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I{OTEY PERPENDICULAR ARRAYS

D . R. Srrnson

ABSTRACT. It is often useful to consider combinatorial designs with holea.
Perpendicular array's are an interesting ond useful type of design, and may bethought of as containing holes of size one. We .or,rlj*, purpuidi.olar a""ayowith holes of other sizes, giving several constructions rnd *pplicationr Lf
these *holey' arrays.

We also prove a pBD-closure result which ie of independent interest. Ifu ) 13, o { L4, 16, lg, lg, Zg, 26t 27r 30, gg, or 42rihen there exists apairwise balanced design on u points having blocks of size 4,6,7t g, g, or
12.

1. Introduction.

^L:t 9: {Gr,...,G,} be a partition of a finite set .X (the elemeuts
of $ are called holea). A holey pe?pendicular array 1o, iffal nuui"g
strength t and partition $, is au array p, having entries from *, which
satisfies the properties:

1) P has exactly t rows
2) no column of P contains two elements from the same hole of $3) given any two distinct rows, j and j , of. p, and given any two distinct

elements of X from diflerent holes, , and y, there is a unique column
k of P such that {P(i,k), p(i,})} : {r,v).

It follows from the definition that an HpA, on symbol set X and
having partition $, contains exactly r columns, where

r-
ce9

lxl, - lxl - Itt"l, - lcl) 12.(
)

The type of an HPA.h?rj"g partition g is the multiset {lCl:C € g}.
We use the uotatior- aibick... to describe the type of an-ilpA, wh-ere
there are i holes of size a, 7 holes of size D, etc. m tn" fiterature, ffpe,of type ln have been referred to as perpendiculor offoys. A, pA(n,a)
denotes a HPA of strength s and type ln. For informaiioo .oo."*iog
perpendicular arrays, we refer the read.er to [g], [s], [rO], ,"a 1if1.--
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Dxaurln 1.1: A PA(5,4) (or, ecluivalcntly, ;ru IIPA of type 15 urcl
strength 4)

Tlre spectra for PA(n,s) have been alrnost completely determined. for
,e ( 5 (see [A] and [10]). The results are as follows:

(i) There exists a PA(n,3) if aud ouly if n ) B is odd.
(ii) There exists a PA(n,a) if and only if n ) S is odd.
(iii) There exists a PA(n,5) if and only if n ) E is odd, except, possibly,

n-39.

In this paper, we ccrnsider HPAs with holes of size other than one.
We pay particular attention to HPAs of type 2*. We construct HpAs of
type 2* and strength 4 for all n ) 4, with the possible exceptions ,? : 6,
10, 1I, 14, 15, 18, 19, 23, 26, 27, 3A, 88, and 42. As an application,
we give a short, self-contained proof of the existence of. pA(n,4) for all
odd integers n ) 5. Also, for certain prime powers n=L modulo 4, we
corrstnrct HPAs of type 2, and strength 7, using the computer.

2. Constructions for HPAs.

Our basic tool is the following recursive constmction for HpAs which
uscs group-divisible designs. A group-diuisible design, or GDD, is a triple
(X,9, .{), which satisfies the properties:

l) $ is a partition of X into subsets (called groupa),
2) .4 is a set of subsets of. X, called bloclcs, such that a Broup ancl a

block contain at most one common poirrt, and
3) given zrny two points from distinct groups, say c and y, there is a

unique block Ae A such that n,y e A.

A ueighting of a GDD (X,9,1) is a function w: X -* Z+ U {0). We
cau use GDDs with suitable weightings to coustruct large HpAs from
small ones, as follows.

CoustRucrroN 2. 1 , Suppose we have a GDD (X, g, A) with a weight-
ing w, and le,t t > 2 be an integer. Iror ever.y block A e A, suppose that
there is aHPA of type {*{"):t e A} and strength t, say H(A). If we
juxtapo.se all the arcays H(A), Ae A, hofizontally, then we obtain an
HPA of type {I,." w{{:G e 9} and strensth t.

0 L2 3 4 0 t2 3 4
t2 34023 4 0l
2340t40123
40L23340t2
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We obtain one very simple corollary of this construction usiug pairwisebalanced designs (pBDsl. A pairwise balanced, d,esign is a pair (X, A)such that auy two points o..o, in a r::rique block Ae A.
CoRot u.Ry 2.2. Suppose we have a pBD (X, A) such that fhere exr.sfsa PA(lAl,t) for att A e A, If we defr,ne u ,"t ii-grrup, g: {{r}, n € X},thcn (X,g,A) is a_GDD. If we giv.e..every point weight one, and applyConstr.uction Z.l, then we get a negXl,il' lnq;ralintly, *" ur*,{iiogthat the set of rnfegers {m: there 

"x,sts 
i t'i1*,ijt * iLi-rirrril.

