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Find the flaw in the following arguments:
(i) For a,be R,
a="5
2 o
a® = ab

a? —b® =ab—b°

@b+ =ba-t) | plvide B ZERD
at+b=1> A

acb S0 b =0.
b+b=10
2b=1b
2=1

()

7+ 3
=7
2e=m+3

2z(m —3) = (w+ 3)(m - 3)
Iz — Bz =7 —9
9— 6z =72 — 27z

9— 6Bz +z° =7 —21x+ 2>

(3-2)* = (x —z)® 2
13—$i=}ﬁ~“$[ l; H- lO\l

e b —
d=mw 3%z X =T
(iii) For z € R,
(z—-1)%>0
2 —2z+ 120
2
441> 2z O
:z:~1~%22‘ 3(7[
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Theorem 0.1. Stewart’s Theorem Let ABC be a triongle with AB = ¢,
AC =b and BC = a.

If P is a point on BC with BP =m, PC =n and AP =4,

then dad + man = bmb + cne.

Proaf. Proof A

{ipV
2 =m?*+ d* — 2mdcosd }\} D E%?L}Q\\\‘?( |
b2=n2+d2—[2ndcosi9’ %6 y
b =n?+d% £ 2ndcosf \IJ\)\P(\ \9

m?—c?4+d?  Br-n?--d?
—2md D

ne® —nm? — nd® = —mb?® + mn® + md®
ne® — mb® = mn? + md® + nm? + nd?
ene + bmb = nm{n +m) + d*(m +n)
ene 4 bmb = men -+ dad
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Theorem 0.2. Stewart’s Theorem Let ABC be o triangle with AB = ¢,
AC=band BC = a.

If P is a point on BC with BP =m, PC=n and AP = d,

then dad + man = bmb + cnc.

Proof. Proof B

The Cosine Law on AAPB tells us that
¢ =m? +d® — 2mdcos (LAPB).
Subtracting ¢® from both sides gives
0= —c®+m?+d?—2mdcos (LAPB).
Adding 2mdeos ZAPE to both sides gives
2mdcos (LAPB) = —¢* + m* + d%.
Dividing both sides by 2md gives

2 28 .
~c* +m +d°

21nd ' —K
Now, the Cosine Law on AAPC tells us that

cos (LAPB) =

b2 =n? +d% — 2nd cos LAPC,
Since ZAPC and /APB are supplementary angles, then
cos / APC = cos(w — LAPB) = —cos ({APB).
Substitusing into our previcus equation, we see that
b =n® +d? +2ndcos LAPB.
Subtracting n? from both sides gives

B —n? = d* -+ 2ndcos (LAPB).
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Then subtracting d? from both sides gives
b? —n? — d% = 2ndcos (LAPB).
Dividing both sides by 2nd gives

—nc —d

2nd

b2 2 2 ‘(' )
————— =cos(/APB). ¥

Now we have two expressions for cos (LAPB) and equate them to yield

—Emd P —n? =

2md 2nd ) | /&. DQ (7\ )
Multiplying both sides by 2mnd shows us that N( ?\\{\P
n(—c? +m? + d%) = m(p? —n? - d°). \P \8& U) /
Next we distribute to get \)\,\SC/
—nc? +nm? +nd? = mb? — mn? — md?.

Adding ne? + mn® 4+ md? to both sides gives
nm? + mn? 4+ nd? + md® = mb® + nc’.
Factoring twice gives:
nm(m + n) + &3 (m + n) = mb* + nc’.
Since P lies on BC, then a = m 4+ n so we substitute to yield
nma + d%a = mb® + ne.

Finally, we can rewrite this as bmb + cnc = dad 4+ man.. O
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Theorem 0.3. Stewart’s Theorem Let ABC be a triangle with AB = ¢,
AC =b and BC = a.

If P is a point on BC with BP =m, PC =n and AP = d,

then dad + man = bmb + cnc.

ol€
Proof. Proof C MS m

Using the Cosine Law for supplementary angles ZAPB and /APC, and @;@@}3 )
then clearing denominators and simplifying gives dad + man = dbmb + enc
as required. O



Theorem 0.4. Stewart’s Theorem Let ABC be a triangle with AB = ¢,

AC =b and BC = qa.
If P is o point on BC with BP =m, PC =n and AP = d,
then dad + man = bmb + cne.

Proof. Proof D
The Cosine Law on AAPBE tells us that
¢ =m®+d® — 2mdcos LAPB.
Similarly, the Cosine Law on AAPC tells us that
b2 =n?+d* - 2ndcos LAPC.
Since ZAPC and {APB are supplementary angles, we have
»* =n? + d* + 2nd cos LAPB.
Equating expressions for cos LAPE yields

~24+m?+d? b —n?—d?
2md - 2nd '

Clearing the denominator and rearranging gives
nm? + mn? + nd? + md? = mb® + ne’.
Factoring yields

mn{m +n) + d*(m +n) = mb® 4 nc?.

Substituting @ = (m + n) gives dad -+ man = bmb + cnc as required.

L3 pg



Thogd 4o ecwg /YL A BCB
chbenats

Dfn Th i ot .

oA

v

A

< >

T —| 4|
T T (o8

~BeAmE



ng

Which of the following are true?

o 7 is irrational and 3 > 2 TR VE

e 10isevenand 1 =2 F‘P{[/%E

e 7 is larger than 6 or 15 is a multiple of 3 “TRLE

e 5<6 'TRUE

e 24 is a perfect square or the vertex of parabola 2% + 2z + 3 is (1,1) %: A]/S_E ,
e 2.3 is not an infeger Tﬁué ]

* 20% of 50 is not 10 rALSE

7 is odd or [1 is positive and 2 # 2
\
ORDER O OPLpaTI0LS.
-1, A V.

!

LAST Bur=€7 1S TRuc

——pet=
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In the following, identify the hypothesis, the conclusion and state whether the statement is
true or false.

e If v/2 is rational then 2 < 3 TR UE

"W"’h«&ﬁ\]j)

o If (1+1=2) then 5- 2 = 11 FaLsL .
o If Cis a circle, then the area of C is =wr? TQUE
o If 5 is even then 5 is odd TQ UE

If4—3=2thenl+1=3 [RUE

L3P
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Q1. I enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree CR =

Disagree g C,

)
B)
C) Neither agree nor disagree
D) Agree

)

E) Strongly agree

Q2. When I have difficulties with MATH 135 proofs, T know I can handle them.
A) Strongly disagree

C) Neither agree nor disagree

)

B) Disagree
)

D) Agree

E) Strongly agree

Q3. Suppose A, B and C are all true statements.
The compound statement (—A) V (B A —C) is

A) True ~ v (T 1 F\

B) False < Fv T

Q4. In class, I would prefer the use of
A) Document Camera

B) Blackboard
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Divisibility of Integer Combinations (DIC)

