin ttre 5rh group weighr 6; and glu, ; of ure points ;;, 6th group weighr lz,
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and give the remaining points in the 6th group weight 6. In order to apply the
Fundamental Frame Construction, we need Kirkrnan frames of types 66 ,6s l2r
and 6a 122, which are obtained as follows. A frame of type 66 exists by l-cmma
3.1. We get a frame of type 6s tzl by applying *rc Fundamental Construction to
a {a }-GDD of type 356 r, giving every point weight 2 (this GDD is pro<Iuced by
adjoining infinite points to 6 pareillcl classes of a KTS( 15)). Simila.rly, we get a
frame of type 64 t22 by apptying the Fundamental Construction t,o a {a }-GDD of
type 3 

a 6 2 
, giving every point weight 2 (this GDD is exhibited in the Appendix of

t12l). Hence, we build a Kirkman frame of type (6 m)a ( 6 m + 6 t) t ( 6 m + 6 u) I

(for any 0 <, I m,0 ( u S m). We now add on o inlinitepoints, and filI in
KTS containing sub-KTS(o), and the KTS(6 m + 6 u + a). t
Construction3.2 SupposethereisaTD(6,m),0 <, < m,0 ( u ( m,and
o = 3 or6. Thcn thereexisls a KTS(72m + 18t + IZu+ 2o + 3) containing a

sub-KTS(24 m+ 6t + 3).

Proof: Start with a TD( 6 , m) , delete m - t points from the 5th group, and delete

m - u points from the 6th group. Then, give the poins in the fust five groups

weights (9, 3), and give the points in the 6th group weights (6, 0). ln order to

apply the Fundamennl IGDD construction, we need {4 }-lGDDs of types (9 ,3)4 ,

( 9, 3) 5, ( 9, 3) 4 6 l, itrd ( 9, 3) s 6 I . The lirst, r,wo IGDDs are equivalenl to frames

of types 6 a and 6 5 respectively (see the remark preced.ing Construction 2.2). The
last two IGDDs are presented in the Appendix of [11]. Then, we obhin a t4 ]-
IGDD of type (9 m,3 m)a (9 t,3t) ' ( 6 rr) I . Next, assign every point weight 2,

and apply the Fundamental Frame Construction. This produces an incomplete
frame of type ( 18m, 6*)a ( l8r,6t) t ( 12u)\. Next, we will fitl o-IKTS into the
holes of the frame, using Construction 2.3. We adjoin a total of 2o+ 3 points, 3
of which are incorporated into the sub-KTS.

If o = 3, thenwefillin ( 18 m+9i6m+3, 9; 3) -o-IKTS, ( 18t+9; 6t+3, 9; 3)-
o-IKTS, and ( 12 u + 9,3)-IKTS. These exist from Lemma 3.3.

If o = 6,t > l,thenwefillin(18m+ 15;6m+ 3,15;3)-oJKTS,(18t+
15; 6, + 3 , 15; 3) -o-IKTS, and ( llu + 15 , 3) -IKTS. These exist from lrmma
3.4.

If o = 6,X= l,u/ l,2,thenweinsteaduse(l8m+ 15;6m+ 3,15;3)-o-
IKTS, (l2u + 15;3, 15; 3)-o-IKTS, and ( l8t + 15,9)-IKTS.

If o = 6,1= l,andu = l or2,weproceedslightlydifferently. Westart
with a TD(5, m) and delete m - u - I points from the 5th group. Give all
points weight (9, 3), except for u points in the fifth group, which get weights
(6, 0). Proceeding as bcfore, we obtain an incompletc Kirkman frame of type
( 18m, 6m)a (l2u+ 18,6)r. Now, fill in ( l8m + 15; 6m + 3, 15; 3)-o-IKTS,
and(12rr+ 33,9)-IKTS.

This covers all cases, so the proof is complete. I
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By computer, we established that Constructions 3.1 and 3.2 eliminate all but
3l ordered pairs (u, ur), which arc presented in Thble l. Appropriare applications
of Constructions 3.1 and 3.2 tor the remaining g53 ordered pairs are gru"n in the
research report [13].

