Prove that {(p A (—¢))} Fap (=(p — q)). (We'll use this later!)

«O>» <Fr «=Z»r «E>» = Q>
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Double-Negation Introduction:
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Double-Negation Introduction:

o

(=(=a))

Premise

(=(=a))
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Double-Negation Introduction:

&
(=(~a))
o Premise
(—a) Assumption

B np =

(=(—a)) =i 7?
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Double-Negation Introduction:

e .
(~(a)) 7

1. a Premise

2. Q) Assumption

3. 1 1li: 1,2

4. (=(—a)) =i 7?
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Double-Negation Introduction:

e .
(~(a)) 7

1. a Premise

2. (—a) Assumption

3. 1 1li: 1,2

4. (=(—a)) =i 2-3
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Proof by contradiction (reductio ad absurdum):

(=a)

1

(07

PBC
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Proof by contradiction (reductio ad absurdum):

(=a)

1

—— PBC
a

1. ((ma) L) Premise

a

v

7
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Proof by contradiction (reductio ad absurdum):

(=a)

1

—— PBC
a
1. ((ma) L) Premise

(m(=a))

(0]

77
——e: 7?7
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Proof by contradiction (reductio ad absurdum):

ok w0 =

(a)

— | pBC

a
((ma) L) Premise
(—a) Assumption
(=(—a)) —ir 7?7
« ——e: 4
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Proof by contradiction (reductio ad absurdum):

ok w0 =

(a)

= | pac

a
(—a) 1)  Premise
—Q) Assumption
1 —e: 1,2
—(—a)) —ir 7?7
« ——e: 4
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Proof by contradiction (reductio ad absurdum):

ok w0 =

(a)

= | pac

a
(—a) 1)  Premise
—Q) Assumption
1 —e: 1,2
—(—a)) —i: 2-3
« ——e: 4
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The “Law of Excluded Middle" (tertiam non datur):
————— LEM
(@V (-a))
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The “Law of Excluded Middle" (tertiam non datur):
————— LEM
(@V (-a))
1.
. (a V (—a)) 77
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The “Law of Excluded Middle" (tertiam non datur):
————— LEM
(@V (-a))
1.
(—(=(aV (za))) 77

. (a V (—a)) ——e: 77
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The “Law of Excluded Middle" (tertiam non datur):

1.

SO ORI

(@ (=a)) -
| (=(aV (-a))) Assumption
77
7 77
1 Li: 77
(~(=(aV (ma))) =it 77
(aV (—a)) ——e; 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(a v (ma) -

(—(a V (-a))) Assumption
« Assumption

7

77
(—a) —ir 7?7
7 7
1 Li: 77
(—(=(a V (ma))) =—i: 7?7
(aV (—a)) ——e: 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(a v (ma) -
(—(a V (-a))) Assumption
« Assumption
(aV (—a)) 7

77

(—a) —ir 7?7
7 7
1 Li: 77
(—(=(a V (ma))) =—i: 7?7
(aV (—a)) ——e: 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(a v (ma) -
(—(a V (-a))) Assumption
« Assumption
(aV (—a)) Vi 2

77

(—a) —ir 7?7
7 7
1 Li: 77
(—(=(a V (ma))) =—i: 7?7
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(a v (ma) -
(—(a V (-a))) Assumption
« Assumption
(aV (—a)) Vi 2
1 77
(—a) —ir 7?7
7 7
1 Li: 77
(—(=(a V (ma))) =—i: 7?7
(aV (—a)) ——e: 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(av (=)
(=(a V (—a))) Assumption
o Assumption
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(—a) —i: 77
7 ”
1 Li: 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(av (=)
(=(a V (—a))) Assumption
o Assumption
(aV (—a)) Vi: 2
1 1i: 1,3
(—a) —i: 2-4
7 ”
1 Li: 77
(~(=(aV (ma))) =it 77
(aV (—a)) ——e; 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(@ (=a)) -
(=(a V (—a))) Assumption
o Assumption
(aV (—a)) Vi: 2
1 1i: 1,3
(—a) —i: 2-4
(@ V (ma)) 7
1 Li: 77
(—~(=(a V (=a))) =i ?7?
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(@ (=a)) -
(=(a V (—a))) Assumption
o Assumption
(aV (—a)) Vi: 2
1 1i: 1,3
(—a) —i: 2-4
(aV (ma)) Vi: b
1 Li: 77
(—~(=(a V (=a))) =i ?7?
(aV (—a)) ——e; 77
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(a v (a))
(—(a V (-a))) Assumption
« Assumption
(aV (—a)) Vi 2
1 1i: 1,3
(—a) —ir 2-4
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1 Li: 1,6
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The “Law of Excluded Middle" (tertiam non datur):

