
SNAPPY CONSTRUCTIONS FOR TRIPIJ SYSTEI'IS

D,R, SttHSoN AND li,D, Heruls

1. A tri-ple systall T(\rtt) ls a ray of selectl_ag unordered trlples froo a u-eec
ao lhat every palr of eleoears appea! togecher Ln I Eriples. They are rhe flrst non-
trlvial case of balanced bcoup!.ete block de.signs. r}re best larsr.rn sysi"-" are lhe oaes
slrh I = J, phich are ca1led SLeiner triple sysr€ns beeause they are rhe Sreiaer sysreEs
vlth block-size Ehree, or Sr(2r3rr:.1 aysteas. (Ia classlcal DoEaclou a ?(lru) ls a.u

S\(2,3,u/ systeo.)

Elesenrary cor-EtbB argrEDenEs shsrr thac tf a t(\rv) cxisEs then there are
Lutegers :: aod 5 such thar

\(v-Z) = Zr, vr = *
(each eJ.enenr belongs to precLsely r trlples, and b ls the tocal ctaber of r:1p1es 1n
the systeu). These coadltions can be expressed lrl leras of the pri_aacy of I to 6:

(\,5) - 1 1-uplles u 3 i or 3 (noC 6);
(\,€1 - 2 t-oplles v =- 0 or 1 kroC 3);
(\,6) = 3 l-upIles u i I (rrcd 2);

vhll.e (lr€) = 6 l=pcses no restrictlon. Anocber obvtcus uecessary condltLon ls that
v f 2. These conciir.ions are logerher suf f lc:,ent,. Clearly tf flr S) = d, so r.haE I = sd
for sooe lnteger I, one couid foro a T(\rv) by takl-ag s copies of a T(d,u). So ro prove
sufflciency it ls enou3h !o shol, Ehar the foll.oving s)'ste-< ex:.st.

f i7,is) for all v = i,3 (:nd 6);
I(2,r) for all u - C,l (rri 6);
?(3,v) for all u I 5 (noi 6);
T(6,u) for aII u I 2 ftnd 5), 1, r Z.

2. ihe sufficlency of rhe cosditloD u = I or J (npi 5) for SteLler triple slsie.ls
ues proven i.adepende-orly by several haods i-a tbe alaeteenth cenE.ury []r5]. Eose Il]settled t.he ca6e \ = 2, and che otbers rlere dooe by Ba::ani [21. Ecuever, as Screer [g]
po1:t.s ouE,

. l,bet ptwofd af e;afii.ciancl qe @rr,-;:rC;
Stai"on qd fuuE,znrl reeett ?eclu"i)e
pzpcf ... rls ot elegct eee?i--on ... .

BUE even ihe erlstence proof for SteiBer triple slsr.aa< given by Stanton ald Goulden [2]i,s leogthy and recurslve. For exaaple, Eo corslruct a ?alrJlJ you first aeed a t(lr2i),
uhich requires a f(Jr7).

tqi r{rlss1, ,! [4] a.ud la bis lectures, has obserrred thac easy dlrect
eoEstruclioas of ?[JrUl bave 6gsn 3y3i]ab1e aioce 1958, by corrblslag rhe reqult of [1]rld [6]. They are si:apler for pracrlcal use and quite Buitable for reaelriag. bspired
by b1s sork re h:ve sougbt equally ..Ey direct eoq1sr11;ctlgrBs for all trlple Eysr6s.
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I'tre resulls appear belou, scarting ulch the conscructlon (ln SectLon 3) of ?(l,u)t s.
A sord abouE. the presentation 1s I:t order. lJe use Lari:r squares, ils trosEreaders ei11 be fa.ailiar vith these beasts; for- teachlng purpcses, lf Lat1a squaresare Dot sentioned before triple sysce.trs, then rhe .pproi.i, preseEted ts a eoavenieatsay !o Lnlroduce Ehose interescing and Loportaat ..r"yr. Buc tfre vhole coastrucEioncr- be done rrirhout overtly uslag LarLn squares; lasread of Dencioni.Dg t.he array ^t,one ean glve a suitable foraula for I . ile soit verificarloos after the flrst, as

they all folloe lhe saee parEern. 4

3: _ A Latin square of side (or order) I Ls an I x 8 arra.v rrlEh all enrries fro6lhe seE S = Urzr...rs), such Ehac each ros and each coluon ls a perzuratlou of S. Aeec of positlons in 8 btln square ls called a tra:suer.saz if tt tontains or.. i"-pi"..rra_ative of each ros and ooe represeEtallve of each coLur, and if rhe positlons eontainbe'-ueen Ehes each seober of the seB precisely oace. A t-ro:suersal square ls a Larinsquare tllth a E:arrsversal. Glven a lrarrsversal square of slde s, on; could flritpeEute the coll:os so tha! the traasversal positions fo:=ed the a,ai_a diagonal, thenperrute the naoes of the eleoents so rhat the dlagoaal becoaes (1rer...rsi l.n order.L'e say a transversal square ln chis forr is s-,adsri:Sed