Ifa| banda | ¢then for all integers x, y we have a | (bx+cy)

o Snce ol FkeZ ci ak=b.
S\;/\C@ Cﬁ[C, ?r/@ez St (J’(ﬁrc,

ﬁ”@/\, WbX%—C*&{ = ol + &Qg
= O{(szf Q%)

g,‘/\C@ ' +/€5{ €L !9\04 o 'n o(, (5&(4{3\ %—

Ev. Pove that 1 F mez o 1l pe Fren 7| 2503633

D,E Suﬂoose /héZ/a,ﬁl /L/ /m«_ gfnce ?/'J’) [?Z—AH)
b%ﬁ ijQ ‘H‘/;Jrﬁf ? {m . As 7 /6’?3 (7---%:6%)9;@)’14

b% Dic b x R
?) m (135) +693(1)
7 A 135 +693 2.
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tx=yif
Prove the following. Suppose x,y > 0. Show that x =y
and only if %ﬂ = \/TV.

y_* : S’up@c;ge ey
%UPPOSQ e - LHST xry
‘-—-"’Z 2
wrp = 200y ( -1y
>(14,27w+‘71 L“{ X-y ( - z;i(f
( -
5(2_*28((7%7 = (O : - y
(k’&/)1~0 o RKS = Xy
l . J_y’{“
TI/UJS A/’VDO Eve )(::7 i 1
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Describe the following sets using set-builder notation:

1. Set of even numbers between 5 and 14 (inclusive).

?6,?,(D/(Z,M§ 0r g\mé[‘ﬂ‘f L <<y ﬂl'n%

2. All odd perfect squarebj

for.}‘

S (ore)t P Kez g

3. Sets of three integers which are the side lengths of a
Lt (non-trivial) triangle.

Zq_.pb g(g_l'oic) y GIKJQ/(_C/@N o <hic A h<are

/\Qélcw\og

4. All points on a circle of radius 8 centred at the origin.

i (:>(,L7) . x,yem % >(L+té¢1: XZE
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B Shoaw ST iff ST
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Prove there i1s an 2 € R such that 2’4323 _ 1.

2z+3
Whn 3 =Q0 ) note 224303 S I~
202)43  F£

Z 2
X 2 >_| c= X 4% 322543 &7
2 43

( Spoviven X7 —%)
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Show that for each z € R, 2% + 4z + 7 > 0.

K 4T = ><2+L(><4q_q4/;
< 4er2) 43

[—

>0 . @ .
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Sometimes V and - are hidden! If you encounter a statement
with quantifiers, take a moment to make sure you understand
what the question is saying/asking.

Examples:
1. 2n? + 11n + 15 is @pﬂme when 7 is a natural
number. Ve M, 2 % 1ia IS 3 astprine .
2. If n is a natural number, then 2n? + 11n + 15 is com-
posite. Vné/w 2717_4#///‘ SN WSL-L@,
3. 2’”;”4 = 5 for some integer m. T o, 23 e -
71 ZM'L’(
4. =L = 5 has an integer solution.

2m—|—4
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Q1. T enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree
B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q2.When I have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree
B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q3. Consider the following statement.

{2k :keN}D{neZ:8|(n+4)}
A well written and correct direct proof of this statement could begin with
A

We will show that the statement is true in both directions.

B) Assume that 8 | (n 4 4) where n is an integer. (CORRECT)

)
)
C)Letme{neZ:8|(n+4)}
D) Let m € {2k : k € N}.

)

E) Assume that 8 | (2k + 4).
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Notes:

1. A single counter example proves that (Vo € S, P(z))
is false.

Claim: Fvery positive even integer is composite.

This claim is false since 2 is even but 2 is prime.

2. A single example does not prove that (Vx € S, P(x))
1S true.

Claim: Every even integer at least 4 is composite.

This is true but we cannot prove it by saying "6 is an
even integer and is composite.” We must show this is

true for an arbitrary even integer z. (Idea: 2 | z so
there exists a k € N such that 2k = z and k # 1.)

3. A single example does show that (Jz € S, P(z)) is
true.

Claim: Some even integer is prime.

This claim is true since 2 is even and 2 is prime.

4. What about showing that (dz € S, P(z)) is false?

Idea: (3x € S, P(x)) is false = Vz € S, —~P(x) is true.
This idea is central for proof by contradiction which we
will see later.
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Which of the following are true?

l.VzeRVyeR, 2> -y’ =1 FALSE  (Ciy 3(,—,@)
\/w
2. xeR,IyeR, 22—y’ =1 Rye (=1, =0)

3. VzeR,IyeR,z° =y’ =1
4. I e Ry eR, 2> —y° =1

@b Tﬁgé EE {/@’{‘ e i bQ Qrbé”rrcva ) Tl‘?f\ CL\C}@&Q
g= 33— . Th,
3 .
Ve s () - L

)E( F&/ZE— [0{@“ A 46 cdd SL\@w"/Lf’ ‘Hér\
e G ga

"I(Hyf:f?\,\%%éfp\, ><5*«73: ’)
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10.
11.
12.
13.
14.
15.
16.
17,
18.
19.
20.

22,
23.
24.
25.
26.
27.

Notation Cheat Sheet

. + Addition

. — Subtraction

X, + Multiplication

+,/ Division

N Natural Numbers

Z Integers (Zahlen)

Q Rational Numbers (Quoziente)
R Real Numbers

- Not, Negation

vV Or

A And

| Divides

= Implies (If... Then)
<, (iff) If and Only If
€1In

¢ Not In

{}, ® Empty Set

N Intersection (Of Sets)
U Union (Of Sets)

C Subset

. C Subset Or Equal

C Proper/Strict Subset (Subset Not Equal)
D Contains

D Contains Or Equal

¥ For All

3 There Exists

2 Properly/Strictly Contains (Contains Not Equal)

L&gPe
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List all elements of the set:

n €Z n>1A(meZAm>0Am|n)=(m=1Vm=n))}
N{n € Z:n|42}



List all elements of the set: 1§ ¥ e ?@eﬁ'\f then m=lsrman,

Co{n €Z n>IA(meZAm>0Am|n)=(m=1Vm=n))}
N N{n € Z: n|42}

$¥,12, 13,36, 17 w1 e A
Sl Thes!

/_\

/(7/7u3/ 5“—: %%%,723



Lapl
Rewrite the following using as few English words as possible.

1. No multiple of 15 plus any multiple of 6 equals 100.

2. Whenever three divides both the sum and difference of
two integers, it also divides each of these integers.

[+ ¥ mocls, (15ms 6a2100 )

2 Yeornez (Blrrn) 2 31ma) Jor3hadly)



Write the following statements in (mostly) plain English.

1. Vm € Z,((3k € Z,m= 2k) = (3¢ € Z,Tm* + 4 = 20))

2. n€Z= (Im € Z,m >n)

I @ [F m;‘sm@&?nW,Jr%@n

';mifl’f [(5 o e .
Q F@" “\‘?zr m@ﬂ'\@,f‘ﬁ ﬂ}a%i‘s a
gr[‘Qa{‘Q{‘ {f\\f&a@-
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Prove that if x € R g such that z° +7z? < 9, then z < 1.1.