Table 1
The 3l exceptions remaining after application of Constructions 3.1 and 3.2

( 141,39)
( 165,51)
( 189,57)
(255 ,69)
(279,75)
(285,81)
(297 ,93)

(t47 ,45)
( l7l,5l)
( 195,57)
(26t,69)
(261,81)
(773,87)

( t53,45)
( 177,51)
(201,57)
(26t,75)
(247 ,8t\
(279,87)

( 159,45)
( 183,51)
(201,63)
(267 ,75)
(273,81)
(285, 87)

( r65,45)
( t89,51)
(ZUl ,(t3)
(273,75)
(279, 8l)
(291,87)

15 of the exceptions in Table I can be eliminated by the product constructions.
We list these in Thble 2. ln all applicalions, t = Z and u = 4, so we are using
Kirkman frames of type 24. The requisite incomplere TDs exist by Lemma 3.2.

At this point, 16 ordered pairs remain as possible exceptions. We eliminatc most
of these using a well-known pBD construction. First, we deline the set Kr,t =
{ft*1mod3,k>4}.
Lemma 3.5. Suppose there is a(u,u,i Kr,t) -IZBD. Then there is a eu+ L ,Zu*
t) -rKTS.

Proof: The IPBD gives rise to a GDD of type *t 1,-w. Give every point weight
2, and apply the Fundamenual Frame Construction. This produces a frame of type
(2w)r2u-w. Now fill KTS(3) inro the holes of size 2. t
Lemma 3.6. Suppose there is a resolvahle {4}-GDD of typetu, wheret : 0

mod i, and let| ( s ( t(u-t) 13. Then there is a(6tu+6s+9,2tu+T -fKfS"

Proof: Adjoin inlinite poins to s of the parallel classes of the GDD. This produces
a {4 , 5 }-GDD of rype ,'sl in which evory block of size 5 hits rhe group bf ,ir, ,.
Assign weights (3, l) to every point of the original GDD, and assign weighrs (3,
0) [o the s infinite poinry. Apply the Fundamental IGDD construcrion, using {4 }-IGDDs of types (3,1)4(3,9), and-(3,1)4. (These arise from deleting u-Uto.t
flom {a}-GDDs of rypes 3a and 3s, respectively.) We construct in t}ris way a
{4 }-IGDD of type ( 3r, ,),( 3 s) r.

Next, we fill in the groups of this IGDD with o-IpBDs using Construction 2.1.
Seta = I andb = 4. Wcuse(3t +4;t+ 1,4; liKr,t)_o_fpgps,whichare
constructed by adjoining, + I infinite points tlr the parallel classes of a KTS(2I +
3). For the last gloup, we use a block of siz.e 3 s + 4. TNs gives us a (3tu + 3 s +
4 ,tu + li KII)-IPBD. Now, apply Lemma 3.5. I
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uw
153 45

construction
SDP 153 = 4(45 - 9) + 9

Table 2

ingredients

Gf3l-mrs
rcmarts

(45,15)-IKTS

(45,l5)-IKTS

a (a)-GDDof type6a3l
gives rise to a frame of
typ 121 61, and so lo
the rcquired o-IKTS.

(69,21)-IKTS

(69,21)-IKTS

165 45

17l 51

t77 5r

183 51

TD(4, l8)
SIP 165 = 4(45 - 5) + 5

45= 4(15 -5) + 5 m(4,20) -m(4'5)
SIP l7l = 4(45 - 3) + 3

5l = 4(15 -3) + 3 m(4,21) -TD(4,6)
SDP ln = 4$l - 9) + 9 (51 ,9\ - IKTS

TD(4,2l)
GSIP 183 = 4(57 - 15) + 15 (57; 15,15;3)oJKTS

5l = 4( 15 - 3) + 3 TD(4,21) - TD(4 ,6)

?fr\ 57 SDP 201 = 4(57 -9) + 9 (57,9)-IKTS
TD(4,24)
(63, l5)-IKTS
TD(4,24)

207 63 SDP 2m = 4(63 - 15) + 15

%l 69 SIP 261= 4(69 - 5) + 5
69=4(21-5)+5

267 75 SIP 267 = 4(69 - 3) + 3
'15 = 4(21- 3) + 3

n3 75 SDP 273 = 4(15 - 9) + 9

TD(4,32) -TD(4,8)

a {a}-CDD of type 659r
gives rise to a frame of
type 12 5 1ll I , and so to

*re required o-IKTS.