© 0 NS WD

(a v (a))
(—(a V (-a))) Assumption
« Assumption
(aV (—a)) Vi 2
1 1i: 1,3
(—a) —ir 2-4
(aV (—a)) Vi: b
1 Li: 1,6
(=l V (ma)))  —i 17
(a V (—a)) ——e: 77
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The “Law of Excluded Middle" (tertiam non datur):

(a v (a))
1. (—(a V (-a))) Assumption
2. « Assumption
3. (aV (—a)) Vi 2
4. 1 1i: 1,3
5. (—a) —ir 2-4
6. (aV (—a)) Vi: b
7. 1 Li: 1,6
8. (—(=(a V (ma))) —i: 1-7
9. (a V (—a)) ——e: 8
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The “Law of Excluded Middle" (tertiam non datur):

(a v (a))
1. (—(a V (-a))) Assumption
2. « Assumption
3. (aV (—a)) Vi 2
4. 1 1i: 1,3
5. (—a) —ir 2-4
6. (aV (—a)) Vi: b
7. 1 Li: 1,6
8. (—(=(a V (ma))) —i: 1-7
9. (a V (—a)) ——e: 8
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The “Law of Excluded Middle" (tertiam non datur):

(a v (a))
1. (—(a V (-a))) Assumption
2. « Assumption
3. (aV (—a)) Vi 2
4. 1 1i: 1,3
5. (—a) —ir 2-4
6. (aV (—a)) Vi: b
7. 1 Li: 1,6
8. (—(=(a V (ma))) —i: 1-7
9. (a V (—a)) ——e: 8
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Strategies for natural deduction proofs

1. Work forward from the premises. Can you apply an elimination rule?

. Work backwards from the conclusion. What introduction rule do you
need to use at the end?

. Stare at the formula. Notice its structure. Use it to guide your proof.

4. If a direct proof doesn't work, try a proof by contradiction.

Additional Examples and Techniques 6/38



Example. Show that {(p — q)} Fpnp ((r V p) = (1 V q)).
Write down premises and conclusion (step 1).
1 (p—q)

No elimination applies (step 2). Thus try —i (step 3).

Premise

((rvp) = ((rvaq) 77
<O> <@ <E=r <Er E DAl



Example. Show that {(p = q)} Fap ((r V. p) = (1 V q)).
(step 2).

In the sub-proof, try V-elimination on the assumption

Premise

Assumption

(rvaq)
9.

77 |
((rvp) = ((rva) 77
«O> «F>r «=)r « =) o>
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Further Examples of Natural Deduction
Example. Show that {(p — q)} Fpnp ((r V p) = (1 V q)).

To justify lines 4 and 7:
No elimination applies from the assumptions (step 2).
What about V-introduction for the conclusion (step 3)7?

1. (p—q) Premise

2. (rVp) Assumption
3. r Assumption
4. (rVaq) 7

5. p Assumption
6.

7. (rVaq) 77

8. (rVaq) Ve: 7?7

9. ((rvp)—((rvg) —i 2-8
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Further Examples of Natural Deduction

Example. Show that {(p — q)} Fpnp ((r V p) = (1 V q)).

