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L" THE NoN-ExrsrENcE op A (2,4)-r'RAuE

D.R. Stinson

Abstract
It ls shorrn that a (Zr4)-frame does not exlst.

1. fntroduetion.
A (2,4)-frarne, lf it r^rere to exlst, wouJ-d be an etght-by-elght

array I' of cells wlth the foLlowing properties:
(1) A cell- elther is empty or contains an unordered pair of eleuents

chosen from the set S = {1rZr3rh]. x {1r2}.
Q) There are four empty two-by-two blocks F1rI.2rI3rI4, dorm the

diagonal of Tz

(3) A row or coluur which meets F

of s\({i} x {1,2}),
t contalns preclsely the elements

(4) The unordered pairs occurring in F are precisely those
{(k,u),(.c,n)} where k* t.

For any ordered palr of posltlve lnEegers (tru), a (t,u)-fraue
ls defined analogously. Frames haye been of considerable use in the
construction of Howe1l designs and Roon squares (see [1-] and [4]). The

following existence :results have been shor^m.

THEOREI'{ 1.1 (Dinitz and Stinson [2])
(l) fl'u/6, LlLen e (L,u)-!'r'one et:is'bsif andonlytf t(u-l) is

eDen,

(2) rf gcd(t,2L0) 1 1, then a (t,5)-frone erLsts,
(3) If t is a rruLtiple of four', then a (t,4)-frune etists, uhereas

tf t is odd, thrcn rut (t,4)-frctne erists,
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(4) No (t,3)- or (t,2)-frcme erists, uhereas cLL (t,1)_fz,ones erist.

'I'he non-exi-stcnce results of the aboye theorem are trivlal_.
Other than ttrose exceptions there are preclsely t.wo frames which have
been shown not to exi.st: a (l,5)-frame, which is equivalent to a
Room square of side 5 (see I3]); and a (2,4)_frarne. In this not.e we
deruonstrate the non-existence of a (2,4)_frame.

The author conjectures that all (t,5)-fraroes exist for t > I,
and that all (t,4)-frarues exlsr for E eyen, t > Z.

2. T'he yton-existence proof .

Let the tuo-cell ,rj be the two-by_tr"ro subarray of F determined
by the rows meeting Fi and the coluums meeting ,j,

LEMMA 2.1 A ceLL in the tuo-cell ,r:j can only contain a pair of the
tape {(k,m),(9.,n)}, ahere {i,j,k,9.} = {1,2,s,4}.

LFLIMA 2.2 A tuo-cell contains exactly tuo filled cells, not both in the
same rou ot, colunm.

Ptoof. The twocells F.. and I'
rhus, we assume,"r.r""1'r.ll""r'i:""::irl;'.1::" ;; ::::;:":":::'
fllled cells in the first row, and obtain a contradiction.

Without Loss of generalltyr w€ may fill in:

uI F
L2

F
13

P
L4

uzt F
2 'zl 'zq

ult F
32

F
3

F
34

u4r ,4' F
43

ta

r00



F̂1

31
4t

32
42

F
2

Note that the other two ceI1s of ,tZ must be J-eft empty, slnce palrs
cannot be repeated.

Now, (4r1) and (4r2) Dust occur in the second row. They cannot
occur in ,t, or FI4, so they uust occur in Ftl.

Again, without loss of generalityr we may fil1 in:
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As before, the other two cells of Ftg must be left empgy. Now,

the syrnbol (2,1) has not oecurred in the first row. It ean onJ-y

appear in Tt4. Thus (2,1) must occur in the first row with some
(3,j). Howeyer, (3r1) and (S,21 have both already oceurred in the
first rord, so we haye a contTadiction.

LEMMA 2.3
(k,1) qnd

tuo-ceLL.

If an element (k,m) occl,trs ttyi.ce in some tuo-cell, then
(k,2) both occuz, eractly zero times oy tttice in euery

l0l



Proof. Suppose, wi-thout loss of generality, that (3,1) occurs twice
1n ,tZ. Then (3,2) occ_urs twice in F42, (3,1) occurs twice in
F4l, (5,27 occurs twice in t21, (3r1) occurs twice ln T24, and
(3,2) occurs twice 1n Ftr*.

LEMI-{A 2.4 fJ'an element x = (k,m) occllrs tuyLce in a tuo_cell, and. an
e.Lement y : ( n,n) oacurs tuice in a tuo-cell, then k : j,.

Ptoof. Suppose, without loss of generality, x = (lr1), y = (2rL),
and obtain a contradlctlon. As in Lema2.3we see that,in FrOr (lrm)
occurs twi.ce, and (2,n) occurs twice. This ylelds a repeated pair.

In yiew of Lernma 2.4, we may assrue that (1r1), (1r2) ,(ZrL) r(2r2),
(4rf) and (4r2) neyer occur twi.ce in a two cell.

lrle now try to construcf F. Eaeh step is wtthout loes of generality,
modulo. a pe:misslble pemuting of coltrurs, rows and syubols. That ls,
we allow interchanging the trf,o symbols (trt) and (ir2), and we allow
swi-t,chlng two rords or coh.mns meeting a (glven) f .. Arrows indicate
such a switching of rows or coLumns can be perfo:med, lf needed.
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Now if we try to place the elements C2,2)r(2rl) lnto IL3'

we obtain a contradictlon. (212) has already appeared with (4rl)

bo it must now appear with (4rZ). But then (2r2) occurs twice in

a column. Thus we have shown:

THEOREII 2.5 A (Z,4)-frune does not e*tst'
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