Thus, we can construct large HpAs provided. we have small ones.What we need now are direct constructions for HpAs.
Most direct constructions for HpAs use d.ifierence methods. The fol-Iowing is an irnmediate generalization.of th* te.hniqrr*, d**.ribed in [fO].Let G be an abelain group and let 

{_,bu u ,"Ugrorr; of G, ,rr.h tt *t i_ nis even, where g _^lcl 
Td,.l, : lffl. A hotiy p,irprnd,irular d.ifference

arro.y, or HPDA, of type hc/h ar.d srrength f , i; ; tbv (g _ h)li i*ruy of

*:U*: 
from G\I/, say D : ld;il, r,..h thui for any-{ii*} g'{r,...,r1,

{*(d;i - dxi,t < j S (s - h)lz}: G \}/.
Informally, we are saying that the differeuces obtaiued from any tworows pro(lucc cvcr.y elcrncnt of G \.{J. It is easy to sec that clevclopiugan.HPDA throug-h the sroup G will yield uo fufe 1.f. 1fO, if..",r"r,2.1]). Hence, we have

CoNSTRUCTIoN 2.3. If there is a holey perpendicular difference arrayof type hclh and streng,tJr t, then therelrr^r, uo npd of type hc/h andstrength t.

A perpendicular diflerence array, pDA(g,t), as defined in [fO], is anHPDA where IJ: {0}, which therefore Si"u, ,ir" to a pA(g,t).
One application of HpDAs is a finite field construction [lO, Corollary2.5]. Suppose rn is an od.d prime power, and let r be a primitive root ofthe Galois field GF(rn). Then the followi"s (*_ 1l7Z .otrr*ns comprisea PDA(m,m):

0

I
't

0
r,

1,'

fi3

t4

0

,I

,'J-

fr3

0

afu-a)/2
,(o-rl/z - _l
a@*r)/z : -n

,fr'

frn-2 fro-l fr a@-s)/z
Hence, we have the following corollary.
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ConollaRy 2.4. If n is an otld prime power, then there is a pA(n,n).

$. Perpendicular arrays of strength 4.

^In !his. section, we give a short, self-coutained. proof of the existence
of,_a PA(n,4) for all odd n ) S. We shall use the following two small
HPAs.

trxAMpLE B. t: An HpA of type 2{ and strength 4:

holes: {{1, E}, {2, o}, {8, Z}, {4, 8}}

163128L74234
63128174L342
316812417423
888777666111

627
275
752
444

564538678
645385

53
,,

45
cor, rJ

68
32

786
867
555

E)IAMpLE 3.2: An HPDA of strength 4 in Zn\{O, S}, which gives riseto an HPA of type 25 and strength 4:

0000
18 7 6

2 413
3 2 6I

We use these two HpAs in our GDD construction as follows. Supposetlrat n ) 4, n * O, L0. Then there exist three mutually orthogonat 
"f*tio

sqllares, or MOLS, of order n (three MOLS of order 14 wJre recently
found by Todorov; for an existence proof of all other orders, see [fZ]).A set of three MOLS gives rise to a transversal d.esign f OiS,r),'o, uGDD haviug 5n points, b groups of size n, and n2 blocks of size E. Let0 < t ( n, and delete a -t poiuts form a group of this GDD. We obtain
a GDD with group-type n4tr,haviugblocks oirire 4 and S.

Now give every point weight 2, and. apply the Construction 2.1 witht : 4. We use the- two HpAs of types 2a-and 25 as input HpAs, and. weobtain an HpA of type (zn)4(Zt)L and strength 4.
We can now fill in the holes of this HpA with the designs pA(2n+L, 4)and PA(2t + l, 4), assuming they exist. For each hoie G of ihe UiA,adjoin the columns of a pA of streugth 4 on the points G U {oo}, where

oo is any new point. This produces a pA(gn + it + l, 4). 
! ' r "--

Summarizing this discussion, we have
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CoNsrnuCTIoN g.g. Suppose > 4, n * 6, 10, and.O ( t ( n. If
there exrsts a PA(2n + 1,4) and a pA(Zt + f,4); then therc exjsts a
PA(8n + 2t + 1, 4).

