Constructing Craig Interpolation Formulas

Guoxiang Huang

Mathematics Department, University of Hawaii at Manoa
Honolulu, HI 96822 (E-mail: buang@math.hawaii.edu)

Abstract. A Craig interpolant of two inconsistent theories is a formula
which is true in one and false in the other. This paper gives an effi-
cient method for constructing a Craig interpolant from a refutation proof
which involves binary resolution, paramodulation, and factoring. This
method can solve the machine learning problem of discovering a first
order concept from given examples. It can also be used to find sentences
which distinguish pairs of nonisomorphic finite structures.

1 Background and Introduction

Let X and IT be two inconsistent first order theories. Then by Craig’s Interpo-
lation Theorem, there is a sentence 8, called a Craig interpolant, such that 8 is
true in X' and false in IT and every nonlogical symbol occurring in § occurs in
both &' and II. Craig interpolants can be used to solve the problem of learning
a first order concept by letting X' and IT be the lists of positive and negative
examples of the concept to be learned.

The standard nonconstructive model-theoretic proof of Craig’s Theorem is
in [3]. Lyndon showed how to construct an interpolant from a special form of
natural deduction (see [1]). We show how to construct an interpolant from a
refutation proof which uses binary resolution, factoring and paramodulation. In
our examples, we use OTTER (the standard text on OTTER is [4]) to generate
such proofs.

Craig interpolants can be used to find a sentence which distinguishes two
nonisomorphic finite structures. Let X' and IT be the atomic diagrams of the two
structures. Then they are inconsistent and any Craig interpolant for them is a
sentence which is true in one structure and false in the other.

2 Constructing Interpolation Formulas from Refutations

Let Ly and Lp be two languages, X a theory in Ly, and IT a theory in Ly such
that X' U IT is not consistent. In this paper we use ¢ to represent contradiction,
use O to indicate the end of a proof, and suppose P is a refutation of ZUIT | ¢
involving only binary resolutions, paramodulations, and factorings. The input
clauses (clauses at the top of the refutation) are required to be instances of
clauses from X' and II. For convenience, we will assume that different input
clauses have disjoint sets of variables.
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For any occurrence L in the proof P of a relational symbol in Ly U Lp, we
define L is from X recursively by:

(i). If the occurrence L is in an input clause from ¥, we say it is from X,
otherwise, it is not.

(i1). If the occurrence L is in a non-input clause C, then it is from X if the
corresponding occurrence in some parent clause is from X.

Similarly, we can define L is from II. Since factoring is allowed in the proof,
several occurrences of some literal may be factored into a single one. So it is
possible that a literal in some clause may be from both X and IT.

Let T and F be the truth values of “¢ruth” and “falsehood”. For a binary
resolution proof P we use the following recursive procedure to assign formulas
to the clauses in P:

Interpolation Algorithm

(i). If C is an input clause from X, its formula is F; if C is an input clause
from 11, its formula is T.

(4). If ¢ is assigned to LV C and 4 is assigned to ~L'V D, and if (CV D)«
is the resolvent of LV C and D V =L’ resolving against Ln(= L'n), then the
Jormula assigned to (C'V D) is:

(a). (¢ V ¢)x if the occurrences of both L and ~L' are from X alone;

(b). (¢ AY) if the occurrences of both L and —L' are from IT alone;

(c). (L' A ¢) V (L A ¥))x if neither (a) nor (b).

Definition1. A formula 8 is a relational interpolant of X and IT relative to a
clause C iff

(1). all relational symbols of @ are in Ly N Ly,

(2). X6V C,and

(3). I ‘: -0vC.

Theorem 2. For each clause C of a binary resolution proof P of ZUII k= ¢,
the formula assigned by the above algorithm is a relational interpolant of X and
IT relative to C. In particular, the formula 8 assigned to the final empty clause
of the proof P is a relational interpolant between X and —II.

Proof. 1t is obvious that any assigned formula contains only relation symbols
from Lg N Lg. So condition (1) of the definition holds.

For any occurrence of a clause or subclause C' in the proof P, let Cx (let
Crr) be C with all occurrences of literals not from ¥ (not from IT) deleted. Then
Cs |= C, Cn |= C,and CsVCp <= C are valid and (CVD)L' = (CEVDE)
and (Cg)r = (C7) gz for any unifier «.

We prove by induction on the depth of C in P the following strengthenings
of (2) and (3): ‘

(2). X EovCy,

3)Y.II'l=-8VCs.