. Let L be a si,r.rraez:-lc translersal square of order 2n+i.easy to consErucr: one exa:rple ls ^L = (i-. -.) , uhere

L.. = 
(n+1)(i+j) (traC 2n+1 ).LJ

lJe Cefine a f(7,6n+3) based on three sets of s1,abols lr1l, {.2! 
"rra {rJ), vhere7 s c s 2n+7. Ihe rriples are

Such squares are

!

I

I

I

i

:

:

, 1 2 s.turrr:J

lrl ,yl ,t2-,1

l=2,y2,tJ )

,3 3-1 .l= ,y , L-,t

: 7sz32t+1

lsr<!:.2n+1

To verify rhar this ls a Srelner trille slstell, obser-re tLaE t.,Jc Desbers of r-5e saae
sec occur togerher exacrl)- once in oae of rhe blocks oi fora {=i,yirf,*]); euo
EeE:ers of different sets shrch have the sa.oe :-va1ue occur tcger.t", ii".r1y "r.":fcr exa=pl.e, if : / z, consid"r =l "oi z2;..thure :s exactJ.y c:le ccl,l.-: .t d. L such l!-.at
l=! = ", 

riis y sati-sf ies ! / =, .od :I "od "2 
treer lcgecher in the ar*r" ,rr1 ,yl ,"2]

a:i =cuhe:e e1se.

Althcugh it is eas;- to see chat Do pair of elenencs occur togelher aore
thaa once, lhere i.s realiy to need Eo verl_f)- thj_s. For ve have consirucred
(2n+1) +3n(2n+i) =612 + Sn+ i tr:ples. Ber,,een rhes Ehey conraia 7E^2 +l5n +J
u'ordered. pairs. l,le have verified lhar each roordere<i pair of €n + J elereors has
occurred aE leasr oae: tbar nakes (€n+S)(€n+Z)/Z = i2n2 + iln + 3 pairs. So there Ls
Do rooE for a pair to occu! crrice. Ttis argr.sent r:i11 apply to all our coasEructlons.

I
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tlheo. i+j'ls cvea

vhea i+j ls odd

exaaple

hpd 2n)

- -.1

lfert, let t
( 7 r2r... r.nr7 rZ r....n).

be Ls s)'uae crlc and has diagonal
H - (m. .) nheraq

n;5 =- * (i+i)

n6 
= * G+i+t)

lte defl-ae z ?(ir6n+lJ based or, {rl), {r2} 
"r,a {=3} ;o, I s: s zn 

"r,a 
an objecr o, byrhe rrlples

,7 2 3,
L* ,* ,! t,

{-rr7 , (=-il21

l-,r2 , (z-n)31

{-r13, (a-a)1}

,17 2.
1z ,! ,mztt
,2 2 3.lz,y rm-,l
,3 3 1.
1= ty rm^,1

4. For tbe .^se I - 2 we oeed Eo kass thar there ls a Erallsversal square ofevery order n (ercepc orC,er Z, shlch l_s i-epossille). luc E.h1s 1s easy. Gae si:ple
coosrrucrloo ls as follcvs. If n ts odd, defbe L_(L::) by i-.-. = Zi_i (rpd. n). If
a ts even., n ) 2, defi:re f^ to be rhe I-arj:r .q.r"r.'oftl.a.r rtJa"rir"o"rr".-r-_, o,n--replac5-og the (Jr2),(2r3),...r(n-Zrn-l) aad fr:_:-,lJ eIe=ecrs by n:.d rhee appenCj:.g a
last rgs aad coluan shieh aake Ehe square lacj_o: the lasr colr.:l:r is (n-7rJrZr...rn-|rtt)
a.ud rbe last rcr (n-2rn-1rJr...rn-Jrn). ?r, ls also a Eier.sversal sq_are. So t:ansversal
squeres exist for all orders except 2. (!:e couid also bave used lhe !:aosversal. squares
of Sectloo 3, l-a.stead af Ln, trarsportug t-be estries just after r.!:e =ain dlagoaal ia
Che B€Ee uay. But the above ex:.c.ples are eve.a s:-:?ler Eo \rrire doa-)

ftere "-i_sr a ?(2rd) aad a T(Zr7). Su:lable sers of t::;ias a:e:
7{2,5) : jZS, :24,735,j48, 1S€,ZJg,2iS,Z56,i4S,S€6

I

I

Tsasn

t n+l 3zS2n,

: 7sz<yS2n.