Assuming that we have all osmall, pA(m,a) (i.e. supposing we have
corrstructed PA(m,4) for all odd nz such that 5 < *- Z M, far some
M), horv big must M be in order that Construction 8.3 will complete the
spectrum? Let us rnake a table of applications of the above cousiruction.

Table 1

Construction of PAs of strength 4

4
r:()

I

8

I
11

ctc.

nt- 8n l- 2t+L

33,37,39,41
4L,45,47 ,49,5L
57,6L,63,...,71
65,69,71,...,91
73,77,79,...,91
89,93,95,...,111

0,2,3,4
0,2 - 5

0,2-Z
0,2-g
0,2 - I
0,2 - 11

There are no gaps from this point on. The only small numbers not
covered in Table I are:

5,7,.. . ,31, 35, 43, 53, 55, and 59.

So, we will be doue, provided we can construct pAQn,4) for these
values of m.

The finite field construction (Corollary 2.a) handles rz :5,7, g, 11,
L3, L7,19, 23, 25,27,29, Bl, 48, SB, and 59, leaving only ri.r,'_ tS, 2t,
35, and 55 to be dealt with.

The three largest of these can be killed by means of Corollary Z.Z.

.. 
Since a (2t,S,t) BIBD exists (i.e. there is a projective plane of order

4), and there is a PA(5,4), hence rhere i, u fa1Zi,+1.
There also exist J MOLS of order Z and ll. These give rise to transver-

saJ-dlsians TD(5,?) and TD(5,11). Hence there is a pSO onBE poinrs
with blocks of size E and 7; and a pBD ou EE points with blocks of size
5 and 11. Siuce tl.rere exist p,4.(rn,4) for rn :-5,7, and 11, hence there
exists a P,4,(35,a) and P.4(85,4).
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0

7

1

4
a,I

0

6

4

13

7

0

5

t2
7
t

00
l2
25
63

106

00
34
79

14 10

1 ll

Finally, it is easy to see that there d.oes not exist a pA(m,,4) for auyeven rL, or for m :3. Hence, we have established the follo.oins
TIIEoREM 8.4. There exists a pA(m,a) if and only if m26 is odd.

4. IfFAs of type Z, and strength 4.

In this section, we study the existence of HpAs of type Zn ofstrength4. We have already constructed HpAs of types za anj;u luoJ ,ir."*rna). We also have direct coustructions for tir" foilowing cases.

LEMMA 4. I . There exjsts an HpA of type 2n and strength 4 for n : 7 ,8,9, and 72.

PRooF: First, we construct an HpA of type 27 aad.strength 4. Thepoints are {2, 3,..., ls} and the holes ur."i1z,lt, in,s},...,ir+, r5}t.We start with the followiug 7 columus:

42 4
144I
7 6 t2

108r5

,
8

10

15

4

10

l3
,

,
12

l4
7

6

l0
I

L2

Next, we obtain 28 columns, replacing each column by the four columnsobtained by the action. of the permutation group ((2 g) (4 t4 S tS)(6 1l z 10) (8 t2 9 13)). Finaliy, we obtain sa .ol,r*us, by replacingeach column

by three columns:

The resulting array is the desired. HpA.

a

b

c

d

abc
bca
cab
ddd.
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Next, we present an HDPA of type 28 and strength 4 in Zrc \ {0, g}:

00
23
49
57

0

8

3

t4

0
,
I

16

0

I
16

l2

0

I
l4
10 I

00 0 0
4 5 6 7

1561311
5312 2

An HPA of type Ze is obtained from the following HpDA in 216\{0,9}:

00
34

L46
B7

0

5

11

3

0

6

10

5

0 00
6 7 8

121 6

415 7

0

7

15

L7

Finally, we display an HPDA of type Zrz in Zzt\{0, tZ}:

0

1

22

18

00
oa

207
11 23

00
45

t5 t4
22 19

00
910

16 11

L4 2L

0

11

19

I
This c:ompletcs the proof. tr

Now, if we apply Construction 2.1, giving every point weight 2, we
see that the set

HPA{: {n: there exists an HpA of type Z* and strengt}r 4}

is PBD-closed. Since we have {4, S, Z, g, g, 1Z} g HpA4, it will be of
interc,st to study the set B(4,5,7, g, g,12), i.e. the pBD-closure of {4,
5-, 7, l, 9, 12) (in general, B(K) denotes the set of all integers u such
tha,t there exists a PBD all of whose block sizes are in .[f).