It works!
1. (p—q) Premise
2. (rVp) Assumption
3. r Assumption
4. rVq) Vi: 3
5. p Assumption
6. q —e: 5,1
7. (rvq) Vi 6
8. (rvq) Ve: 2, 34, 5-7
9. ((rvp)—((rvg) —i 2-8

Additional Examples and Techniques 7/38



Soundness and Completeness of Natural Deduction in Propositional logic

= Explain the difference between soundness and completeness

= Show that Natural Deduction is both sound and complete.

«O> «F>r «=)r « = = o>

v



What is a proof?

A proof in our system:

= Starts with a set of premises 3,

= Transforms the premises using a set of rules (Natural Deduction for
us)

= Ends with the conclusion.

A proof is purely syntactic; in fact, one could write a computer program
that would verify the proof for us.

Soundness and Completeness 9/38



Recall that
Definition (of ¥ F «)
«O>» «Fr <= « = = Al
-~ soundnessand Completeness  10/38
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Recall that

Definition (of ¥ F «)

¥ F « if and only if every valuation satisfying ¥.* = T implies that a® = T.

Definition (of ¥ Fyp « )

«O> «F>r «=)r « =)

DA



Reminder: Difference Between Entailment and Proof

Recall that

Definition (of X F «)

¥ F «a if and only if every valuation satisfying 3% = T implies that a® = T.
Definition (of ¥ Fyp @)

Y Fnp « if and only if there is a proof in our Natural Deduction system
beginning with the premises of ¥ and ending with «.

These two concepts are not the same in general! However...

Soundness and Completeness 10/38



Soundness and Completeness of Natural Deduction

We will prove that Natural Deduction is both sound and complete.

Soundness of Natural Deduction means that the conclusion of a
proof is always a logical consequence of the premises. That is,

If ¥ Fyp «, then ¥ F .

Completeness of Natural Deduction means that all logical
consequences in propositional logic are provable in Natural
Deduction. That is,

If X F a, then X Fpp o .

Soundness and Completeness 11/38



High Brow Comments

= The proof of soundness will work even for infinite sets. The key idea
is that a proof is finite and so for an infinite set ¥, we would show
that there is a finite set X C ¥ satisfying ¥ Fpp .

= Completeness also works for infinite sets but for our proof, we will be
assuming that X is finite for simplicity.

= Notice that we have <+ for entailment but not for Natural Deduction.
It's best to remember that if and only if is semantically equivalent to
implication and its converse; rewrite the formula using this fact.

Soundness and Completeness 12/38



Notes

Not all proof systems have these properties.

= Intuitionist's Natural Deduction (Natural Deduction without the
double negation elimination) is sound but not complete (we cannot
prove (p V (=p))).

= For a system that is not sound but is complete, consider Natural
Deduction but add (p A (—p)) as an axiom. This is not sound since it
contains a contradiction and hence we can prove anything. However,
this is complete (Since anything that we can semantically entail will
have a proof after we have our contradiction).

Soundness and Completeness 13/38



Semantic Entailment Revisited

Once proven, soundness implies that to prove a semantic entailment
3. F «a holds, we can use:

= Truth Table

= Direct Proof (Assume we have a valuation that evaluates true for all
premises and show that this implies that the conclusion also evaluates
to true under the same valuation)

= Proof by Contradiction

» Natural Deduction proof of ¥ Fpp .

Soundness and Completeness 14/38



Show that {(p V ¢)} ¥np -

«O>» < Fr «=)r «=)» DA™



Example

Show that {(p V q)} ¥np -

Proof:
Assume we've proved the soundness of Natural Deduction. Then, the
contrapositive is

{evatEp)—{Va} ¥y p)

It suffices then to show that the entailment does not hold. This is true
since if we take the valuation t satisfying p! = F and ¢* = T, then the left
hand side of the entailment is true and the right hand side is false. Hence

{lpVva)} Fap p-

Soundness and Completeness 15/38



We prove soundness, that is

If ¥ Fyp @, then ¥ F «

«O>» <Fr «=Z»r «E>» = Q>



We prove soundness, that is

If ¥ Fyp @, then ¥ F «
We will use structural induction...