Suppose C' is an input clause from X. Then 6 is F and Cx = C. Thus (2)'
and (3)’ hold since ¥ | FV C and IT | T V C. The argument for an input
clause from I7 is similar.
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Suppose (2)' and (3)’ are true for clauses LV C and -L'V D of P whose
resolvent in P is (C V D)r where 7 is a unifier such that Lw = L'w. Assume
LV C is assigned the formula ¢ and ~L' V D is assigned . Thus we have

YEov(LVO)s, YEyV(-L'VD)y,

nIE-¢Vv(LVC)y, OHE-¢$V(-L'VD)y.

Case (a). Suppose the occurrences of L and —L' are both from X alone.
Then (LVC)g =LV Cg and (~L'V D)y = ~L' V Dy. By resolution we get
2):ZE{(¢VCe)V(¥VDg))r=(¢Vy)rV(CV D)rg. For (3) we have
(LVC)p =Cp and (-L'VD)g =Dp and so IT = (~¢V Cpx) A (—¢ V Dp)
and IT =~ (¢ V)V (CV D)rp.

Case (b) for L and —L' from IT alone is similar.

Case (c). In any model of & with any assignment of variables, if both Cyw
and Dgr are false, then (¢ V L)r and (¢ V ~L')w are true. So if Lw = L'w is
true, then so is ¢x; if Lw is false, then ¢ is true. Either way,

(5L’ A@) V(L AY)V(CV D)g) is always true.

Similarly, IT |= (((LV ~¢) A (L' V4)) V(C V D) g)x.

Hence, by induction, the theorem holds. O

Resolution provers often use paramodulation to handle equality. Given clauses
C(r) and s = tV.D with no variables in common and a unifier = such that rr = sm
or rm = tx, paramodulation infers the paramodulant (C(t) V D)« or (C(s)V D)=
respectively.

Definition 3. For a deduction P in Ly U Ly, a noncommon term is a term
which begins with a symbol not in Ly N L. Such a term is called a X-term
if its initial symbol is from X, a IT-term if its initial symbol is from I7. An
occurrence of a X' (IT)-term is mazimal if this occurrence is not a subterm of a
larger X (IT)-term.

Now we extend the Interpolation Algorithm to proofs with paramodulation
as follows:

(iii). If ¢ is assigned to C(r) and 1 is assigned to s =tV D and if 7 is a
unifier such that rm = s, then the formula assigned to the paramodulant is:

(d). (@As=1t) V(¥ As#t)rV(s=1tAh(s) # h(t))r provided r occurs
in C(r) as a subterm of a mazimal IT-term h(r) and there is more than one
occurrence of h(r) in C(r) V ¢.

(e). [(dAs=t)V (Y As#t)nA(s#tVh(s) = h(t))x provided r occurs
in C(r) as a subterm of a mazimal X-term h(r) and there is more than one
occurrence of h(r) in C(r) V ¢.

(f)- (@A s =1t)V (P As#t))n if neither (d) nor (e).

Lemmad4. If ¢, are the interpolants relative to C(r) and s = tV D, re-

spectively, then the above formula is an interpolant relative to the paramodulant
(C(t) v D)x.

Proof. We prove case (f). Since X' |= (C(r)Vé)r and ¥ |= (s =tV DV ¢)x, for
any model A of X, if sw = t7 in A, then A |= (C(t) V @); otherwise if sw # tr
in A, then A |= Dr V . Either way, we have A |= (C(t)V DV 6)x.
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Similarly, IT |= (C(t) V D V —8)~ in the two cases: For sw = tn,IT |= (-¢ V
C(t))x; for sw # tm,IT | (~y V D)x. Thus the assigned formula satisfies the
requirement. O

The final rule of inference we need is factoring. Given a clause LV L' VC and
a unifier 7 such that Lx = L', factoring infers the clause (L V C)x. We extend
the Interpolation Algorithm to proofs with factoring as follows:

(iv). If ¢ is assigned to LV L'V C and w is a unifier as above, then we assign
¢n to the factor clause (LV C)m.

Clearly ¥ = LVL'VCV¢and IT | LVL'VCV~-¢ imply X |= (LVC)nVér
and IT = (LV C)n V ~¢m.