261 8r sDp 261-4(81 -zr)+ rr fJii]]Jr.*
}73 8l Str n3 = 4(69 - l) + I (69,21)-IKTS

31= 4(21 - l) + I TD(4,34) -m(4,10)
27e 81 sDP ne = 4(81- 15) + t, 

filil]lr',-*
28s 87 sDP 28s=4(87-2r)+r, 

[l]i_,]];|**

In a similar fashion, we have

Lemma 3.7. Suppose there is a rcsolvable {4}4DD of typetu, wheret :
1 mod 3,andletT ( s ( t(u- t)13.Thenthercisa(6tu+ 6s+ 3,Ztu+ 1)-

IKTS,

Proof: Asbefore, construct,a {4}-IGDDof type (3t,1)'(3')r' Then, soto = 0

and b = I . We Iill in ( 3t + I ,ti Kt 3 ) -IPBDs (which are constructed by adjoining

t infinite points to ttre parallel classes of a KTS ( 2 t + 1) ) and a block of size 3 s + I

(if 
" 

> Oi. Wegeta(3tu* 3s* l,tuiKt,s)-IPBD'Now,applyI-emma3'5' I
A slightly different application of the same idea gives us

n9 75 GSIP 279 = 4(81 - 15) + 15

7S=4(21-3)+3

m(4,33) -?D(4,9)
(75,9)-IKTS
TD(4,33)
(81; 15,21; 3)-oJKTS
'rD(4,33) -TD(4,9)

11



Lemma 3.8. Suppose there is a {4}-fnme of typetu , wheret : 0 mod 3 , and0 ( s <t/3. Also,supry)sethereisa(3t* j"* 4,t+ tiKt,t)_IpBD.Then
lhere exists a (6tu+ 6 s + 9,2tu + 3) -IKTS.

Proof: {djoin s poinrs to a hole of the frame, consrructin g a {4, 5 }_IGDD of
type 1u-t (t + s, s) r. Assign weights (3, l) ro every point of rfre ori[inA GDD,
and assign weighrs (3, 0) to the s infinire poinrs. Apply the Fundamenral IGDD
Construction,resulr,ingina{4}-IGDDof type (3t,tj;-i(3t+3s,3t)r. Then,ser
o = 1andD = 4. Weuse(3t+4;t+I,4; l; Kr,l)-o.IpBDs,whichareconstructed
as in Lemma 3.6. For the last group, we use the ( 3t + 3.g + 4 ,t + li Kr,t) _Ipnn.
Thisgives us a(3tu+ 3s+ 4,tu+ li Kt,t)-IPBD. ApplyLemmaf.S. f

Wc list several applications of these constructions in Thble 3.

Thble 3

3.5
3.6
3.5
3.6
3.6
3.7
3.7
3.8

1t)

39

45
45

l4l
t47
159

165 5l
189 5l
189 57
195 57

aot 63

rem4rks

sce [7l
see Apendix
see [{l
see [5]
see [fl
see [3]
see [3]
see [6]

see [31

sse [3]
see [6]

lemma

t=3ru=8,s=2

=3,u=8,.r=2
=3,u=8
=4ru=7
=4ru=7
=6, u=5

ingredienrs
(70,19; t4))-IPBD
(13 ,22; {4,7, l0 }) -IPBD
(79,72; (4))-IPIID
resolvablc {4 }-GDD of type 3 8

resolvable (4 )-GDD of type 3E
resolvable {4 }-GDD of type 4 7

resolvable { 4 ) -G DD of type 4 7

{4 )-frame of rype 65
'fD(4,7)
resolvable TD(4,9)
resolvablc {4 }-CDD of type 4 lo

rqsolvable {4 }-CDD of type 4lo
{4 }-frame of type 9 5

TD(4,10)

t
t
t
t
t

,,$=6
,.t=3
,s=4
, s=2

261 75 3.6 t=9, u=4, s=6
267 81 3.7 t= 4, u= 10, s=4
285 8l 3.7 t=4,u=10,s=7
291 93 3.8 t=9, u=5, s=3

We can eliminate the four remaining exceptions by acl hoc means.

Lemma 3,9. There is a KTS(279) containing a sul>Kfs(g7).

Proof: Start wirtr a {4 }-CDD of type 64 gt (this is obtaincd by adjoining infinirc
points !o rhe 9 parallel classes of a resolvablc {3}-GDD of rype 6a, ihich is
constructed in [10]). Give every point wcight g, and apply the frame construction.
This produces a frame of type 484721. Now adjoin 15 infinitc poinLs, Iilling in
(63, 15)-IKTS and KTS(87). I
Lemma 3.10. There is a KTS(255) containing a sub_KTS(6g).

hoof: Start wittr a TD( 5,4). Give every poinr weight 12, exceptfor one point
which gets weight 6, and apply thc frame construction. We fill in frames of rype
72s and 124 6 t lrtris latter frame is obtained by applying the frame construction to

t2



a {4 }-GDD.of rype 64 3 l, giving the poins weight 2). This produces a frame of
rype 484421. Now adjoin 2l inlinite poinrs, {illing in (69, fty -trcfS , (6j ,Zt)_
IKTS, and KTS(69). I
Lemma 3.11, There is a KTS(273) containing a sub-KTS(g7).