«O> A Fr «=)r «=)» o>



Proof of Soundness

We prove soundness, that is
If ¥ Fpp @, then 2 F o .

We will use structural induction... on the length of the proof!

Let P(n) be the statement that “For any well-formed formula ¢ and any
set of well-formed formulas %, if X proves ¢ in n lines, then ¥ F ¢." We
prove P(n) is true for all positive integers n.

Soundness and Completeness 16/38



Base Case and IH

If X Fpnp a with a proof of size 1 for any well formed formula «, then
a € ¥. Thus, we see that ¥ F « by definition. (Whenever a valuation
makes X true, since « is inside X, it must by definition make « true).

Now, assume that P(i) holds for all integers 1 < i < k for some integer k.

Soundness and Completeness
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Consider the last line of ¥ Fpp «, namely

k.
k+1. a

Some Rule

«Or «Fr «Zr» «=)» DAy

What rule could give us a?



Case 1

What if o came from — e?

Then, we must have proven that ¥ -, (8 — «) and we also have proved
that ¥ Fpp B in k or fewer lines.

By the induction hypothesis, we have that ¥ F (8 — «) and X E . Let ¢
be a truth valuation satisfying ¥* = T. Then, by entailment,

(8 — a)t =T and 8% = T. Hence, by the definition of implication, we see
that a® =T. Thus & F «.

Soundness and Completeness 19/38



What if o came from — i?

This means that o = (3 — ) for well formed formulas /5 and .

I53 Assumption
k. 5y Some Rule
k+1. o  —i gk
(We ended in a subproof!)

Notice that by removing line £ + 1 we no longer have a complete proof!
«O> «F>r «=)r « =) o>
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Magic

However, if we add 3 to our list of premises, we can then prove  in k or
fewer lines! This means that

SU{B} Fap -

Now, by the Induction Hypothesis, we have that ¥ U {3} £ 7. (Notice
here that since our induction hypothesis holds for ANY X, we could take a
new sigma, say ¥; = X U {f} and use the IH on this.)

We claim that this implies that ¥ F (8 — 7).

Proof: Assume towards a contradiction that there is a truth valuation ¢
satisfying ¢ = T but (8 — ~)* = F. Then by definition of implication, we
must have that 3% = T and 4* = F. However, we have that X U {3} F v
and so this means that 4 = T. This is a contradiction. Hence

YEB =)

Soundness and Completeness 21/38



There's a few more Natural Deduction rules we still have to consider.

These are left as exercises. This completes the proof of soundness.

<O «Fr o« > > DA™
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Completeness of Natural Deduction

We now turn to completeness.

Recall that completeness means the following.
Let 3 be a set of formulas and ¢ be a formula.

If X F ¢, then X Fpp ¢ -

That is, every consequence has a proof.

How can we prove this?

Proof of Completeness
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Three Lemmata

Set up: Let ¥ = {ag,aq, ..., a,, } for well-formed formulas «; (for all
1 <i < n). We want to show for any well-formed formula 3,

If X E 3 holds, then ¥ k-, 3 is valid.
» Lemma 1: If X F 3, then
DE (g = (a7 = (oo = (o, = B)-))

= Lemma 2: Tautologies are provable, that is, for any well-formed
formula ~, if § E v, then 0 Fpyp . (This is the key step!)

= Lemma 3: If 0 Fpp (g = (a7 = (... = (a,, = B)..))), then
{ag,aq, .y, } Fup B
that is, ¥ Fpp B.