Thus for a refutation proof P by a series of binary resolutions, factorings, and
paramodulations, applying the above extended algorithm gives a formula, say
6, for the empty clause. Since X |= 6 and IT |= 8, 0 is a relational interpolant
between Y and —JI. Though @ does not contain any non-common relational
symbol, it may contain noncommon terms with constants or function symbols
which are not in Ly N Ly. We now show how to get a Craig interpolant by
replacing all noncommon terms in § with appropriately quantified variables.

First we define a binary tree deduction to be a deduction in which any clause is
used at most once. Such a deduction involving only binary resolutions, factorings,
and paramodulations forms a binary tree.

Lemmab. Any refutation P using only binary resolutions, paramodulations,
and factorings, lifts to a binary tree deduction P, with the same conclusion.

Proof. We prove this lemma by induction on the number k(P) of clauses which
are used more than once in the deduction P. If k(P) = 0, P is a binary tree de-
duction. Assume the lemma holds for all deductions with k(P) < n and suppose
k(P) =n+1. Let C be a clause such that C is used m > 2 times in P but all
the ancestors of C are used only once. We construct a new deduction P’ from
P such that P’ has m copies of C and its ancestors, and each copy of C and its
ancestors is used exactly once in P’. Finally, variables may be renamed if nec-
essary, so that different input clauses have disjoint sets of variables. Otherwise
P is the same as P’ and has the same conclusion. Since P’ is a deduction with
k(P") < n, by induction, P’ lifts to a binary tree deduction P; with the same
conclusion.

Suppose P is a binary tree deduction whose input clauses have disjoint sets
of variables and whose substitutions are generated by the usual unification al-
gorithm, then the following properties hold in P:

1. Every variable of any noninput clause in P occurs in exactly one parent
clause and thus traces back to a unique ancestral input clause.

2. Any two incomparable (neither is the ancestor of the other) clauses have
disjoint sets of variables.

3. For any substitution 7 of P and any variable &, either 7 is trivial on z, i.e.,
n(z) = z, or = does not occur in the term n(z).

4. If 7 is nontrivial on z, £ never appears in any clause below .
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Definition 6. Given a binary tree deduction P as above, for any variable z
occurring in P, let mp,, the composite substitution for P, be the substitution such
that mp(z) is the term resulting from applying to = the composition of all the
substitutions along the path from the unique input clause which contains z to
the bottom of P.

Lemma?7. For any clause C in such a binary tree deduction P, Cmy is the
clause obtained by applying to C the composition of all the substitutions along
the path from C to the bottom of P.

Proof. Suppose z is a variable of C. Then z traces back to a unique ancestral
input clause D. All of the substitutions along the path from D to C are trivial
on z since otherwise, z would not occur in C. Hence 7(z) = the composition of
all substitutions from D to the bottom. O

We say a deduction is propositional if there are no nontrivial unifying sub-
stitutions involved in the deduction.

Lemma 8. The Boolean operations V,A,~ and propositional binary resolution,
factoring, and paramodulation commute with substitution. That is, if & is @ sub-
stitution, then (AV B)x = An V Br, (AA B)r = An A Br, (nA)r = ~(Ar);
and for any propositional binary resolution {AV L,BV ~L} k= AV B, we have
{An V Lx,Br V ~Ln} | An V B7; and for any propositional paramodulation
{C(s), s=tV D} = C(t)V D, we have {C(s)7, (s =t)xV Dn} = C(t)xV D=.

Lemma9. Every binary tree proof P, projects to a propositional proof Pp.

Proof. Given a binary tree proof Pj, rename the variables if necessary so that
the above four properties hold and let 7, be the composite substitution for P.
Let P, be the result of replacing each clause C' of P, with C7, and replacing
each substitution with the trivial identity substitution. Then by Lemma 8 P, is
a projection of P, and F, is a propositional binary tree deduction. O

Lemma10. Assume P, projects to P, as in Lemma 9. If we apply the Interpo-
lation Algorithm to the propositional deduction Py, and if a clause C’ in Py is
assigned formula ¢', and if its corresponding clause C in Py is assigned formula
¢, then ¢' = ¢mp. In particular, the assignments to & from both deductions are
the same.

Proof. Any occurrence of a literal L in a clause C’ of P, is from X or II or
both iff its corresponding occurrence in P, is from X, II, or both. So the corre-
sponding clauses of P, and P, are assigned interpolants by the same case of the
Interpolation Algorithm. Lemma 8 gives the result. O
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Let P, be a propositional deduction in Ly U Ly, and ¢,,...,t, be all the
II-terms w1th maximal occurrences in Py. Let &y, ..., 25 be a set of new variables
which do not occur in P,. For any t:erm or formula 8 in P,, define 9(1:1, 5 Tn)
to be the term or formula obtained by simultaneously replacing all maximal
occurrences of the II-terms ¢;’s by the new variables z;’s. We call 0 the lifted
formula of @ from II-terms.