Hanani has shown [6, Lemma 6.3] that B(4, S, g, g, ti1 _ {n:n: 0
or 1 (modulo a)). Heuce, it is necessary oniy to consider n = 2 or 3
(moclulo 4). Next, we use Brouwer,s result 1i1 tUat B(4,7): {n = I(m-odulo 3)) \ {10, 19}. Note also that 10, 19 # B(4, S, Z, g, 9, 12) (t4]).

Hence, we have

LEMMA 4.2. n € B(4, S, T, g, g, 12) unless fl: Z, B, 6, or 1l (moduto
72), or n: L0, 7g.

The following construction is useful to handle the remainiug cases.
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LEMMA 4.9. Suppose u:4 modulo 72, aad.O < t S (, _ L)lg. Thenu*t€B(4,5,t).
Pn.oor: Adjoin t infinite points to t parallel classes of a resolvable(r, 4, I)-BIBD (these were shown to exist in [Z]). u

Usiug t:7, we handle all n : lI modulo LZ, n > gb.
Using t : 22, we have. n €. B(4, 6, ZZ), for all n : Z modulo lZ,

n } 98. Since ZZ e B(4,7), we have n e B(4,5, Z) for these n.
Using t:35, we have n e B(4, S, B5), for all n = 3 modulo 12,n7 t47. Since 35 € B(S, Z), wehave n e B(4, b,2) for these n.
Finally, using t: 80, we have n e B(4, S, SO;, flr all n:6 modulo

L2, n > 210. Since S0 € B(2, g), we have n e A(+, b, Z, g) for these n.
Many of the remaining values can be obtained. by truncating some

points from some groups of a transversal design. We use the following
well-known construction.

Lutuua 4.4. Suppose there is aTD(j * k,m), aad 0 S q ( m, for
L < i 1 k. Then im*Dr.;.r u; e B(i,.1* 1, .'..,i * k,u1,...,u{*),

We also use the following variant to hand.le ore case.

LDMMA 4.5. Suppose there is aT DU+*,m). Then jm+k e B(i,i+t,j + h,m)

Pnoor': Let A be any block of the ?D.
.l * l, ..., j * /c, except those points on A.

Delete all points in groups
tr

Many small values in fact are not in B(4, S, Z, g, g, 12): in [4], Drake
and Larson show that n # B(4, S, Z, g, g, 12) if n : 14, 1-S, lg, 2g,
26, or 27. We are not sure if 30, 3g, or 42 € B(4,5, I, g, 9, 1l) (see
[S] jor an investigation of the structure of a possible pBD oo'gO points
witlr blocks from {4,5,7,9, g,l2}). However, we car} apply Lemmata
4.4 ancl 4.5 to eliminate all the other possible exceptionr. 

-(tL. 
requisite

TDs can all be found in Beth, Jungnickel, and tenz [f].) 
'
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Table 2

Construction of PBDs with blocks of size 4, 5, 7,9, g, and 12

n authority equation bloek sizes

39

50

51

54

4,

I,
4,

5,

5,

7,

5,

4,

5,

7,

l,
4,

5,

7,

4,

7,

7,

4,

l)

7,

7,

4,

4,

4,

4,

4,

62

Lernma 4.4
Lemma 4.4

Lemma 4.5

Lernma 4.4

Lemma 4.4

Lernma 4.4
Lemma 4.4

Lemma 4.4

Lemma 4.4
Lenrma 4.4

Lemma 4.4

Lernma 4.4

Lemma 4.4

Lernma 4.4

Lemma 4.4
Lemma 4.4

Lemma 4.4
Lemma 4.4

Lemma 4.4

Lernma 4.4

Lemma 4.4
Lemma 4.4

Lemma 4.4
Lemma 4.4
Lemma 4.4

Lemma 4.4

4*8+7
7*7+L
4*L2 + 3
7*7+5
7"8+5+1
7*g
7*8+5+5
7"9+7+4
7*9+7+S
7*9+7+g
7*L2+1+1
4"20 + 7