Proof: A {4}-IGDD of rype (9, 3)46 I is given in the Appendix of [11]. The
design is presented rs a {3, 4 }-CDD of type 6a whose blocks of size r}rree can be
partitioned into twelve holey parallel classes. Three of these holey parallel classes
correspond to each of the lirst four groups. It is easy to vcrify that the blocks of
size four can be partitioned into two holey parallel classes having the rhe lifth
group as their hole. Hence, we can constn-tct from this design a {4 ,5 }_IGDD of
type (9,3)4(8,2)1. Now, apply Consrucdon 2.5, giving everypoini weight 6.
We obtain a Kirkman frame of type ( 54 , l8) 4 ( 4g , 12) I . Then apply Construcr.ion
2.3 with b = 9 and o = 3, filling in (63; Zl,9;3)-o-IKTS (which is obrained by
applying Lemma 3.5 to a (31, l0; {4 }) -IPBD) and a ( 57, t5) -IKTS. I
Lemma 3.12. There is a KTS(291) containing a sub-KTS(g7).

Proof: Remove a poinr from rhe hole of the (73,22;{4,7,L}})-IPBD given
in the appendix, producing a {4,7 }-GDD of type 3ttgt 2l r. Give overy lnint
weight four and apply the Fundamentat Frame Construcrion. Then IiU in KTSa l5) ,
a KTS(39) and a KTS(87). I

As a result of all the above constructions, we have our main result.

Theorem. There is a KfS( r) containing a sub-KTS(u) ifand only ifu = as : 3
modulo6andu)3u.
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Appendix
The 884 exccptions rcmaining afcr Theorcms l.l,l.2and 1.3

ur values ofu
39: l4l
45: 147 153 159 165
5l: 165 l7l 177 183 189
57: 189 195 201 }ot Zt3
63: 201 2W 2t3 Ztg 225 Z3t 237
69 t 2L5 231 237 U3 249 2SS Z6t
75: 243 249 255 Z6t 267 273 Z7g ZBS
8l : 261 267 273 n9 US 2gl Zg7 303
87: 273 Ttg 285 Zgt 297 303 309 315
93: 2Tl 303 309 3lS 321 327 333 3St
99: 315 32t 127 333 339 357 363 369

105: 333 339 345 363 369 375 381 387
lll: 3.51 369 375 381 387 393 3gg 42sll7: 375 381 387 393 399 4O5 43S 441
123: 387 393 399 405 4ll 44t 441 453
129: 405 4ll 4t7 447 453 4Sg Ms
135 t 423 453 459 465 47t SZ5
l4l: 459 465 47t 477 531 537 543 S4g
147: 465 47t 477 483 537 543 i49 55S S5l S6t 573

