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e Start as early as possible, and contact the instructor if you get stuck.
e See the course outline for details about the course’s marking policy and rules on col-
laboration.
e Submit your completed solutions to Crowdmark.

1. Regular Expressions
6] Let ¥ = {0,1}. Give a rigourous proof for the equality of languages

L((00*1)*1) = L(1 4 0(0 + 10)*11).
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2. Closure Properties of Regular Languages
Let X be an alphabet. Consider the following unary operation on languages over X::

Pref(L) = {w | 3z € ¥* such that wz € L}.

In this question you will supply the key content of two of the recursive cases for a proof
by structural induction on L that

if L is regular, then it follows that Pref(L) is also regular.

In such a proof, we would be constructing new languages starting from regular lan-
guages Ly and Lo, such that Pref(L;) and Pref(Ls) are regular by our induction
hypothesis. (I encourage you to write down the rest of this proof in your spare time
after you finish working on this assignment!)

6] (a) Let Ly and Lo be any languages over 3, with Ly # (). Give a rigourous proof of
the equality of languages:

Pref(L1Ls) = Pref(L1) U (LiPref(Ls)).

[Remark: We lose no generality in the proof of regularity by assuming Ly # ()
here; if Ly = (), then Pref(L;Ls) = (), which is regular by definition.]
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(b) Let L; be any language over 3. Give a rigourous proof of the equality of lan-
guages:

Pref(L}) = L7 U (LiPref(Ly)).
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3. Non-regular languages
Prove that each of the following languages over ¥ = {0, 1} is not regular.

(a) Let f(i) be the i-th entry in the Fibonacci sequence (f(1) = 1, f(2) =1, f(i) =
f(i—1)+4 f(i —2) when i > 2). Then the language is

Ly={1/"]ix>1}.
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(b) Ly ={0"17 | i # j}.
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4. A Non-Regular Language In Which All Long Words Can Be Pumped
Let ¥ = {a,b,c}.

(a) Prove that L = {ab’c | j > 0} is not regular.
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(b) Prove that F' = {a't’c* | i,j,k > 0 and if i = 1 then j = k} is not regular.
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(¢) Exhibit with proof a choice of a positive integer n, such that, for any z € F' with
|z] > n, we may write z = uvw where
o |uv| <n,
e [v] >1and
o wviw € F, for all i > 0.
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(d) Explain briefly why the results of parts 4b| and 4| do not contradict the Pumping
Lemma for regular languages.
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5. More Closure Properties of Regular Languages
Let 3 = {0, 1} be the alphabet for all languages in this problem. State whether each
sentence given below is true or false. If you think the statement is true, then prove
it. If you think the statement is false, then provide a counterexample and explain why
your counterexample is correct.

(a) If Ly is regular, Lo is non-regular and LN Ly is regular, then L;UL, is non-regular.
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(b) If Ly is regular, Ly is non-regular and L; N Ly is non-regular, then L; U Ly is
non-regular.
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