PF. We prove the Gonbupesiive.
SUPPOSQ Z1.1z). Tl'\en Since X0,
> 75T > U.l)3+ Al l) PM:A'
- 10)3 ;['L" I'Szzsll

- ’_33.1 +?( |

= 133), 3470

1600 \ooo
= 980)
[OdO >/q . 8
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T«a,pe_,s oF Im p,i cohons.

LeﬂL A(B/C be Sb{‘emen‘ls.
LRAR =€ (Seen: DIC. Tuns. BY)

Ev' Llet ST U be gets. IFSuT) U
then SSU ad Tew.

% PPOSQ SUT C U l 5‘ X GS
BQ/\ X & SU | S So )(e?ATMS
B‘a, S%MMQI‘"‘# (Sc‘Ml'\Or\a) T_C,?)\ .

3- Avid :PC

Exi* X=\ v \/:'2. ....l>>< y+\/" xﬁx
| —2xy =2.
B [Fxa) Hhoy LHS = yiy- 24 Ry = 2RHS

lfyﬂ- Hhan LHS = 25352 =24 mx Hx-zm
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L'l H‘:‘V %VC (:"MM.{-;DI\\' |
Ex' |F x%~A+R20 Mo x23v x2H

P Supposa Y= 2 el Z0 el 7S,
They O2s=Ain- (5-3)Cx-H).

. + =
-+ X120 honce X>'-l Y
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How many vears has it been since the Toronto Maple Leafs
have won the Stanley Cup?
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Tt By Corrodicti, .
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Example: Let n € Z such that n? is even. Show that n is
even.

Direct Proof: As n’ is even, there exists a & € Z such
that
n-n=n’=2k.

Since the product of two integers is even if and only if at

least one of the integers is even, we conclude that n is even.

Proof By Contradiction: Suppose that n? is even. As-
sume towards a contradiction that n is odd. Then there
exists a k € Z such that n = 2k + 1. Now,

n? = (2k +1)% = 4k* + 4k + 1 = 2(2k” + 2k) + 1.

Hence, n? is odd, a contradiction since we assumed in the
statement that n” is even. Thus 7 is even.
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Example: Prove that +/2 is irrational.

Proof: Assume towards a contradiction that v2 = ¢ € Q with a,b # 0 and a,0 € N (Think:
Why is it okay to use N instead of Z7).

Proof 1 (Well Ordering Principle): Let
S={neN:nV/2ecN},

Since b € S, we have that S is nonempty. By the Well Ordering Principle, there must be a least
element of S, say £. Now, notice that

EV2—-1)=kv/2-keN
(positive since v/2 > +/1 = 1). Further,
E(V2—-1)V2=2k-kV2 €N
and so k(v/2 — 1) € 5. However, k(\/§ ~ 1) < k which contradicts the definition of k. Thus, V2

is not rational.

Proof 2 (Infinite Descent): Isolating from v/2 = £, we see that 25 = a”. Thus a® is even
hence a is even. Write a = 2k for some integer k. Then 2% = a® = (2k)% = 4k%. Hence b? = 2k*
and so b is even. Write b = 2¢ for some integer £. Then repeating the same argument shows that
k is even. So a@ = 2k = 4m for some integer m. Since we can repeat this argument indefinitely
and no integer has infinitely many factors of 2, we will (eventually) reach a contradiction. Thus,
v/2 is not rational,

Proof 3 (Simplified proof 2): Assume further that ¢ and b share no common factor (otherwise
simplify the fraction first). Then 2b® = @ Hence ¢ is even. Write a = 2k for some integer k.
Then 2% = a® = (2k)?* = 4k and canceling a 2 shows that 5 = 2k* Thus b? is even and hence b
is even. However, then a and b share a common factor, a contradiction.



Q1. I enjoy trying to discover and write MATH 135 proofs.

A) Strongly disagree

B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q2.When I have difficulties with MATH 135 proofs, I know I can handle them.

A) Strongly disagree

B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q3. Let n € Z. Consider the following implication.

/ N
If“(VCEGR, <0V z+1>n),thenn=1
-
) <

The contrapositive of this implication is

\Ifn*l,then VzeR, <0V z+1>n).

(
\Ifn:l,then(ilmeR, >0 A z+1<n).
W Ifn+#1 then (3z€R, 2>0 A z+1<n).
(

Mfn#1 then (Yz€R, 2<0 V z+1>n).

E’None of the above.
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Division Algorithm Leta € Z andb € N. Thendl g, r €
Z: such that a = gb + r where 0 < r < b.

Proof of the division algorithm{uyIGUEVES)"

Suppose that @ = ¢1b + rq with 0 < r; < b. Also, suppose

that a = gob + r9 with 0 < r9 < b and r1 # 79. W_ﬂl_(_)_ut WLO(
loss of 5enerali_ty_f, we can assume 77 < 79.

(.f o Ta Y 1"‘19.\ One s 'D;&@"‘)

Then 0 < ry — 71 < b and (gl —qz)b:?”zj—TL (Ta\{{
r. ‘-l k : ‘_/
—) ¥ \ e
o b W By dof, oF a's)-
Hence b | (19 — 71). By Bounds By Divisibility, b < ro —rq
which contradicts the fact that 7o — 1 < b. $F w l
No 'c‘

K \DG N'

Therefore, the assumption that r = 79 is false and in fact
r1 = 7. But then — q9)b = ry — rq implies ¢1 = qo.
1 2 (¢ )

=0).
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Let {z,} be a sequence defined by 1 = 4, 2, = 68 and

L = 2Ty _1 + 1520 for all m > 3
Prove that z, = 2(-3)"+10- 5" for n > 1.
Solution: We proceed by induction.

Base Case: For n = 1, we have

21 =4=2(-3)"+10-5"=2(=3)" +10. 571,

Inductive Hypothesis: Assume that
z, = 2(—3)F 410 - 55!

1s true for some & € N.

Inductive Step: Now, for k + 1,

Tkl = 22 + 19251

= 2(2(=3)* + 10 - 5*71) + 15z,
4(—3)F +20 - 551 4+ 153,
7

|

I
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LIS P

Fibonacci sequence: f1 = 1, fo = 1 and f, = foo1 + fa—2
for all n > 3.

1. Prove that Z f2 = fufni for all n € N.

=il

¥ Jw
o [“‘*“" > ¥ #n.,,#m]

k)

XA NE A PV

g

Yef =f HH :ﬁrc 2

Ths, S5 4,

l"J' kfl

Hex e ;_:’ B & » Forall.nelV b';?%
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2. Prove that f, < (2)"for o[l ne/N

Bferdse (See \/\‘c\eo\
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Q1. I enjoy trying to discover and write MATH 135 proofs. me

A) Strongly disagree
Disagree b C

)
B)
C) Neither agree nor disagree
D) Agree

)

E) Strongly agree

Q2.When I have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree
B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q3. A statement P(n) is proved true for all n € N by induction.

In this proof, for some natural number %k, we might:

A Prove P(1). Prove P(k). Prove P(k+1).

