Warm-Up Problem

Consider the statement
{(va 3y (P@) v QW) } - (By (va (P@) v QW)

and the following attempted proof:

1. (Vaz (3y (P(z) Vv Q(y)))) Premise

2. u fresh

3. (3y (P(u) v Q(y))) Ve: 1

4. (P(u) V Q(z)), = fresh Assumption
5. (P(u) vV Q(2)) Reflexive: 4
6. (P(u) vV Q(2)) Je: 3,4-5
7. (Vz (P(z) V Q(z))) Vi: 2-6

8. (3y (V= (P() v Qy))) 3i: 7

Identify the main error.
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= Natural Deduction for Predicate Logic
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= State the axioms for Natural Deduction with Equality
= Solve problems in this new proof system.
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Natural Deduction Proof Questions ﬁAvoid using derived rules!)

Ja P(x)), (Ya (P ( ) = Q(x))); Fap (Fz Q)

Jz (P(z) Vv Q(z) }'_ND (3z P(x)) v (395@())>

z)) = (3= R(2))), (Vo (P(z) A Qz }"ND (3z R(z))
Q@)))} Fup ((Va P()) = (V2 Q(x)))

R(x))), (3= (P(z) A Q(x }"ND

y)
(Vm (Vy (Vz ((R(x,y) A R(z,z)) = R(y, z))))), (Vo R(z, x))}

(R(x,y) = R(y,2))))
Jy R(z,y))) V (~(Vz R(z,2))))
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Natural Deduction Proof Questions (Avoid using derived rules!) De
Morgan’s Laws in Predicate Logic:

1 {(=(3z P(x)))} Fap (Vo (—P(x)))

2. {(va (-P(x)))} Fup (~(3z P(2)))
3. { El:n (—=P(x ) }"ND —(Va P( x)))
4. (Assignment problem!) {( —(Va P(x } I—ND 3$ (—P(z )))
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On the next few slides, we discuss some space saving techniques like

putting two fresh variables in the same subproof box. All proofs can be
done without these but using these can sometimes save space.
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Repeated Quantifiers

The rules for elimination and introduction of quantifiers can be generalized
to multiple quantifiers.

Let z4,...,2,, be n distinct variables.

= If X Fpp (Vg (Vx,, @)-), then X bpp afty/zq][t,,/2,]

= If X Fpp afty/xq] [t /2, ], for terms ¢, ... t,,,
then ¥ Fyp 3zy -+ 3z, a) ).

= If ¥ bpp aluy /zq] -+ u,, /2,,], with variables uq, ..., u,, fresh,
then ¥ Fyp (Vg - (Vx,, a)--).

« If X bpyp (F2y - (T2, @) ) and DU {afuq /24] - [u, [2,]} Fyp B
with uq, ..., u,, fresh, then X - 3.
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Example. Show that {(Vz (Vy A(,9)))} Fap (Vy (Vo A(z,y))).
Old way:



Example: Repeated universal quantifiers

Example. Show that {(Vz (Vy A(z,9)))} Fap (Vy (Vo A(z,y))).
Old way:

1. (Vz (Vy A(z,y))) Premise
2. v fresh

3. u fresh

4. (Vy Au,y)) Ve:l

5. A(u,v) Ve: 4
6. (Vo A(z,y)) Vi:3-5
7. (Vy(Va A(z,y))) Vi 2-6
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Example. Show that {(Vz (Vy A(z,9)))} Fap (Vy (Vo A(z,y))).

1. (Vo (Vy A(z,y))) Premise

2. u, v fresh

3. | A(u,v) Ve(x2): 1
4.

(Vy (Vo A(z,y)))  Vi(x2): 3

O» «Fr» «=)» « ) = o>



FOL with Equality

Generally, relation symbols have no mandated interpretation. Sometimes,
however, one makes an exception for the symbol =.

Definition: First-Order Logic with Equality is
First-Order Logic with the restriction that the symbol "=
interpreted as equality on the domain:

must be

(=) ={(d,d) | d € dom(1I)} .

There are two ways to account for this restriction in proofs.

1. Add deduction rules for symbol =:
Equals-Introduction:

(t=1)

Equals-Elimination: (ty =t3) afty/x] _
afty/x]
2. Alternatively, use axioms rather than deduction rules....
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Axioms

Instead of deduction rules for =, we shalll use axioms for equality.

Definition: An axiom is a formula that is assumed as a premise in
any proof. An axiom schema is a set of axioms, defined by a
pattern or rule.

Axioms often behave like additional “inference rules”.

An axiom may be used at any time, just as an explicit premise.
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EQL: (Vz (z=ux)) is an axiom.
EQ2:

For each formula « and variable z,

is an axiom.

