9) Show that for every integer a, we have that a’®! = a (mod 561) even though 561 is
not prime.

Solution: Notice that 561 = 3-11-17. Our idea is to compute a°*! modulo these three
primes and use CRT to stitch the solutions together. Notice that if ged(a, 3) = 1, then
using FLT gives

a*® = (a*)®a = a (mod 3)

and if 3 | a then ¢! = 0 = a (mod 3). Next, if ged(a, 11) = 1, then using FLT gives
a®® = (a'°)*%a = a (mod 11)

and if 11 | a then a®®! = 0 = a (mod 11). Lastly, if ged(a, 17) = 1, then using FLT
gives
a®® = (a'®)%a = a (mod 17)

and if 17 | a then a®®! = 0 = a (mod 17). In all cases, we have the following simulta-
NEeOUS CoNngruences

a®® = a (mod 3)

a®® = a (mod 11)
a®® = a (mod 17)

Hence, by the generalized Chinese Remainder Theorem (or by SM), we must have that
a" =a (mod 3-11-17)

which is exactly what we wanted to show.
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