.' I s iE s ,?, Euice eacb

f ( 2, 7 ) : jZ3, i24, :ZS, )56, iSz, 1i?,2-;i, 2c?, 2SS, ZSz, Jl S, J4Z, 367, € 55.
(Or oae could duplicare rhe T(7rZ) of Secrioo 3.)

r(2,3n) ""':"":X"r,',lri, *3\,o r=r'r",rr1 :"=",';:":";::.:t;:':r:t.:l:;:.:' ^
,7 2 3.
tar-r*,

,7 I 2.'lta ,y Ja_.J I
-l, 2 2 3 ,ltE ,y ,4_., l

trt,r',"Ir.|
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triples
L 

.7{2r3n+!) 
aa Ehe saEe slrbols rogeEher rrlrh slzbil q !.s foraed by the

1rl ,r2 rr37
,7 2 -
tiE ,E ,-,
,2 3 .tt rf ,-J
.3 

' 
.ta ,t ,4,

,7 12.t:r r9ra_,,

{-',r',}*)
{-J,y3,of ,}

j ,sEs,t,

Jsgsnrls!sntzll.

The follouiat tri?ies

.' J s I s n, 7 s y s n, z I A, each rrrple raken
Ehree tires

a.
1-a -t _4.-a ,- ,- J

r. The case of. 
.T{J,u/ 

for u =_ S (nod.6J .ts the easiesE of the construclions. Oae

ly,=+r,2_-*y) :0 s,r. *v, 0 s y , v
vhere all che addirlons are reduced ooduLo u.

6. Suppose A = (a..-) ls a Eransversal square of order n.
for.,:a a f (6,3n+2) based on lzt), lzz), {rJ), I s : s n, {-I ,-2\ ,

{=;,vl,i)
{rt 'l2,il
!='t,r',tl.I
t_1 -1 _2'1\ ,- ,4 t,

{-J,=2,--3), 1-2, 12, 13.!

i-I,=3,=' ), 1-2,r3, 
=7,r

: 2 s = 3 n, each tti?le taken three tiaes

1-7 ,-2 ,77 l ,1-r ,-2 ,72 ) , i-l ,-z , 2J ) ,
1-1 ,11 ,J2!,{-7,12,l-?), {-1,r3, ll),
1*2 , J7 , J2 ) , l*2 , J2 , rJ ) , {-z , JJ , Jr } , tlrice each.

ltl ,sz,131.

-87-

I

I
I

I

:

:



REFERENCES

t1] R.C. Bosc, "On the construcEioa of balanced ilrcotplere bfock designsr,, Anrr.Ergenics 9 (1939), 353-399.

t2] H. Banarrl, "The existence and consrrucaj.so of balanced incoaplere block desigos,,,Alvt. t.tlth. Stejist. 32 (1961), 371_385.

[3] T.P. ]i:ricarr,'lh a problec in coub:=tions,., Ca.bri.qe c.i ]uL)il H.th. j. z(1847) , 191,-204.

t(] C.C. Ljndaer, t'A survel of er:betiding theorens for SLe:ner slsteps,,, Awt. Hs:reteHz:h. Z (19S0), 175-202.

t5] i. R"irr, t'Lber eine Sreinersche cstr5r:latorische Aufgabe,,, J. Reir,e Ar,gas. ttc._h.56 (1858), 273_?BO.

t5l 
];rllil]t, 

"Sooe renarks on the t:ipte sysleos of SLeiner,,, lt::h. Scz,C- g (1958),

i7] R.G. Sianron arrd I.p. Goulden, "6rapt facLorisation, geoeral triple svsteEs, andcyclic ..ri.ple sysLeas,' , Lecu..!._one iic--j;. ZZ tf Sgii,'f lZg.

t8] A.P. Screet, "SoEe designs u1rh block size ahree,,, Cc,t;;it::tcr,c! Ezthc_ctics l,II(iect:ttc |ictes in t1c--l,et,a:i:s E2gJ , Sprlnger_VerJ,ag (1980) , ZZi,_?3j .

FT"*?, of btrryuter Science, .
ln'-ve:szi-g of lLztizoba

b=ziaenl of Hzlhenctics, Statist-ics oti b_?t.-er Scier,ce,tlriters--ty of liescastie.