)
Q Assume P(1). Prove P(k). Prove P(k + 1).
rove P(1). Assume P(k). Prove P(k +1).
@rove P(1). Assume P(k). Assume P(k + 1).
(k).

h\Assume P(1). Prove P(k). Assume P(k + 1).
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n

1
Find a closed form expression for H (1 — —~>

7"2
=2

Solution: Last class, we hypothesized that the product
above is equal to &+, Let P(n) be the statement that
fI | 1y n+l

r2)  2n

P2

We prove P(n) is true for all values of n="%induction.
Ba.se Case'. Nn= Q
7_— ( I.- ) - /"'-—’..L = 1 - 2."” i

) ' L-f —L_(i\
TH: P(fc) K P ﬁ,,sm k22, wen.
r- y"""\ ) Z.K,
LSt LWAMT ff'(',,\ \ . (et
- Y ~ 17 K
I (1) = 71y - ()
g B =7 r‘-) ) “ ml)
ZH o+l | (k)
= 2K CKrl)™
. kK




— jf”'é-.'('i )
< B
D - #f:

I’IJ

_Pé%«r\% s e
— pow V
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®
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FExamine the following induction “proofs”. Find the mistake
Question: Forallne N, n>n+1.

Proof: Let P(n) be the statement: n > n + 1. Assume
that P(k) is true for some integer £ > 1. That is, K > k+1
for some integer & > 1. We must show that P(k + 1) is
true, that is, k +1 > k + 2. But this follows immediately
by adding one to both sides of kK > k + 1. Since the result
is true for n = k + 1, it holds for all n by the Principle of

Mathematical Induction. gy o % € CASE

Question: All horses have the same colour. (Cohen 1961).

Proof:

Base Case: If there is only one horse, there is only one
colots

Inductive hypothesis and step: Assume the induc-
tion hypothesis that within any set of n horses for any n €
N, there is only one colowrNow look at any set of n + 1
horses. Number them: 1,2,3,...,n,n+ 1. Consider the sets
{1,2,3,...,n} and {2,3,4,...,n + 1}. Each is a set of only
n horses, therefore by the induction hypothesis, there is only
one coloty.But the two _sets overlap, so there must be only

one cologgamong all n 41 horses. FA"—Sé Py
v 1
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treatest commen dinsor
D&:\ Eﬂw 8? ::8 b with asoor
f;én oo e 50 et
((-;fs flscéla aclh He ced.
LUQ wrte CL'-‘—-QCO\ (a, ‘o) -
M)kaal (a,0)= la) = gcd ( a,0)
| I?é fine 8“'(0'0) 0. bde
 gcd(a)=0 <=5 azb=0.
"T:-x'. gd(a.\o\ = 8@1(5,03 _
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Prove that ged(3a 4 b,a) = ged(a, b) using the definition
diI‘eCtly. \-‘T’ ’\é~/

S“ d«’ ga*‘o A d,la T”\en
D'C =V (il (?)a-\-t)) -3a ::.lo

Shee e is Fhe maximl diviser of
aand b, cl,_<__ .

So ela cnd elb. Thea

Dic =» el 3¢ +b. Siee d
s n’\&.}«‘r\na\' e<d.
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C‘am | %g)(c: ‘o\ 6\(1&45

Pj S Tl lnso
Cleom Iy 1 lee ad11b ___.'_f_j;__j;;f —
_jf a dy. sar @i ds -

Since gedlah) T oy ottan) il
So grco[(a_,")) -;manhal u,n b% B3O
Thos, e gadCabl < minflal b g
Chin'. ged -

Q_,l'ly ls Unlq/U’?
g guppoSe dad e are both H«z
greatest common brSor aF a ol \3 .

7'30 dlﬁ ACJIB So Shee eismoximal
C"-‘—@ S-’qur'g. ezd. Hee d=¢.8




GCD Cu.{'\'\ R&Y\au\CLer ( G.C.DluR)
Ja,bg,r€Z ad a-bq,*r
H\er\ 8_CA(a b) = gca(('o ~)

Ey: cd( 72 "fO) 8
Uof-u #2- L‘/O(H £32
S GrCDLuk Says gcd(?l Ho): 3¢l["°37

ﬂaa,:n'. “O0=22(1)+8 co
| e (Ho,%2) =gl (32,8)
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(Continued from last class...)
GCDWR
If a,b,q,7 € Z and a = bq + r then ged(a, b) = ged(b, 7).

Proof: If a = b = 0, then since r = a — bg, r = 0. Hence
ged(a, b) = 0 = ged(b, ). Thus, assume that a # 0 or b # 0.

Let d- geclla, b))  ad e=gd( b,r)

gt'ﬂCe cc.:—bq/-f—/‘ cnd C“Q ond d1b
B(g, D’C\'_ C‘Ll c..-’o?/-“-r“ . Thug

( '
C_L < e Sfm,e € 15 )L’I’\o ICV@-C»S* d;w'SO"o{

b &r sy elb ed elr so by DIC
(2)

el 1061/""‘ ta. T‘\US %J Cince 41\5%6

lalge,g" Common Cl.\v;‘.scr O'F' e« 8 b, Bb«[”
ot~k (Z) d.:e : 2.
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Prove that ged(3a + b, a) = ged(a, b) using GCDWR.

\! o - “b‘ \ "

Ja+h =R + b
C’CO(»UP\M? 7Y § A " '-‘-%.CA( L “r"‘
‘&C’”?’“*", o)z gedla, b )



L P

iuc\ldeov\ A’( )
ldea cwm G,C,Ds q/mw} by
Ushy GED LR & Division Mgaritha

Ex'. Compite W(luq 735)

o 1239 = Z35(()+ 50Y C” |
735 Loy )+ 231 )
5oy 231 () +H42 (3

23 = H2L(5) +2 (Y

2= 2 (D0

%CA( lzaq 735)= écA(ZBS 50'4\
=gad(50y23)) > ged (3314Y)

* gad (42, ‘) -.g—CzL(L(O) s

M% This Pﬂece% S*D?S ‘femoinders. Yoo
Ccr Secvﬂlme o non- n%a e d-ec.('ea.mn& n‘\'e&«s.

W*\cd' s ‘H\Q f“UfTh‘"\e 0& CoMidoom P‘\gm :



f Bo ‘}’ ;\W eXL\,, t InTegers X,y
KN f, Ot b %@Ncﬂ;‘? F\*@S'
BT RAT IS
_ﬁ_ "& (3) = 231+ (5ot +231(2)) ("' )
=23 + 504 (-5)
‘é‘excf’ = (S +h0M(- 1ﬂ(ﬂ’)1%0‘1(-';
. _'_____f___" 735((1) +EoH 6)
4761) = 235 11) + 12394 F3(-) }Hé

?35 (27)¢ ’7—361(*-16)
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Use the Euclidean Algorithm to compute ged(120,84) and
then use back substitution to find integers x and y such that
ged(120, 84) = 120z + 84y.