Lemmall.

(AV B)(z1,....,z5) <= X(wl,...,.m,.)Vﬁ(ml,...,z,.)
(AA B)(Zny .y Tn) <> A(T15.,Zn) AB(T1, ey Tn)
(s = ) &1y .0y Zn) <> 3(T1ye0yZn) = U1, oy Tp)
(mA)(Z1, - Tn) <> —A(Z1,.s Tn)
0 = G(t1,rtn)

Lemmal2. If 0 is the relational interpolant of X and II relative to C by the
Interpolation Algorithm for the propositional deduction P,, then we have

5 (CV0)(Z1, s Tn).

Proof. We prove this lemma by induction on Pp. If C(t1,...,t,) is an instance of
an input clause from X, then all the IT-terms in C come from free variables by
the unifying substitutions in the original deduction. So by the construction of
Py, we know that C(z1,...,%,) is an instance of some input clause in ¥, and F is
assigned to this clause. Thus X k= C(z1,..,zn) V F. If C(4y,.., tn) is an instance
of input clause from IT, then it has assigned formula T and X = C(z1,..,2,) VT
holds.

Now assume that X' |= (CV LV ¢)(%1,..,%n) and X k= (D V ~L V 3)(z1, .., Zn)
and that C V L and D V L resolving against L gives C V D with interpolant 6.
We show that X' |= (CV DV 8)(z1,..,2,).

Notice that by propositional deduction and Lemma 11 we have

{CVIVé, DV-LVY}CVDV($V$),and

{CVLve, DV-LVp}=CVDV(-LA)V(LAY).

Using Lemma 11 again proves the Lemma for case (a) and case (c) of the
Interpolation Algorithm definition of . For case (b), @ = ¢ A ¢, and the occur-
rences of I and —L are not from ¥. By the proof of Theorem 2 we know that
X2 ECV¢and 5 = DV respectively. Thus we have X = CVD V (A §).

Next assume C(s) and s = ¢t V D gives C(t) V D by paramodulation. As-
sume ¥ | (C(3) V ¢)(z1,...,2,) and ¥ = (s =tV DV ¢)(z3,...,T, ). Here we
consider case (d) of the assignment for paramodulation in which s occurs in
C(s) as a subterm of a maximal IT-term h(s) which occurs more than once
in C(s) V ¢. Then since hLl_h(_Lare distinct IT-terms, they will be replaced
by distinct new variables h(s), h(t) in C(t) V ¢. For any model of X' and any
assignment of all free variables in the lifted paramodulant and its assigned
formula, if C(s) and § = f are true but C(t) is false, then we must have
h(s) # R(t). So in this case we have: X |= (s = t A A(8) # A(t))(21, ..., Zn). And
hence, X' |= (C(t) VDV 0)(z1,...,Zp)-




187

The arguments for the other cases are straightforward. O

We now assign a dual formula to each clause in the proof P as follows:

(i). If C is an input clause from X, its formula is T; if C is an input clause
from I, its formula is F.

(i1). If ¢ is assigned to LV C and ¥ is assigned to =L'V D, and if (CV D)x is
the resolvent of LV C and DV —L' against Lx = L’n, then the formula assigned
to (CV D)r is:

(a). (¢ A 9)x if the occurrences of both L and ~L' are from X' alone;

(b). (¢ V )7 if the occurrences of both L and =L’ are from IT alone;

(c)- (LA @)V (=L' Ap))x if neither (a) nor (b).

(iii). If (C(t) vV D)= is the paramodulant from above described paramodula-
tion, its formula is

(d). (¢ Vs #t)A (Vs =1t)rA(s#LtVh(s) = h(t))r provided the r is
a subterm of a maximal IT-term h(r) and there is more than one occurrence of
h(r)in C(r)V ¢.

(e). [(pVs#t)A(WYVs=t)nV(s=1tVh(s) # h(t))r provided the r is
a subterm of a maximal X-term A(r) and there is more than one occurrence of
h(r)in C(r) V ¢.

(). (¢ A s=1t)V (¢ As# t))rif neither (d) nor (e).

(iv). If ¢ is assigned to LV L' V C and 7 is a unifier such that Lx = L'=,
then we assign ¢n to the factor clause (L V C)x.