309
32t 327
357

375 381

393

447 453

459
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903

1017

909

1023

92r
l07l
939

1089

951

&5
651

657

90

915

927
w77
945

1095

963

579 585

609 615 67r
621 6n 633 639

6n 633 639 U5
633 639 645 651

567 573
585 59r
597 615

603 62r
60q 6n

615 633

639 645

657 663

675 681

705 7tl

7r7 723
831 837

129 735
843 861

741 753
873 n9
789 795
89r 897

801 807

903 909
813 819

915 92r
831 837

933 939
849 855

951 957
It6l 867

963 969
fK1 873

969 975
819 885

981 l0tl
897 903

543 549 555 561

561 567 573 579

573 579 585 591

579 585 591 597

585 591 597 ffi3

591 5W 603 609

705 1fl
603 ffig 615 621

7r7
671 6n 645 651

759 765
651 657 663 669

7n 7$ 789
669 675 681 687

795 801 807 813

581 687 693 7lt
8tr/ 813 819 825

693 699 7r7 723

8r9 825 831 837

723 729 735 74t
837 843 849 867

74r 747 753 759
855 873 879 885

753 759 765 795

879 885 891 897

765 nt 801 807

891 8n 903 9W
8cfl 813 819 825

909 915 92t 927
825 831 837 M3
9n 933 939 945
837 843 849 855

939 945 951 957

843 849 855 861

945 951 957 963
855 851 861 873

957 963 969 915
873 n9 885 891

975 981 987 1017

891 \yt 903 909

477 483 489
495 s49 555

555 561 567

561 567 573
567 573 519
681 6ffi 693

573 579 585

687 693 699

585 591 597

699 705 7tl
603 609 615

7t7 723 753
621 6n $3
759 765 T'lr
639 657 663

777 183 789
663 69 675
789 795 801

675 681 687

801 8cfl 813

693 699 7A5

819 825 831

1rt 129 735
837 843 849

735 74t 147

849 855 861

747 753 759
861 867 885

765 nt n7
891 8W 903
183 813 819

909 915 921
819 825 831

92r 9n 933
825 831 831

9n $3 939
837 843 849
939 945 951

855 851 K7
957 963 969
873 8'19 885

vts 98r 987
891 8n 903

993 999 lO29
909 915 ytr

lm5 1041 1047

153 :

159 :

165 :

l7l :

tTt:

183:

189 :

195 :

201 :

2Al:

2r3;

2t9:

2X:

231 z

237:

243:

249:

255

26t:

267 z

273:

219:

285 :

29t:

297 :

1023 1029

915 933

l04l 1047

945 951

l@5 ll0r

rc2i tm.g
w7 933
l04l 1083

945 951

1005 ll0l
963 969

lll3

669
675

581

693

7tl

729

nt

783

795

813

831

843

855

873

903

915

9?t

933

951

959

987

1005

657 663

669 687

699 705

7t7 723

735 765

77r 777

783 789

801 807

819 825

831 837

933
843 849

945 951
861 {%7

879 891

lm5

639 645 551

651 657 663

669 675 693

699 705 7tl

7t7 723 729

729 735 74t

74t 747 n7

n5 981

993 e99

783 789 795
885
801 8m 813

903 909
813 819 825

915 92t 927
825 831 837

9n 933 939
843 849 855

945 951 957
851 867 873

963 993 999
873 Ktg 885

999 1005 l0ll
879 885 891

1005 l0ll l0l7
891 891 915

l0l7 1023 1029

wl 9n 933

1035 107 1083

939 945 951

1089 l@5 I l0l
957 963 969

ll07
975 981 987

993
909

1035

939
1053

1035

939
1089

957
1107
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303 :

309:

315:

32t:

327 ;

333 :

339 :

345 :

351 :

357 :

363 :

369 :

375 :

381 :

387 :

393 :

399 :

927
1047

951

1059

963

1071

981

112.5

w9
I 143

totT
1035

lo53
1089

1095
ll07
ll25
tt73
ll79
I185
ll97
1215

945
1053

957
1065

969
llt3
987

I l3l
lm5

951

lo59
963

lloT
975
lll9
v)3

fi37
l0ll

tm9
1047

1089

ll0t
ttal
lll9
tt13
Il 85

I l9l
nn
rw)

957
1101

969

lll3
981

ll25
w9

963

ll07
n5
ll l9
987

I l3l
lm5

969
lll3
981

ll25
w3

975
ll19
987

999

l0l7

1035

981

993

lm5

w23

r065

9W

999

toll

tu29

wt

993

lm5

l0l7

1059

tm7

999

l0n

tw3

1ffis

1083

1005

l0l7

1053

WI

lt?s

l0n

tu7

1059

tutT

l 13l

1041

1053

r065

I ll9

n37

l0u

l0l7 1023 l@9

1023

l04l
1083
1095

ll01
il13
n67
rr79
l 185

I l9l
tz03

lMl
1083

ll0l
ll49
r 155

n67
l 185

Itr/l
1089

I 143

1155

l16l
il73

tw7
1095

l r49
ll6l
n67
rr79

1083 1089 ll3l ll37
ll37 1143 ll49 1155
ll55 l16l
fi67
tr73

tr43 fi49

Points:

Blocks:
modulo

A (73 ,ZZ;{4,7, l0})-IpBD
ZqZU{o, Do, bt, c0, e, do, dt, eo, er}U{oo;:0 < t < 20}U{*}.
Develop the following modulo 42, where subscripts on m are developed

2l and subscripls on letters are developed modulo 2.

0, 6, 12, l8 , 24 , 30 , 36 oo, o, bo, Dr ,c0,ct,do,dt t€0 re tm, 0 , 14 , 28 ooo, o, ll, Zz
ooo, bo , 2, 29 ooo, co , 3, 34
ooO, do , 4, L7 oog, €g , 6, 4l
ooo, 0 , 22, 26 m6, 28, 31, 36
ooq, 30 , 39 , 40 oos, 12 , 14 , 3'l

16

1035

rw7
1095
tt07
lll3
ll6l
I179
I 191

tt97
t203