120= Quin 36 ByEA L
Su= 26(2) 12 OCDWR.
36: (23) po  F0o 3D 1L

- -

(L= ZY+36 (-L)
= 84+ ( ho +&u-1)) (-2)

= &HQ) F10 (-2

84 (3 +00) + Ro(-2wgH) [84-3:= 2582
[20-12): 240

@D
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QL. I enjoy trying to discover and write MATH 135 proofs. C%E

A
B

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q2.When I have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree
B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q3. Which of the following statements is false?

A) Ya e Z,¥be Z, (ged(a,b) < b A ged(a,b) < a)

ged(a,b) #0 = (a#0) V (b#0))

) (

B) (gc

C) Va € Z,Yb € Z, (ged(a,b) [a A ged(a,b) | b)
) (
)

Va € Z,Vb € Z,

D) Vae Z,¥be Z,(((c]a) A (c|b) = ¢ < ged(a,b))
E) Ya € Z,Yb € Z,ged(a,b) > 0

‘s Julse  o=-12 bzO geld(-12,0)=

Strongly disagree
Disagree %C—

> -1
= L >O :

B Tree  9ed(60):0 <> aob=0.

C True
ISNQO CG=b=0 adc:=|0
Ex‘s Trve .



Recall:

Let a,b € Z.

1. (Bezout’s Lemma/Identity) If d = ged(a, b) then 3z, y €
Z such that ax + by = d.

2. (GCDCT - GCD Characterization Theorem) If d > 0,
d|a,d]|band dz,y € Z such that ax + by = d, then
d = ged(a, b).

Es: 6>  6(30 612 oy

30(3) +HU-L) < 6
GEDCT =0 gad( 30, 42) 24

Q' P/‘om i} a,\o, k,yéZ Q~€ g.‘[‘,. %CJ(Q,BM
ond esevby = 9 cel( ab) the g&,pcs,,,):;l

PF. Since gad(ab) |a and gedl e b)|b

We cl,‘wc(e lota, &CJ( a, %) #9_1'—0 See that
‘\k‘; “G" v' ubg
& b "
(Q'Cc((a,’b»* "'(gc‘((“.,,) y=|
Since 11 %, 1]y, 150, 6CpeT=p gcdck,~,)=c .
£
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Prove or disprove the following:
1. If n € N then ged(n,n+1) = 1.

2. Let a,b,c € Z. If 3 x,y € Z such that az? + by* = ¢
then ged(a, b) | c.

3. Let a,b,c € Z. If ged(a,b) | ¢ then 3 z,y € Z such
that az® + by? = c.

8 Nel= A1) ¢ e
G EDUR = %a}(nvf, N) :W{n,”‘-’- \
L 9cdlab) la TRuB
gcdla,b) | K

Dic=p @cella k) lax’*y\o.}.;c_ v

3.
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tjii - 56(|)+3£(o) 5
) K6+ 35¢0 =35 L—-—d \
37:0g 1S40 + 35 -2 o Lz,_); \
U1 21y B1 L) 3SR 1Y 95 ‘--- =

I8): B30 L6 () +35 (3)= ’7

ré] [4Tq T Fg 181 L) +‘3§(8)
?31(86 28). 7= 542} +3 5(—3)

l—Q
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B SR L I}

03147 7 -4 Z3 L‘Eﬁ I
Sepaaag -7 22 O D)
o RO RRA(-9) = 232 gof (5%341)
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Use the Extended Euclidean Algorithm to find integers x and
y such that 408z + 170y = gcd(408, 170).

X Y 9

| o | b8 | o

o |\ | (Fo| O

\ |2 | 68 | X

2 | 5 31| LE-0
> ] @ 5{?‘:
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U(u\c,‘f )Uc)‘l'es
- Bé _Jf 5 Lemm Ny ta_:g ek
JZ'b’ pal(ab) et P F |
B - b>a’ 50!4&?—%&]5—_&{“)
7o i s (ba)
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Use the Extended Euclidean Algorithm to find integers x and
y such that 399z — 2145y = ged(399, —2145).

il S‘(‘,;’eZL st. apr=3 (21U 344
U4S x5 351519“-'-8@!(@,{ )

T g g
l 24, o
O | 399 O
| -5 150 5
-2 71 2
3 -l6 N

e -~ 3
-56(8) 273y O (s

S UUS(R) 1399 (-43) = 3:gal(2us,394)
oo ~ny5(-s) F399(-43) = 3 - gt (379 218
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»
How many multiples of 12 are/divisors of 29407 What are

they? Q_"'S
12 /2940  29H0:=1-245
2

4
_§L| 24§ = 51_,(:'
18

48 5 5d
6O gP =

Total Numbe, & (lil\(i{rl): 6
Mulholes are:
2,26 -2 D-52 107 peF
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Q1. T enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree
B) Disagree
D) Agree

)
)
C) Neither agree nor disagree
)
E)

Strongly agree

Q2.When I have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree
B) Disagree

C) Neither agree nor disagree
D) Agree

E) Strongly agree

Q3. Let a,b,z,y € Z.

Which one of the following statements is true?

A If ax + by = 6, then ged(a,d) = 6.
B) If ged(a, b) = 6, then az + by = 6. x

W) If a = 12b+ 18, then ged(a, b) = 6. -
@ If ax + by = 1, then ged(6a, 6b) = 6. /-p Cda(a [}21. ‘6 5\ 6

E) If ged(a,b) = 3 and ged(z,y) = 2, then ged(az, by) =
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Find all non-negative integer solutions to 15z — 24y = 9
where x < 20 and y < 20.

""3 Bk‘gvzg
UO"‘Q ko:.-" & l/o ) fgaSolu'li\OA.
Soce Ged (5, 9)=( | by LETY.

x: ~| ‘(‘8)(\:"*’%
> Ve

V: -l + Sr\ ':..""l'gr\ Z
'S the <olutian Sert. @&H-e Stecdemend
O< x ¢ 20 &k O< yz20
o< -1484 ¢ 20 L Os-#,¢20
| < 8 <32 & | <5,< 2
2 n=[,2 @ n=l235

Thus, n>1,2 Gives tre only 2olutinsof
(74) & (15Q) 2 -
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Quick! For a,b € Z and n € N, define what it means for a
to be congruent to b modulo n.

We say that a is congruent to b modulo n and write a = b
(mod n) if and only if n | (a—b). This is equivalent to saying
there exists an integer k such that a —b = kn or a = b+ kn.



Congruence is an Equivalence Relation (CER)
Let n € N. Let a,b,c € Z. Then

1. (Reflexivity) a = a (mod n).

A
2. (Symmetry) a = b (mod n) = b= a (mod n).
A

3. (Transitivity) ¢ = b (mod n) and b = ¢ (mod n) =

a = c¢ (mod n).
Proofs:
1. Since n | 0 = (a — a), we have that a = a (mod n).

2. Since n | (a — b), there exists an integer &k such that
nk = (a —b). This implies that n(—k) = b — a and
hence n | (b — a) giving b = a (mod n).