By induction on the depth of a clause in the deduction we can show

Lemma13. The formula assigned by the dual method is the logical negation of
that assigned by the original Interpolation Algorithm.

Corollary 14. Assume that 0(sy,...,s;) is the dual formula assigned to C in
P, by the dual assignment algorithm, where s,,...,8: are all the X-terms with
mazimal occurrences in Pp. If we let é(yl,...,yk) be the formula obtained by
simultaneously replacing all mazimal occurrences of the X'-terms s, ..., s by the
new variables Yy, ..., yi, then we have IT = 0(y1,...,yx)-

Now we are ready to quantify all the variables for noncommon terms in the
relational interpolant @ of X' and IT relative to the empty clause. Assume that
all the maximal ¥-terms and II-terms are {t,...,t, }, ordered by their lengths.
Assume {?1,...,¢n } = {r1,...,7k } U {8k+1,..., 5o } where the r;’s are the maximal
IT-terms and the s;’s are the maximal X-terms. If lifting  from IT-terms gives
6(z1, ..., zr), and lifting 6(z1, ..., zx) from the X-terms gives 8*(z1, ..., z,) where
the z;’s are new variables for the ¢;’s, then we have

Theorem 15. Q121...Qn2,0%(21, ..., 2n) 18 @ Craig interpolant separating X and
II, where Q; sV if t; is a II-term, otherwise Q; is 3.

Proof. Clearly lel...g,,z,.a*(zl, .wy2Zp) 18 a formula in Ly N L. By Lemma 12
we have ¥ |= Vz,...240(2)...28).
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Each maximal Y-term of §(zy,...,zx) is a lifting 3;(z1,...,2x) of one of
the maximal X-terms $ky1,...,8n of 0. If z; occurs in §;(zy,...,Z¢) then the
term r; which z; replaces is a subterm of s; and thus r; occurs before s;
in the list {¢1,...,t,} and the variable for r; occurs before the variable for
sj in the prefix Q12z1...Qn2n. Hence 3; is a witness for the quantifier Jy; in
Q121...Qn2n0*(21, ..., 2n). Hence, X' | Q121...Qn2,0*(21, ..., 21).

On the other side, for the dual formula -8, using the same order among the
noncommon terms and by the corollary above and the fact that 6* is also the
lifting from II-terms of the lifting @ of @ from X-terms, we also have

I = Q,21..Q 200 (21, ..., 2n) where Q; = V (3) iff @; = 3 (V). Moving
the negation symbol out we finally have IT |= =Q;21...Qn200*(21, ..., 25 ). O

The formula 6* may contain free variables other than zy, ..., z,. We get a Craig
interpolant sentence by quantifying these extra variables with the quantifier Q;
or any other sequence of quantifiers.

Ezample 1. Let ¥ = {R(x,a) V R(z,b)}, IT = {-R(c,y)}, where a, b and ¢ are
distinct constants. An OTTER resolution refutation for X U IT |= ¢ is:

1 R(z,a) V R(z,b).

2 —R(c,y).

3 [binary,1,2] R{c,b).
4 [binary,3,2] .

The Interpolation Algorithm gives the formula 8 = R(c,a) V R(c,b). Since a
and b are Z-terms and c is a II-term, we replace a and b by the existentially
quantified variables z and y, and replace c by the universally quantified variable
z. Since the lengths of a, b, ¢ are all 1, the order among the quantifiers does not
matter. Thus the following three formulas are all Craig interpolants between X'
and IT:

Vz3zy(R(z,z) V R(z,y)), 3zVz3y(R(z,z)V R(z,y)), JzyVz(R(z,z)V
R(z,y))

Ezample 2. Let ¥ = {z # f(z),z # f(f(z))}, I ={y=zVy=g(z)}, where
both f and g are functions. Any model of X has a universe of size at least 3, while
any model of IT has a universe of size at most 2. So X’ and IT are inconsistent.
An OTTER resolution refutation for X U IT |= ¢ is:

1 f(z).

2 2f{f(s).

3 y=aVy=g(z).

4 [binary,3.1,2.1] z=g(f(f(z))).
5 [binary,8.1,1.1] z=g(f(z)).

10 [para-into,4.1.2,5.1.2] z=f(z).
11 [binary,10.1,1.1] .

The formula 8 the Interpolation Algorithm gives is
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EF FUEDA2 £ SNV & =D A Se) £ SN #
z).