Proof of Completeness 24/38



Proof of Lemma 1

Lemma 1: If X F 3, then
0FE (g — (o = (oo = (o, = B)-)))
Proof: Assume that ¥ E 3. Assume towards a contradiction that
0E (g — (a; = (. = (ap, = B).)))
Then, there exists a truth valuation ¢ such the long implication on the right

is false. Unwinding implication by implication, this means that (o;)* =T
for all 1 < i < n and that 8* = F. This contradicts the fact that ¥ F §.

Hence ¥ F 3. This completes lemma 1. (Technically we should be formal
and use induction but this obscures the main idea).

Proof of Completeness 25/38



Proof of Lemma 2 - Tautologies are Provable

Lemma 2: For any well-formed formula =, if § F v, then 0 -y 7.
Throughout assume that v contains atoms p, .., p,, .

The idea will be to construct a subproof using the 2™ possible
combinations of these atoms with their negations. Each subproof will
contain one of p, or (—p;) for each i and will prove v and hence, by V e,
we will arrive at our result.

Proof of Completeness 26/38



Sublemma

Lemma 2: For any well-formed formula =, if 0 E +, then 0 -y 7.

Throughout, let ¢ be a valuation and define for all 1 < i < n,

~ D; if Pf =T
p; = P
-p; ifp;=F

Note with this notation, pf =T for all 1 <4 < n.

Sublemma: For any formula v containing atoms p,,...,p,, and any
valuation ¢ with the above notation;

n If ’Yt =T then {ﬁ17f)27 "'7f)n} l_ND g
= If ' =F then {Py,Ds, .., Pp, } Fap (—7)

Proof of Completeness 27/38



Sublemma

Sublemma: For any formula v containing atoms p,,...,p,, and any
valuation ¢ with the above notation;

= |f ’)/t =T then {]5171327 "'7]371} |_ND v
= If v* =F then {P1,P2, ., Dn} Fap (77)

Concrete example: Let v = (p — ¢). Consider this truth table:

plagl(p—q) Claim in sublemma
T|T T {p,a} Fnp (p = @)
T|F F {p, (=)} Fyp (=(p — 9))
FIT T {(=p),a} Fnp (P — )
F|F T {(=p), (@)} Fap (P — q)

The values in the last column would correspond to the p and § in the
definition from before. So the second line above is the same as
{p,q} Fnp (). Lines 1,3,4 are {p,q} Fup -
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Sublemma

Sublemma: For any formula v containing atoms p,,...,p,, and any
valuation ¢ with the above notation;

= If ’Yt =T then {ﬁ17ﬁ27 '--7f)n} l_ND Y

= If ’Yt =F then {ﬁ17ﬁ27 "'7]571,} |_ND (_'PY)
Really, we're only interested in the first part above for our lemma as we

will see, however in order to prove the first part, we need to both parts
simultaneously (sometimes, this is called simultaneous induction).

We prove the given statement by structural induction. Let P(v) be the
statement verbatim as above.
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First Two Steps

Base Case: For an atom v = py;

= If (py)* =T then {p;} = {p1} Fnp {P1} =1
= If (p1)* =F then {p1} = {(=p1)} Fap {(=p1)} = (7).

(both of the above have one line proofs since the result is a premise).
Induction Hypothesis: Assume that P(v;) and P(vy,) are true for some
well-formed formulas v; and 5.

Proof of Completeness 30/38



Induction Conclusion

We have several cases.
Case 1: We have that v = (—v,).

Case la: If y* =T, then (—y;)* = T so (v;)* = F and since P(v,) is true
(and since 7, contains the same atoms as 7y), we have that

{]5171327 "'71377,} l_ND (ﬁ’Yl> =7.

Case 1b: If v* =F, then (—v;)* =F so (7,)* = T and since P(v,) is
true (and since 7y, contains the same atoms as ), we have that

{@131327'--313n} FND Y1
By ——i, we see that
{ﬁlvﬁ% "'71371} I_ND (ﬁ(ﬁ’}/l)) = <_'7)'

This completes the proof in this claim.
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More Cases

Case 2: We have that v = (73 — 75).
Case 2a: Assume that v* = F so that (7;)? =T and (v5)* =F.