3. Since n | (a —b) and n | (b — ¢), by Divisibility of
Integer Combinations, n | ((a — b) + (b — ¢)). Thus
n | (a — ¢) and hence a = ¢ (mod n)

(2572
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Properties of Congruence (PC) Let a,d’, 0,0 € Z. If
a =a (mod m)and b="¥ (mod m), then

l.a+b=ad 4+ (mod m)

2. a —b=ad -V (mod m)

3. ab=a't’ (mod m)
Proofs:

1. Sincem | (a — a') and n | (b —¥'), we have by Divisi-
bility of Integer Combinations m | (e — ¢’ 4 (b —0)).
Hence m | (a+b— (o/ + ) andsoa+b = a + ¥V
(mod m).

2. Since m | (a —a') and n | (b — V'), we have by Divisi-
bility of Integer Combinations m | (a — o’ — (b —b')).
Hence m | (a —b— (o' = V) andsoa —b=da — ¥
(mod m).

3. Sincem | (a—a) and n | (b—"b"), we have by Divisibil-
ity of Integer Combinations m | ((a—a")b+{(b—10b")a’).
Hence m | ab — ot/ and so ab = o't/ (mod m).

Corollary If ¢ = b (mod m) then a* = b* (mod m) for
k € N.

Example: Since 2 =6 mod 4, we have that

2?2 = 6° mod 4, that is, 4 = 36 mod 4.
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What is the remainder when 771%°(999) — 6% is divided by

Y ZZ - 19) «f
799 = 249(4) +3

By CGSR 77 =| medU
qe?'-:: 3 maglbj
TI'NIS, B”a PC |
77'7° (9499) -6%3
= (0°°3) - 2%° medy
=3 - 9" )% Mmad Y
2. 4.8
302 s
: el L
3 mod\H .

By CASR, 35 the remainde-
Lo 777192q) - %3 5 4,4ded bM.
o
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What is the last digit of 532319 4 9227
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READ CHAPTER 26!
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Q1. T enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree
B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q2.When I have difficulties with MATH 135 proofs, [ know I can handle them.
A) Strongly disagree

B) Disagree

C) Neither agree nor disagree

D) Agree

E) Strongly agree

Q3. Which of the following satisfies + = 40 (mod 17) 7

xérmdl?

(Do not use a calculator.)

Ne=11 T 3 My '7

B) z =155+ 19 —4 (;L\i -\“L -'q' ’311’% L' Q_"'"“ GMH

Or=515 = E(1)°°5 5 megl [2

D)r=2-3-5-7-11-13 = & 3L - =¥ (~ ) (1) z6-1-24= 67

) z=1T + 17+ 1P+ 1P+ 1TE+ 175 178 = | M,? A 7 3
- =€

E

med |3
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What is the last digit of 532310 4 9227

Sb"n : RQCCUC e mod IO.
(0 Z 7_‘6 e
523 +4™ s B (AP +(-1) modl0

= 5 4 med10
=62 £ med 0

=- 58 £\ Mmed 10
26 medl0
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Solve 9x = 6 (mod 15).

E'?/Ul'w\ Cn"' +0 So‘u‘m} 'H'\—e LDE
Aoy IBV = 6.
3;, - 5 Y = l

By LDeT2 R
y:) -3, Vnez

OR x = '-1’6]’ 1Y mod 1 5.
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Solve the following equations in Zy4. Express answers as [z]
where 0 < x < 14.

1) [79] = [z] = [30]
i) [10)lz] = [1]

i) [10]lz] = [2
(¢) LI - Ex +Lx1-[501= [H01+Lx)-Ls03
LaN] =[] -¢ C1=L11
Zlgj: S;G Z ?EQ—LMILI‘i
X

IFeZ X 21 el 11D
Ly
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Solve the following equations in Z4. Express answers as |z]
where 0 < z < 14.

)00l =0) 23y [Oxz| mad Iy
iif) [10][z] = [2] -
" ged(10, 11 =2 4 |
by LCTL Hhis has

No Sold“rons
() CoIL < L2 =2 l0x 22 mdd 1Y

N ce /0(3)‘: SDOETD malﬂ—'/
LT Says X223 mol H

cA(co,\ul)
s He Cof.\p/eh Soluhon.
i X2 3 ped7
'e Xz 3,10 modly

1@ Cv1- L37 O,Lm]{nz“_’.
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Solve the following equations in Zj4. Express answers as [x]
where 0 < x < 14.

W lEl=0 <22 ox 1 med 1Y
i) [10][z] = [2] Y ged (0,142 4|
bta, LCT 1.’ this hes
no So’u"\'ons.
(L) CeIld 22T <=5 (0n- Loed 1Y

<25 Solvet He LDE
lo)’-l—""lt.’ “:—l

5’(4’ 7’y = |
By LDeT2 - -
¢ R & e VneZ
\/2-—2-5(\
k2 S mad 7
X123, 10 med Y

= £35 2Pl etgax '
Coluhons -
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Find the additive and multiplicative inverses of [7] in Z.
Give your answers in the form [z] where 0 < z < 10.

gou"- A‘C(C[l‘Hve l‘n%
[-#7 =[4].

Multiplicotive Inverse : Wasth Solve
L7717 LI17]
37 A2 ma ()
Z3z21=10 = =l o ||
LAz | medll
~X31=0-37: g7
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Solve [15][x] + [7] = [12] in Zio.
Solution: This is equivalent to solving
1524+ 7=12 mod 10.

Isolating for x gives
152 =5 mod 10.

Since 15 =5 mod 10, Properties of Congruences states that
br =5 mod 10.
This clearly has the solution x = 1. Hence, by Linear Congruence Theorem 1, we have that
r=1 mod ngo)

gives the complete set of solutions. Thus, z =1 mod 2 or x = 1,3,5,7,9 mod 10. Since the
original question is framed in terms of congruence classes, our answer should be as well and hence

[«] < {[1], 3], 51, [7], [91}-

For extra practice, see if you can phrase this argument using Linear Congruence Theorem 2.
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Practice problem: Solve [15][z] + [7] = [12] in Z,.
The following are equivalent ( TF AE)

e a =) (mod m)

* m|(a—1b)

e JkeZ,a—b=km

o Jk E.Z,a: km +b

® ¢ and b have the same remainder when divided by m

e la]=[bin Z,,.

Theorem (LCT 2). Let a,c € Z and let m € N. Let
ged(a,m) = d. The equation [a][z] = [d| in Z,, has a
solution if and only if d | c. Moreover, if [z] = [x0] is one
particular solution, then the complete solution is

{[CEOJ, [CBQ i %], [CCQ “+ 2%—], San {LUO = (d — 1)%]}



Ldpg

Fermat's LitHe Theorem (FRT)
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Find the remainder when 7% is divided by 11.

Qemll fﬂ-ﬂ' ‘5’ P*a H\er\

i
O~P- = | MOAP(er paPP:me\
By F2T 7' | mod 11
| mod |
7‘“: 724925 mall).

g lll

OpHon2: 76'7-% 010142 ot
2 (7°) 7 mad Il

(. =1V 77 madll

= 95 mod |

=5 mod [
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Prove that if p 1 @ and r = s mod(p — 1) then a" = o°
mod p.