The noncommon terms, when sorted according to lengths, are f(z), f(f(z)),
g(f(f(z))), where g(f(f(x))) is a II-term and the others are XZ-terms. Replacing
these terms with the variables u, v, w and quantifying them gives the formula

0* = Juwwl(z £ vAz#Fw)V(z=wAu#v)]A(z #u).

Note that any model for 6* contains at least three elements: It can not con-
tain only one or two elements, for z,u,v must be distinct. Thus * is a Craig
interpolant separating X' and IT.

3 Applications of Craig Interpolants

Given two finite structures, to show they are isomorphic, one finds an isomor-
phism. To show they are not, one gives a statement that separates them, i.e., a
sentence which is true in one structure but false in the other. The Interpolation
Algorithm can be used to find such a sentence.

For structures S; with elements {a,,..,a,} and S; with elements {bi,...,b, },
assume that the universes for S; and S, are disjoint, and all the elements a;, b;
are named by new distinct constant symbols. Furthermore assume the diagrams
(the collection of all atomic sentences and negations of atomic sentences which
hold in the structure) for the structures are A; and A, respectively. Then each
of the diagrams is a theory in some language. If the two structures are not
isomorphic, then ¥ = A;UVz(z =a, V..Vz = an) and IT = AU Vy(y =
by V ... Vy = by) are inconsistent, and by completeness there exists a refutation
proof for ¥ U IT = . Applying the Interpolation Algorithm to this proof gives
a first order sentence which separates the structures.

For example, let S; and S; be directed graphs. S; has vertices {a,b,c} with
edges {(a,b), (a,¢c)}. Sz has vertices {a’,b',c'} with edges {(d',d"), (¢',a')}. We
use binary relation p to represent the edges of the graphs. Then the diagram for
St is

Al = {p(aa b)7p(a, C), —'p(ba a)’ -'p(b’ 6)9 "P(Ca a), "P(C, b)y a # b7 a # c, b # c}-

And the diagram for 33 is

A = {P(a', b,)ip(c,’ a')’ —'p(a" C'), "P(b', a"), "P(b', C'), —1p(c’, b')5

a #b,d £,V #}.

So X=AUVz(z=aVz=bVz=c)and Il = A UVz(z=d' Vz =
Vvez=/c).

A refutation proof by OTTER is the following:

1 p(a,b).

2 p(a,c).

7 (a # b).

8 (a# c).
10(z=a)V(z=0b)V (z=rc)
14 -p(b1,cl).
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15 -p(cl,b1).

16 -p(al,cl).

19(z=0a1)V (z=b1)V (z=cl)

28 (b1 # cl).

30 [para-from,10,7] (a # z) V (z = a} V (z = ¢c).
84 [para-from,10,1] p(a,z) V (z = a) V (z = c).
44 [para-from,19,16] -p(z,cl) V (z = b1) V (z = c1).
274 [para-from,30,8] (a # z) V (z = a).

507 [para-from,34,2] p(a,z) V (z = a).

699 /Pﬂm'ﬁ”M,H,IU ~p($,€1) v (w = 61)'

711 [binary,699,507] (a = c1) V (cl = a).

783 [binary,711,274] (c1 = a).

794 [para-from,783,22] (b1 # a).

797 [para-from,783,15] -p(a,b1).

816 [binary,794,507] p(a,b1).

817 [binary,816,797] .

Applying the Interpolation Algorithm, and using some trivial logic rules such
as AV-A & T, (AA-B)VB &> AVB, AANA < A, AA-A &
F, AVv-A <= T, tosimplify the formula, we get the following relational
interpolant

6: (d=aVpa,c)) A =aVp(a,b)).

Note that a is a Z-term, while b’ and ¢’ are II-terms. If we replace a,b’,c/
by z,y, z, respectively, by Theorem 15, we get the following formulas. They all
separate the two graphs:

JzVyz[(z =z V p(z, 2)) A (y = 2V p(2,9))],

Vy3aVz[(z=z V p(z,2)) A (y = = V p(z, y))],

Vyz23z[(z =z Vp(z,2)) A (y = =z V p(z,y)))].

Note that there is a shorter formula 3zVy(z = y V p(z,y)) which separates
the two given structures. The generation of minimal length separating sentences
is an open problem. We also need more efficient proof strategies for such prob-
lems since current resolution provers can not find refutation proof for pairs of
structures with more than 6 elements.

Acknowledgements: The author thanks Dale Myers for his numerous
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