Now suppose that 7; contains atoms ¢y, .., q;, and that v, contains atoms
r1,...,T¢. Then by the induction hypothesis, we have that

{41,302, @i} Fno M
{7/;177227 --wfjé} l_ND (_'72)

Since both {¢;, ¢, ..., 4} and {7y, 75,...,7,} are subsets of
{P1,P2,---»Pn }, We also have that

{]31432,---’]3”} Fnp V1
{1317]3% "'7}311} l_ND (_"72>
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More Cases

Case 2a Continued : The proofs related to these two lines

{i)l’f)2a"'>f)n} Fnp 71
{131’1327 "')f)n} Fnp (ﬁ%)

can be combined using an A i to get a proof of

{P1:P2s - Pnt Faup (11 A (772))

By the warm up problem today(!) we have that
(71 A (772)) Fap (5(v1 = 72))
Thus, as v = (71 = 72)

(71 A (=72)) Fap ()

which is what we wanted for Case 2a.
Proof of Completeness 33/38



More of Case 2

Case 2b: Assume that v* = T so that one of

= (1) =Tand (72)"' =T
= (71)*=Fand (72)"' =T
= (1)t =Fand (12)" =F
holds. You can hopefully see how these cases are similar. We would also

have to prove the claim for the other binary connectives. These are left as
exercises. This completes the sublemma.
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Reminder and Hammer Time!
We want to prove:
Lemma 2: For any well-formed formula =, if 0 E +, then 0 -y 7.
We have proven that

Sublemma: For any formula v containing atoms p,,...,p,, and any
valuation ¢;

= |f 'yt =T then {]31,]327 ---7]3n} l_ND gl
= If y* =F then {p1,P2:-,Pn} Fap (77)

To prove Lemma 2, we now use LEM n times for each of (p;, V (—p;)) and
proceed to do 2™ Ve applications to get to a situation where we have
some tautology 7 consisting of these p, atoms for which we know that the
sublemma case 1 can be applied 2™ times. It will somewhat look like the
next slide...
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n+ 1.

Outline of the Proof of a Tautology

(p1V(=p1)) LEM |

(pa V (-ps)) LEM. m+1.[ (—p;) assumption

(P V (-P,))  LEM. [ |

P1 assumption i Ver m+1, ..

P2 assumption 14 Y Ve: 1, m—(n+1),
£L—(m+1)

®

(ﬁp2) assumption

v Once each variable is assumed true or

v Ve: 2. .. false, the previous sublemma provides

' a proof.
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Proof of Lemma 3

If 0 Fpnp (g = (7 = (.. = (a,, = B)..))), then {ag,aq, ..., } Fap B

Proof: 1.

k.
k+ 1.
k+2.
k+2.
k+ 3.

kE+ (2n+1).
k4 (2n+2).

(g = (a7 = (...

Qp

(g = (g = (...

(g = (ag = (...

= (a, = £).)))

— (a,, = f)..)))

— (a,, = f)..)))

Some Rule
Premise

—e kk+1
Premise

—e k+2,k+3

Premise

— €

E+(@2n+1),k+(2n+2)

completing the proof. (Should use induction to make this formal).
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Summing it All Up
Reminder: Putting it all together:
If X E B holds, then ¥ -, 3 is valid.
» Lemma 1: If X F 3, then
DE (g = (a7 = (.. = (o, = B)-)))

» Lemma 2: Tautologies are provable, that is, for any well-formed
formula ~, if § £ ~, then 0 Fpyp . (This is the key step!)
= Lemma 3: If 0 pp (g — (@7 = (... = (a,, = B)..))), then

{ag,aq, .y, t Fap B

that is, ¥ Fyp .

Immediate applications of Lemma 1, Lemma 2 (with
v =(ag = (a7 = (... = (e, = B)..)))) and Lemma 3 completes the

proof.
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