Since 2 r=s mod(-1)

¢ r=s

8.7 &% (P =r-s
> N= S+ (P-I)'(

(p-NK
O-r?: an— P < MCU\P

265 (7)) moclp
‘(FIT\ : o8 (" mecdp
“pte = o8 mod >
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Theorem (Chinese Remainder Theorem (CRT)). If
ged(my, me) = 1, then for any choice of integers ay and
ag, there exists a solution to the simultaneous congru-
ences

n = a; (mod my)

n = ag (mod my)

Moreover, if n = ng is one integer solution, then the
complete solution s n = ngy (mod mims).

Theorem (Generalized CRT (GCRT)). If my, ma, ..., mg
are integers and ged(my, m;) = 1 whenever © # j, then
for any choice of integers ai,ao,...,ar, there erists a
solution to the simultaneous congruences

n=a; (mod my)

Il

(f a9 (mod mg)

n=ar (mod my)

Moreover, if n = ng 1s one integer solution, then the
complete solution is

n=mng (mod mimsg...my)



-4 P

QL. I enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree
B) Disagree

C) Neither agree nor disagree
D) Agree

E) Strongly agree

QQ.Whenrl have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree

B) Disagree

C) Neither agree nor disagree

D) Agree

E) Strongly agree

Q3. Which of the following is equal to [53]*** + [5] 7! in Z;?

(Do not use a calculator.)

242

@ 532'”7'_ L’ mod T

ii ii M6 9 mod 7
179 «16 .
( gy, 4)-\\ =2 - s [3'2
5 23 modZ =1 mod 7
Som® B Mod?

P
‘'l

i
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Theorem (Chinese Remainder Theorem (CRT)). If
ged(my, mg) = 1, then for any choice of integers a; and
ay, there exists a solution to the simultaneous congru-
ences

n = a; (mod my)

n = ag (mod my)

Moreover, if n = ng is one integer solution, then the
complete solution is n = ngy (mod myms).

Theorem (Generalized CRT (GCRT)). If my, ma, ..., my
are integers and ged(mg,m;) = 1 whenever ¢ # 7, then
for any choice of integers ay,as,...,ar, there exists a
solution to the simultaneous congruences

n=a; (modmi)
n=ay (mod my)
n=a; (mod mg)

Moreover, if n = ng is one integer solution, then the
complete solution 18

n=ng (modmimg...mg)
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For what integers is 2° + z° 4 22% + 1 divisible by 67
Wont to  cplee
X r’(g-r)_a(?'.rl‘iO mod 6 .
By (Sh)
XOrxZs Lyl =0 madl
3 s 2754 o mod 3
Use egyuaticn 1 44 plugin *=0md 2
Vs mod2. In o Hn Cases
3y + 2t =1 sadl
Vo 2 s nese cL‘./lsI\oleLa,é ..
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Recall Corollary to FLT: If ptaandr =s mod p—1
then a” = a® mod p

Last Time: Let p be a prime, e an integer satistying
l<e<p-1 and ged(e,p—1) = 1.
Let d be an integer such that
l €a<p—1 and ed=1 modp-—1

Let M be an integer between 0 and p— 1 inclusive. Compute
C' an integer satisfying

0<C<p and C =M mod p.

and let R = C? mod p be an integer with 0 < R < p — 1.

| Eve
P[ ice \ - Bob

(e p)
Private d ~ ’ M C =z Mmcd P

Raclmadp. S
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Proposition 1: R = M mod p.
Corollary: R=M
F&Of rpmpasl#onl 1
| § SIM thes Mzp. Since D€ M&7-
then C=MCzp moJP ad o C =077 0<cep.
. .
TA&\ R=C=zp toclp o~ co R=0 OSR<p.
| Tk M ‘H)Pn

(IZ C moc‘? \
= (M) m od P (Pl A
= VI
M o OAP (By clly o HAT)

Pfof pro“wa gmce O< P\ M < P"‘ o~d

D IR-M (e hare Fhot [Q‘M/o iQR=M.
s
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et p=2g=1lande=3
1. Compute n, ¢(n) and d.
2. Compute C = M°¢ mod n when M =8
3. Compute M = C? mod n when C =6
L n=22 @)= =) =10
ik ‘ mod [0

d=# modl0 o (l:?
1. Cz M® mad22 3. Mz madl)

=2 fed?i 28" sl

= €64 med 22 26(6*T mod2)

> ¢ (-2) med2L 26(216) maddl

2-l6 med2l 26 (-4)F malll

= 6 ’N‘d)/’). ) 26 (A frag] 22
‘2,6(‘6) med 20
= =36 modll

=@ mod22_.
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Express the following in standard form:

1 (1— 3+4 - S
9. 7/2015 - 'T

. ¢=((- zb)-tzruu\\(s-éo
("l"éc ( -( L)
NI

=(-21-6cV [ 8 ( i

+—..(,)

5 "?1‘36 (-I'L

.—2-'-6 "“ZL
cl s
9. "T= C'LOIS l::>""
. ) ] :'
- (Lq'i°3. L3 L
_ ,503 . -
—A . L - UL

-~ =t = O -4



Q1. T enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree

B) Disagree

C) Neither agree nor disagree

D) Agree

E) Strongly agree

Q2.When I have difficulties with MATH 135 proofs, [ know I can handle them.
A) Strongly disagree
B) Disagree

D

)
)
C) Neither agree nor disagree
) Agree

)

E) Strongly agree

Q3. How many integers x satisfy all of the following three conditions?

=6 (mod 13)

x-:-_' A =3 (mod 7)
_6”“’"7‘ ~1000 < & < 1000

v By CRT R 5M xz6 agq)

B) 7

C) 13 x = ékcﬂk

D ~loo 2 6+9K < |oco
—lo06 ¢ 9K < 99y

Ql-10 =910 -1 £ k<10

(-1l =l0o] 22 soluhions

E) 91

)35 P
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Solve 22 =iz JCOf 2 ¢ C

Let 2=ryi For xgefk.
( xn‘d\l'-'- e ( x-tau.')
x‘-—ca‘flx«ai:: Y ey

9"1"2}"‘& (1)
2xy =2 =p Ixy-x =0

x(Zna-l\:O
X=0 OR %7%—'
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Find a real solution to

62° + (1 +3v/2i)2% — (11 — 2v/2i)z — 6 = 0
rd
uke =z=r el
6c® +c* 43025, |l r 4202 i -6 =0
=V 3J‘?Grz +2.E.‘r =0 =p r(3r4+2)=0
6{_'3_1_/_1__”,_ "6 co r~o0 ok (".:"7,.3
20 s nota sdubion +o 6,3_]_,’;_“/_6:_—0

. .
s 3 B« Soluhien +o 6’3#r.l-||r—é:.0.

.. 2= -:Z_;; %5 o rel olution.
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Prove the following for z € C
1. z€e Rif and only if z = Z.

2. z is purely imaginary if and only if z = —Z.

| => Let 2= x40l efR.