7"L2+5+1
7*12+8+7
7*13+7+4
7*13+12+g
7*16+1+1
7*17 + 4
7*L7 + 7

7*17 + 16

7"L7+L2+7
4*32 + 22

4*35 + 22

4"35 + 34
4"4L + 22

444 + 22

5, 7, Lz

20

9, 12

t2
9, L3

12, 13

16

LI
L7

16, 17

9r 12, L7

22,32
22,35
34, 35

22,41
22,44

5, 7,8
8

63

66

74'
75

78

86

87

90

99

102

111

LL4
123

126

135

r38
150

162

L74
186

198

I

I
I
I

t2

8

8,

8,

8,

8,

I
9,

7,

8,

9,

8,

9,

9,

8,

7,

7,

I
7,

7,

7,

8,

8,

5,

7,

8,

7,

8,

8,

7,

8,

8,

8,

5,

5,

5,

5,

5,

Summarizing the results above, we have the following PBD-closure
result

THDOREM 4.6. LetA:{2, 3r 6, 10, 11, 14, 15, 19, 19,23, 26,27) and
3 : {30, JB,4z}. Then Z+ \(Au B) c B(4, b, z, 8, g, Lz) g'Z+ \A.
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5, HFAs of type 2" and strength ?.

In this section, we indicate how it is possible to construct HpAs oftype 2n and strength Z, for some prime por.., , = S modulo g. Thetechnique is basically that used inle1. ror r;;;; n,let z be a primi-tive eleurent in Gf@). The non-zero elemeuts of GF(n)form a cyclicgroup with respect to rnultiplication, with g.*r*to, ,. Let Co be the(mtrltiplicative) subgroup^of ,ize (n _ t)la,l,nd let Co, Cr, C2, aad. Csbe its cosets (these are referred to as cyclo,tornic classes).
We construct our HpA on point set G.F,(n) * {0, l}, with partition{{g} " {0, r}: y e GF(n)}. (nor convenience, we will write an ordered

PSit-.(v,e) as y;,y e arfu)-, i : 0, l.) We give a set of g columns.Mnltiplying by every elemenl in Cs, *. ottuio in_Zcolumns, and theud.eveloping through GIt(n), we have Zn(n_ 1) columns, which, at least,is the correct nunrber.
' Hence, it is suflicient to find a set of g columns that work. It is mostcouvenient to pick a. subscripting pattern ahead of time, and then use

} lT-l':ft}t.f,lf,:rithm 
to finiJh the job. Let ,s denote the fouowins

If ,4 denotes any 7 x g matrix with entries from G\(n),let l. CI S bethe matrix whose i-i entryis o", where o: ili,ilands _ S[i,r].,{ O .9 a,re the 8 columns that we use to generate the HpA of type l,and strength Z. It is not difiicult to formulate the set of couditious thatwill ensure that a siven l,o S will work. The differ;;;;, ffi;i"Jjf#*auy two rows should comprise one representative from each of the fourcyc:lotornic classes, for each of the 2 x Z = 4 combinations of subscripts.
On the computc.r, it is rrt-rt diflicult to find matrices .A so that .4. @ ,gsatislies these conditions. We found the followinf matrices .4:

00001111
00110011
0t0l0l0l
01100110
00111100
01011010
01101001
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9Cr.n

00
r2
63
s7
8t6
424
56

13

23

25

4

00
t2

t48
153
222
730

L2 2t

0

2

4

l4
o.)

8

28

0

I
16

00
2t
33
45

t24
16 t4
18 2t

00
2L
14
n(ud
82
43

198

0

I
,
3

4

5

I

2

I

0
,
3

8

7

18

2t

0

I
3
,
4

I
7

0000000
2t2L2t2

3737 337 3 3g7
4 39393939 4 4
7 2 522 4L7 13
L245143362122
3 85042 14320

0

I
3

4
,
5

6

0
,
8

26

5

38

4t

0

I
11

00 0 0 0 0
t2 L 2 t 2
213 3 7 3
33 2 8 5 6
4 8 4 10 928
541091140
65113955 46

0
,
3

8

l4
L7

25

I
I

0
,
I
3

8

4

01

0

I
,
3

4

5

6

n=37:

n:53:

n:61:

3

10

20

37

4t



n -- 101:

00
L2

194
838

24 64

11 18

69 43

Hence, we have the following result.

TuooRptr,t 5. f . There exr'sfs an HpA of type Zn aad. strcngth 7 forn:29, 37, 53, 61, and l0l.

6. Conclusion.

000 0
LzL 2

2L4 3

335 4

472t2
5 4 3 8
65640

00
12
33
54
75

L7 13

55 4t

We have introduced the concept of holey perpendicular arrays. We
hope tl:at this idea will be fruitful in the ,t"ai o'f p*.p*odicular arrays,
Latin squares, and related designs.
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