(4o (o (=01 (ol )

These axioms imply

= Symmetry of =: () Fpp_ (‘v’x (Vy((z=y) = (y
= Transitivity of =:

0 Fnpe |V (Vw (Vy (z=9y) = (y=w) — (wzw))))))
«O» «Fr «Er «E>» DAy



Lemma (EQsymm): O pyp_ (‘v’x (Vy((x=y) = (y= :13))))
1. u fresh
2. || wfresh

777 |
y) = (y==2)) Vi 2-7
(Vy(@=y) = (y=2)))) vi: 1-7 S
«O0>» «F» «E»>» «E>» E A
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Lemma (EQsymm): 0 Fpp_ (Vﬂc (Vy((z=y) = (y= 93))))
1.

2.

3.

u fresh

v fresh

‘ | (u=w)

Assumption | ‘ ‘

7 ‘
—i: 3-7




Lemma (EQsymm): 0 Fpp_ (‘v’ac (Vy((z=y) = (y= 93))))

1. u fresh

2 v fresh

3. (u=") Assumption

4 (Vas (V?J ((w:y) EQ2 [z = u]

S (@ =u) = (=)

5 (Vy((u=y) = (u=u) = (y=u))) Ve 4
(w=v) = (u=u) = (v=u)) Ve: 5
(u=u) = (v=u) —e: 3,6

| w=u 7
(u=v) = (v=1u)) —i: 3-7
(Vy((@=y) = (y=2))) Vi: 2-7

13 (Vo (Vy((z=y) = (y=2)))) Vi 1-7



10.
11.
12.

Symmetry of Equality: Proof

1
2
3.
4

© © N o o

Lemma (EQsymm): 0 \pp_ (Vm (Vy((z=y) = (y= m))))
u fresh
v fresh
(u=v) Assumption
(vz (vy ((z=v) EQ2 [z = 4]

(@ =) - (y = w)))

(Yy((u=y) = (u=u) = (y=u)))) Ve 4
(u=v) = (u=u) = (v=u)) Ve: 5
(u=u) = (v=u —e: 3,6
(Va (z =1)) EQ1
(u=1u) Ve: 8
(v=u) —er 7,9
(u=v) = (v=1u)) —i: 3-10
(Vy((z=y) = (y=2))) Vi 2-11
(Vv (Vyllz=y) > (y=12)))) Vi: 1-12

13.
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Lemma (EqSymm): O bpp_ (Vz (Vy (z =y — y=1))).
1. |, v fresh




u, v fresh
2. || u=vw

Lemma (EqSymm): O bpp_ (Vz (Vy (z =y — y=1))).
1.

Assumption

”
(Vz (Vy ((z =y) = (y=2))))

—ir 2-7 ‘
Vi(x2): 1-7
«O> «F>r «=)r « =) = o>
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Lemma (EqSymm): O bpp_ (Vz (Vy (z =y — y=1))).

1. u, v fresh
2. uU="uv Assumption
3 || (Ve(Mye=y) = (m=w) = (y=u)) EQ[(z=u)]
4. (u=v) = (u=u) = (v=u))) Ve (x2) [u, v]: 3
5. (u=u) = (v=u)) —e: 2,4
| (v=u 77
(u=v) = (v=u)) —i: 2-7
(Vz (Vy((z=y) = (y=12)))) Vi(x2): 17



Lemma (EqSymm): O bFyp_ (Vaz (Vy(z =y = y=1x))).

._\
o

Symmetry of Equality: Proof (Short cuts)

© o N o oA W=

u, v fresh

u=v Assumption

(Vo (vy(z=1) - (@ =w) > (y=w)))) EQ2[(2=wu)]
(w=2) = (u=wu) > (v=u)) Ve(x2) [u, v]: 3
(u=u) = (v="u)) —e 2,4

(Vz (z==x)) EQ1

(u=mu) Ve [u]: 6

(v="u) —e 75

(u=v) = (v=u)) —i: 2-8

(Y (Fy (z =) = (y = 2)) Vi(x2): 110
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Transitivity of Equality: Proof (Try also with EQ2 u = z!)

Lemma (EQtrans). O byp_ (Vw (Vz (Vy ((z=vy) = (y=w) = (z =w))))))

1. w, u, v fresh

2 vV (Vy (z=y) = (z=w) = (y=w))))) EQ2[z=w]

3. (v=u) = (v=w) = (u=w))) Ve (x2) [v, u]: 2

4. (u=n) Assumption

5. (v=u) EQsymm: 4

6. (u=w) = (v=w)) —e: 5,3

7. (u=2v) = (v=w) = (u=w))) —i: 4-6

8. (Yw (Vz (Vy Vi(x3): 1-7
(z=y) = (y=w) = (z=w))))))
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Derived Proof Rules for Equality

Equality satisfies the following derived rules.

EQtrans(k): (t; =ty) (to=t3) - (t), =ty,q) foranyt,, .,
(ty =tgi1)

st

EQtrans(k) results from k — 1 uses of transitivity.

EQsubs(r): (t1 =ty) for any variable z and terms r, t;

(rlt1/z] = rlta/2])

and to.

Prove as an exercise.
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