Then 3= x-0( < x=2

Xl‘j&m i
<F L,@"L P = :L'l-g,(;%_'kSSUN\Q
2==2
x+H"" = x-y-(.
Z0 3—:—
4’4 —
" 2;:0 S 22200 € R

. Zis Pure l; l'ma-a,t.r\ara
=2 LZ ém
By - > (2= C2
<=> (t2:-7%2
<=7 Z=4-Z &
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2 Corespods 7’3 o:@’ %,)

\ 'ﬂﬂepélar %rm of N Cample)(
DUW\))Q/‘ Z s 2= PCC059+bs:Ne)
Where Mis ‘/’La medulus ofT 2 ond

6 s called c&_-; ctr%umen'\' Of'i
lagto=0]

Denote CIS@ v*Cose f—c,sn\)@
£, -a-.-J_"+J—'L-2J"’(cog'ﬂ/54st"‘/6)
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Fxpress the following in terms of polar coordinates:
1. -3
2. 1—1
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Triangle Inequality: Let z,w € C. Then |z + w| <
2] + |w].

Proof: It suffices to prove that
2+ wl? < (|2] + |w])? = |2[* + 2|zw] + w]’

since the modulus is a positive real number. Using the Prop-
erties of Modulus and the Properties of Conjugates, we have

|z +w|* = z+wm] PM

= (z +w)(Z + w) PT
= 22 - 20 + W& W

= |z]* + 20 +zw + |w|* PCJ and PM
Now, from Properties of Conjugates, we have that
20 + 20 = 2R(zw) < 2|20| = 2 l%h/‘
and hence
1z + w|? = |2 + 20 + 20 + |w|* < |2)* + 2zw] + |w]?
completing the proof.

Diagram: \Z‘ xl‘gl
w|

e
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Express the following in terms of polar coordinates:

1. =3
2. 1—1
) Ba=3
r=1-30=3 g - -1
S: arckn (R):0 -7

-3 = 3(Cs©)+ ¢ SwmE) X
a,(,'{'baua’ @'-‘- O-”TT .
32 3(Cx T+ ComyT)

2. 1-¢ r= |l-|;|:.Jl"H": H
-Ee (35 -4)
- 2 (s () + CSW(?{’))
=J2' c1s (7Z,)



L2573
1. Write cis(157/6) in standard form.
2. Write —3v/2 + 3v/6i in polar form.

- CUS(SE = Cos(BT) o (D)
=C
2. = |-302 #3020l

* J(-353)24 GR)

=12 +5¢
= J72

= 6J2
-3J2 306 ( = GE('-:‘L“'-J—;%C)
AINS -\21_1-2’ - 6J2 Clglz%)
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Write (\/§ — 4)!Y in standard form.

Convert: J3-C to polor Goynlinates
J3-¢ 22 (B2 -L) W3-l
2

: 'E
aodn) iy
= Zeas ()

0 POUT
C 2e15("%)) 2%¢ 15 (12)
= 2%¢y S(i—?.ﬁ)
=2 cns(quﬂa—%)
'2‘2 \Ji =2 C‘SC()
| -2(1+J¢)

‘Z+fﬁc
=SR+SRJ3z ¢
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Solve 26412 -23=0
— (PaP30
C. %—-‘-*){23“453);05 —
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E -2 Sﬂve = 6‘1 .

wle
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Q1. I enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree

B) Disagree

C) Neither agree nor disagree

D) Agree

E) Strongly agree

Q2.When [ have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree

B) Disagree

C) Neither agree nor disagree

D) Agree

E) Strongly agree

Q3. What is the value of 7

)

B) 27

032 F"lw

= o / }H-J‘z-a\s

oo "|(Q(‘3 b))l_ I S
W= ofisigs) Y AP

) =Jy
~3) =29 ,

o
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Find all eighth roots of unity in standard form. DPo.u) :
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Simplify (z° + x2 + :c—l—il + (23 4+ 2 + 1) over Zolx
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Compute the quotient and the remainder when
ot + 22° + 207 + 22 + 1

is divided by g(x) = 22% + 3z + 4 in Zs[z].
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In Z+[z], what is the remainder when 4z + 2z +5 is divided
by x + 67

Sha X+6 = x - -B*?—T,
the reqnai~der
HOY 7200+ =11
=Y mod7.
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Prove that there does not exist a real linear factor of

fl@)=2®+2° +1.

PF: Bg FT, + sutfices +o show
fx) has Ao ren) rools. We w;ll

Show f(x) >0 Wxell.
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Prove that a polynomial over any field F of degree n > 1 has
at most n roots.

Let PA) be the stutement Hhat
cll "Joha, nomials over H: Og’dea-nee
n have at most A roots.
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Factor 123+ (3 —1)2% + (—3 — 2i)z — 6 as a product of linear
factors. Hint: There is an easy to find integer root!
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Q1. I enjoy trying to discover and write MATH 135 proofs.
A) Strongly disagree
B) Disagree

D) Agree

)
)
C) Neither agree nor disagree
)
E)

Strongly agree

Q2.When I have difficulties with MATH 135 proofs, I know I can handle them.
A) Strongly disagree
B) Disagree

)
)
C) Neither agree nor disagree
D) Agree

)

E) Strongly agree

Q3. How many of the following statements are true?

T
/\@ UE Fo Every complex cubic polynomial has a complex root.

T When z* + 62 — 7 is divided by az® + bz + ¢ in Rz],
\’A"’ then the remainder has degree 1.
'ﬂ?.UE o If f(2),9(z) € Q[z], then f(z)g(z) € Qlz].

o Every polynomial in Zs[z] has a root in Zs.
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Fully factor 23 — ‘;’—g:cz—l—%an%E @[x]
= 76 (15532 32,25 3542 ) = A1)

B“a RRT, Posible rosts ore

i 1l +1 +1 +2 +2 32
,’t?ﬂ'S)-'S.iz' 3r 5, I8 -

M0+€, v Xz 9, ;S ar00+- BHF’T, 3("2.1\{0‘ aclor,

| ' sz — &x/‘ .
=2 [1s :(:-332—)}-?3.\4—1
[Sx™—=2p¢"

T 2,33,
..L‘(Z -l-"‘()(
sy 1§

2 tf(l()-: "—,g (5(-'2)(, Sy - lx"l)

= :"‘é("'z) (Gsxet) 1(2x -1 ) w.




LU3ps

me F s itrufiona)

FBSEm)nNQ 5 o CEzﬁl?‘ (:Euyq be&fkm*
J7Z= e QR
C (1 _
g Lore  boTh c.des -
| 7ot
Par s Z -
U—-w—-7
J apa%_n maa- : xz Z has ormtona)
root f) The cn(g Doss:ble
MMQ 8;\/0\ bu f./'?-
Nore of ‘Hmeaq are cols. LCWK‘ ) 2

- -— - -




J/"D)Dg

Prove that v/5 + /3 is irrational.
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Fully factor f(z) = 2% — 52% + 1622 — 92 — 13 over C given
that 2 — 3¢ 1s a root.
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Prove that a real polynomial of odd degree has a Toot.



